
A Trust-RegionApproach to the Regularizationof
Large-ScaleDiscreteFormsof Ill-PosedProblems

Marielba Rojas � Danny C. Sorenseny

December 17, 1999
(RevisedSeptember 25, 2001)

Technical Rep ort 99-26, Departmen t of Computational and Applied Mathematics,
Rice Univ ersit y, Houston.

CERF A CS Technical Rep ort TR =PA =00=57

To app ear in SIAM Journal on Scienti�c Computing

Abstract

We considerlarge-scaleleast squaresproblemswherethe coe�cien t matrix
comesfrom the discretization of an operator in an ill-p osedproblem, and the
right-hand side contains noise. Special techniques known as regularization
methods areneededto treat theseproblemsin order to control the e�ect of the
noiseon the solution. We posethe regularization problem as a quadratically
constrainedleast squaresproblem. This formulation is equivalent to Tikhonov
regularization, and we note that it is also a special caseof the trust-region
subproblemfrom optimization. Weanalyzethe trust-region subproblemin the
regularization case,and we consider the nontrivial extensionsof a recently
developed method for general large-scalesubproblems that will allow us to
handle this case. The method relies on matrix-v ector products only, has low
and �xed storage requirements, and can handle the singularities arising in
ill-p osed problems. We present numerical results on test problems, on an
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inverseinterpolation problem with �eld data, and on a model seismicinversion
problem with �eld data.
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1 In tro duction

Discrete forms of ill-p osedproblems arise when we discretize the continuous op-
erator in an ill-p osedproblem and introduce experimental data contaminated by
noise. Oneof the main sourcesof ill-p osedproblemsare inverseproblems,wherewe
want to determinethe internal structure of a systemfrom the observed behavior of
the system. Inverseproblemsarise in many important applications such as image
processing[2], seismicinversion[39], and medicaland seismictomography [30], [32].
Discreteformsof ill-p osedproblemsareusually formulated aslinear systemsor least
squaresproblems. The focusof this paper is the numerical treatment of large-scale
discreteforms of ill-p osedleast squaresproblems.

We are interestedin recovering xLS , the minimum norm solution of

min kAx � bk (1)

x 2 IRn

where A 2 IRm� n , b 2 IRm and m � n. Throughout the paper we assumethat
A comesfrom the discretization of a continuous operator in an ill-p osedproblem,
and instead of the exact data vector b, only a perturbed data vector �b is available.
Speci�cally, we regard �b as �b = b+ s, where s is a random vector of uncorrelated
noise. The norm is the Euclideannorm throughout the paper, and it will bedenoted
by k � k.

We will assumethat the matrix A is largeand might not be available explicitly
but that we can compute the action of A and AT on vectors of the appropriate
dimensions. We will also assumethat errors in A, due to discretization or �nite-
precisionrepresentation, are small in comparisonto the noisein �b. Finally, we will
not assumeany particular structure for A.

Giventhe fact that only �b is available, wecould formulate the following problem

min kAx � �bk (2)

x 2 IRn

and useits minimum norm solution, denotedby �xLS , to approximate xLS . Unfortu-
nately, as we shall see,the two solutions might di�er considerably.
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If we use a reasonablyaccurate discretization to obtain A, this matrix will
be highly ill-conditioned with a singular spectrum that decays to zero gradually, a
largecluster of small singular values,and high-frequencycomponents of the singular
vectors associated with small singular values. If, in addition, the Discrete Picard
Condition [16] holds, we will have that the expansioncoe�cien ts of the exact data
vector bin the left singularvectorsbasis,decay to zerofaster than the singularvalues
of A, while the expansioncoe�cien ts of the noisevector s remain constant. There-
fore, thosecomponents of �xLS corresponding to small singular valuesare magni�ed
by the noise.

As a consequenceof the ill conditioning of the matrix A and the presenceof
noisein the right-hand side, standard numerