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Outline

BMixedandMixed-Hybridfiniteelementapproximations.

⇒modelflowprobleminporousmedia.

⇒variationalformulationsandtheresultinglinearsystems.

BEffectofthemeshgeometryonbothapproximations.

⇒flatelementsandconditionnumbers.

⇒symbolicandnumericalcomputing(stabilityanalysis).

BBehaviorofbothmethodsonheterogenousmedia.

⇒conditionnumberestimatesofthealgebraiclinearsystems.

⇒numericalerrorestimatesofthecomputedvelocity.

⇒choiceoflinearsystemsolversandpreconditioning.

BSomenumericalexperimentstovalidatethetheoreticalresults.
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Modelflowprobleminporousmedia

ThegoverningtransientequationsforthepressureheadpandDarcy’s

velocityuaregivenby:

s
∂p

∂t
+∇.u=finΩ×(0,T),

u=−K∇pinΩ×(0,T),

p=p0inΩ,

p=pDonΓD×(0,T),

u.ν=qNonΓN×(0,T).

(1)

where,

f:sink/sourceterm;

K:tensorofhydraulicconductivity;

s:storagecoefficient;

ν:outwardunitnormalvector.
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MixedandMixed-Hybridfiniteelementmethods

–Themassisconservedlocally(overeachelementK)
∫

∂K
u.ν=

∫

K∇.u=
∑

∂K

flux.

–Thepressureheadanditsgradientareapproximatedsimultane-

ouslywiththesameorderofconvergence

–Theycaneasilyhandlefulltensorsofpermeability

–Thehybridizationtechniqueaimstoenforcethecontinuityof

thefluxesacrosstheinterelementboundaries
∫

E
u.νK

1
=
∫

E
u.νK

2
,E=∂K1∩∂K2.
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LowestorderRaviart-Thomasspace

Thebasisfunctionsofthe3-dimensionalspaceRT0(K)aredefinedas

wK,Ei=
1

2|K|

(
x−xi
y−yi

)
i=1,...,3,(2)

where|K|denotesthemeasureofthetriangularelementK.

2

3

1

1

E

w

q

E2
E

3

33

qν

3

q2ν2

qi

wi
νi

’s

ν

w2
w1

 are the Raviart-Thomas basis functions
 Values of the Pressure and its Gradient
  Values of the Pressure

   is the unitary normal vector on E
11 is the flux through E i

 i

Nodalpointsandbasisfunctionsontriangularelements.

–pK:themeanofthepressureinK.

–tpK,E:themeanofthepressureonE.
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MixedandMixed-Hybridformulations

TheMFEformulationreadsas:

Find(uh,ph)∈RT
0
qN,N(Th)×M

0
(Th),suchthat







∫

Ω
(K

−1
uh).χhdx+

∫

∂Ω
pDν.χhd`=

∫

Ω
ph∇.χhdx∀χh∈RT00,N,

∫

Ω
s
∂ph
∂t

ϕhdx+
∫

Ω∇.uhϕhdx=
∫

Ω
fϕhdx∀ϕh∈M0.

(3)

TheMHFEformulationreadsas:

Find(uh,ph,tph)∈RT
0
(Th)×M

0
(Th)×N

0
pD,D(Eh)suchthat











∫

Ω
(K

−1
uh).χhdx+

∑

K∈Th

∫

∂K
tphνK.χhd`=

∑

K∈Th

∫

K
ph∇.χhdx∀χh∈RT0,

∫

Ω
s
∂ph
∂t

ϕhdx+
∫

Ω∇.uhϕhdx=
∫

Ω
fϕhdx∀ϕh∈M0,

∑

K∈Th

∫

∂K
uh.νKλhd`=

∫

∂Ω
qNλhd`∀λh∈N0

0,D.

(4)
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DiscetizationofDarcy’slaw

ByusingwK,Eastestfunctionsin(3),weget

BKQK=pKe−TPKK∈Th,(5)

where,

BK:isa3×3symmetricpositivedefinitematrix(elementaryma-

trix)

(BK)E,E′=
∫

K
wT
K,EK

−1

KwK,E′dx.

pK:thepressureaverageoverK.

e:vectorofdimension3withunitaryentries.

TP
K

:vectorofpressureaverageson∂K.

QK:thefluxesacross∂K.
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DiscetizationofDarcy’slaw

ByinvertingBK,itispossibletoeliminatethefluxunknown.Thus,

weobtain:

R
T
P−MTp+V=0(6)

Thesematricesaredefinedasfollows:

R
T
isasparsematrixofdimensionNE×NT

R=
[
RK,E

]
NT,NE

,RK,E=αK,E=
∑

E′⊂∂K

(B
−1

K)E,E′

M:isaNE×NEsparsematrix

M=
[
ME,E′]

NE,NE
,ME,E′=

∑

∂K⊃E,E′

(B
−1

K)E,E′
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Discretizationofthemassconservationequation

Integrating(4)leadsto:

sK|K|
∂pK
∂t

+
∑

E⊂K
qK,E=fKK∈Th,(7)

Inmatrixform,(7)isrewritten:

S
dP

dt
+DP−RTP=F,(8)

where

S=
[
SK,K

]
NQ,NQ

diagonalmatrix:

SK,K=|K|sK

D=
[
DK,K

]
NQ,NQ

diagonalmatrix:

DK,K=αK=
∑

E⊂∂K
αK,E;
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ThelinearsystemsderivedfromtheMFE

TheMHFEformulationgivesrisealinearsystemofunknownsPand

TP
(
S0

00

)

︸︷︷︸
L




dP
dt
dTP
dt


+

(
D−R
−RTM

)

︸︷︷︸
J

(
P

TP

)
=

(
F

V

)
.(9)

Bydiscretizing(9)byBackwardEulerscheme,theproblemisreduced

tosolve

(M−∆tN)T
n

P=R
T
G
−1
(SP

n−1
+∆tF

n
)+V

n
.

whereG=(S+∆tD),N=R
T
G
−1
R.

A=(M−∆tN)canbeseenasaSchurcomplementinS.P.Dmatrix.
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ThelinearsystemsderivedfromtheMFE

TheMFEformulationgivesrisealinearsystemofunknownsPandQ

(
S0

00

)

︸︷︷︸
L




dP
dt
dQ
dt


−

(
0−R̃
−R̃TM̃

)

︸︷︷︸
J̃

(
P

Q

)
=

(
F̃

Ṽ

)
.(10)

Bydiscretizing(10)byBackwardEulerscheme,theproblemisreduced

tosolve

(M̃+∆tÑ)Qn=R̃
T
(Pn−1+∆tS

−1
F̃n)+Ṽn.

whereÑ=R̃
T
S
−1
R̃.

Ã=(M̃+∆tÑ)canbeseenasaSchurcomplementinS.P.Dmatrix.

H.Hoteit11



ThelinearsystemsderivedfromtheMFE

Effectofthespatialdiscretization

H.Hoteit12



Effectofthespatialdiscretization

InvertingmethodoftheelementarymatrixBK

Thismatrixisdefinedby

(BK)E,E′=
∫

K
wT
K,EK

−1

KwK,E′dx.

BThemixedhybridformulationnecessitatesinvertingBK.

BThestabilityofthenumericalcodeiscrucialduetopossibleill-

conditionedmatrices

BTwocodesareusedtoinvertBK

1.Cramer’smethod(generatedautomaticallybyMaple)

2.LDLTFactorization(B−1
K=L−TD−1L−1)
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Effectofthespatialdiscretization

Numericaltest:

00.511.5

0

0.5

1

1.5

Γ
D

  =  1

Γ
D

= 1Γ
N

= 0

Γ
N

  = 0

T=3,∆t=1,s=1,K=I2×2,f=0.

ThequalityofatriangularelementKisevaluatedby

Q(K)=2
√
3
ρK
hK
,(Q(K)=1ifKequilateraltriangle)

ρK:istheelementdiameter(thelengthofitslongestedge).

hK:isthein-radius.
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Effectofthespatialdiscretization

Comparisonbetween2computationsobtainedbyusingthe2codes

intheMHFEalgorithm

well-shaped,Q(K)≈0.2

(a)Cramer-Method,Meshquality≈0.2

V
elocity

field
(arrow

s)
and

P
ressure

contour
(shade)

P:0.850.870.890.910.930.950.970.99Vec.Mag.:0.2

(b)LDL-Method,Meshquality≈0.2

V
elocity

field
(arrow

s)
and

P
ressure

contour
(shade)

P:0.850.870.890.910.930.950.970.99Vec.Mag.:0.2

Velocityfieldandpressurecontour
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Effectofthespatialdiscretization

Comparisonbetween2computationsobtainedbyusingthe2codes

intheMHFEalgorithm

ill-shaped,Q(K)≈10−5

(a)Cramer-Method,Meshquality≈10
-5

V
elocity

field
and

P
ressure

contour

P:0.850.870.890.910.930.950.970.99Vec.Mag.:1.5

(b)LDL-Method,Meshquality≈10
-5

V
elocity

field
and

P
ressure

contour

P:0.850.870.890.910.930.950.970.99Vec.Mag.:0.2

Velocityfieldandpressurecontour
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Effectofthespatialdiscretization

StabilityanalysisbyAquarels

well-shaped,Q(K)≈0.9
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Absoluteerror‖B−1
K−B̃−1

K‖2Relativeerror

CramerLDLCramerLDL

1.7×10−154.4×10−165.9×10−161.5×10−16
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Effectofthespatialdiscretization

StabilityanalysisbyAquarels

ill-shaped,Q(K)≈10−5

10
−16

10
−14

10
−12

10
−10

10
−8

10
−6

Size of the perturbation

10
−4

10
−3

10
−2

10
−0

10
1

10
2

Estim
ated error

Cramer’s   Method
Triangle Quality ~ 10e−5

123456
78910

11
12

13

14

15

16 Regularity    = 0.41
Correlation   = 0.68
Cond. order 1 = 3.8e+08

10
−16

10
−14

10
−12

10
−10

10
−8

10
−6

Size of the perturbation

10
−10

10
−8

10
−5

10
−3

10
−0

10
2

Estim
ated error

LDL   Method
Triangle Quality ~ 10e−5

1
2

3
4

5

6
7

8

9
10

11
12

13
14

15

16
Regularity    = 1.05
Correlation   = 0.99
Cond. order 1 = 6.1e+06

AbsoluteerrorRelativeerror
CramerLDLCramerLDL

1.6×10+034.7×10−031.1×10−043.3×10−10
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Effectofthespatialdiscretization

StabilityanalysisbyAquarels

veryill-shaped,Q(K)≈10−7
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3.5×10+072.7×10−021.6×10−011.2×10−10
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Effectofthespatialdiscretization

ComparisonbetweenMHFEetMFEmethods

Q(K)≈10−8,Conditionnumber≈10
15

(a)MHFE-Method,Meshquality≈10
-8

V
elocity

field
and

P
ressure

contour

P:0.850.870.890.910.930.950.970.99Vec.Mag.:0.2

(b)MFE-Method,Meshquality≈10
-8

V
elocity

field
and

P
ressure

contour

P:0.850.870.890.910.930.950.970.99Vec.Mag.:0.2

Velocityfieldandpressurecontour
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BehaviorofMFEandMHFEmethodson

heterogeneousmedia
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MFEandMHFEmethodsinheterogeneousmedia

SupposethattheheterogeneousdomainΩiscomposedoftwosub-

domainsΩi,accordingtotheirconductivitiesKi=κiI2×2

Ω

Ωκ

Ω

κ 22

11

Decompositionofthedomainaccordingtothepermeabilityvalues.

withveryhighcontrastofpermeability:
κ2
κ1À1

H.Hoteit22



MFEandMHFEmethodsinheterogeneousmedia

Lemma1.

LetA(resp.B)beanon-singular(resp.singular)matrix,thenthe

conditionnumberX(A)ofAisboundedbythefollowinginequality

X(A)=‖A‖.‖A−1‖≥‖A‖
‖A−B‖

Proof:

SinceBisasingularmatrix,thereexistsanonzerovectorxsuchthat

Bx=0,thenwecanwrite

‖Ax‖=‖(A−B)x‖≤‖A−B‖‖x‖,
‖x‖=‖A−1Ax‖≤‖A−1‖‖Ax‖.

Hence,thelemmaisadirectconsequenceoftheseinequalities.
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Conditionnumberestimates

LetJκ1,κ2(resp.Jκ1)denotethematrixJoverΩ=Ω1∪Ω2(resp.Ω=Ω1)

J=

(
D−R
−RTM

)

Proposition1.X(Jκ1,κ2)=O(
κ2
κ1
).

Proof:Wehave

Jκ1,κ2=





Jκ1inΩ1,
Jκ2inΩ2,
Jκ1,κ2onΩ1∩Ω2.

,defineJκ1,κ2=





0inΩ1,
Jκ2−Jκ1inΩ2,
Jκ1,κ2−Jκ1onΩ1∩Ω2.

Jκ1,κ2issingularwithJκ1,κ2−Jκ1,κ2=Jκ1

HenceX(Jκ1,κ2)≥‖Jκ1,κ2‖
‖Jκ1‖=O(

κ2
κ1
),
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Conditionnumberestimates

ByapplyingLemma.1,thefollowingestimationsoftheconditionnum-

berscanbeshown:

MHFESchurcomplementmatrix(unknownsTp)

1.X(Aκ1,κ2)=O(
κ2
κ1
)

MFESchurcomplementmatrix(unknownsQ)

2.X(Ãκ1,κ2)=O

max




κ1∆t‖S

−1
‖,

κ2
κ1


1+κ1∆t‖S

−1
‖

1+κ2∆t‖S−1
‖










MFEmatrixwithouteliminatingthefluxes(unknownsQandP)

3.X(L−∆tJ̃κ1,κ2)=O
(
max

{
κ2
∆t‖S‖,

κ2
κ1

})
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AccumulationofnumericalerrorsbytheMHFEM

Aftercomputingthepressureanditstraces,thefluxesarecomputed

locallybysolvingablockdiagonalsystem

BQ=(P−TP).(11)

BisablockdiagonalmatrixofconditionnumberX(B)=O(
κ2
κ1
).Thus,

thefluxesQarecomputedwithconditioningorderO
(
(
κ2
κ1
)2)

.

Inthestationarycase,theabsoluteroundofferrorofthelocalmass

balancecanbewrittenas

∑

E⊂∂K
qK,E−fK


=κK

∑

E⊂∂K
εK,E.(12)

whereεK,Edenotesthenumericalerrorproducedfromthecomputation

ofPandTP.
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Numericalexperiments

Experiment1:stationaryproblem

Considerastationaryproblemoveraunitsquarewiththefollowing

initialandboundaryconditions.

1012

102

Source term

Permeability

10

Γ
N

 = 0

Γ
N

 = 0

Γ
D

 = 0

Γ
D

 = 0

* * 
* 

Triangulationoftheunitsquare.
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Numericalexperiments

Experiment1:stationaryproblem

a)ResultscomputedbyMHFEmethod

V
elocity

field
and

P
ressure

contour

P:0.00060.00150.00250.00350.00440.00540.00640.0073
Vec.Mag.:50

b)ResultscomputedbyMFEmethod
V

elocity
field

and
P

ressure
contour

P:0.00060.00150.00250.00350.00440.00540.00640.0073
Vec.Mag.:50

ResultsobtainedbytheMHFEandMFEmethods
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Numericalexperiments

Experiment1:stationaryproblem

Absoluteerrorsofthemassbalanceoverthedomain

Relativeerrorsofthemassbalanceoverthedomain
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Numericalexperiments

Experiment2:transientproblem

Consideratime-dependentproblemoveraunitsquarewiththefollow-

inginitialandboundaryconditions.T=]0,1],∆t=
1
10,s=1,f=0.

108

100

10−2

Γ
N

 = 0

Γ
N

 = 0

Γ
D

 = 1

Γ
D

 = 1

Permeability

Permeabilitydistributionandboundaryconditions
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Numericalexperiments

Experiment2:transientproblem

a)ResultscomputedbyMHFEmethod

V
elocity

field
and

P
ressure

contour

P:0.070.190.310.440.560.690.810.94Vec.Mag.:2

b)ResultscomputedbyMFEmethod
V

elocity
field

and
P

ressure
contour

P:0.070.200.320.450.570.690.820.94Vec.Mag.:2

ResultsobtainedbytheMHFEandMFEmethods
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LinearsystemSolvers

EisenstatpreconditioningisusedwiththeCGalgorithmtosolvethe

S.P.Dsystems.

ThesymmetricindefinitesystemsaresolvedbyusingSymmlqsolver

withoutanypreconditioning.
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Computingtimes

Ω=Ω1∪Ω2,∆t=1/10,si=1i=1,2,PCGsolver.

MHFEmethodMFEmethod

κ2/κ1CPUCond.Num.#Iter.CPUCond.Num.#Iter

1022.210.2×10222–211.84.3×10233–31

1042.310.9×10424–232.14.2×10442–40

1062.410.7×10626–252.44.5×10655–54

∆t=1/10,κi=1i=1,2,PCGsolver.

MHFEmethodMFEmethod

sCPUCond.Num.#Iter.CPUCond.Num.#Iter.

10−22.250.920–192.465.1×10130–29

10−42.255.120–193.268.3×10351–50

10−62.255.120–193.968.3×10584–83
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Conclusion

.TheMHFEandMFEmethodsleadtosymmetric,positivedef-

initelinearsystemsforparabolicproblems.

.Inheterogenousmedia,theconditionnumbersofbothsystems

growupaccordingtotheratiobetweenthehighestandthe

lowestvaluesofpermeabilityparametersbetweenadjacentsub-

domains.

.TheMHFEformulationsometimesleadstosenselessvaluesin

thevelocityfield,especiallywhenlargejumpsinthehydraulic

conductivitytakeplace.

.Smallvaluesofthestoragecoefficientcouldblowupthecondi-

tioningoftheMFElinearsystem.Thus,thesymmetricindefi-

nitelinearsystemhastobesolved.
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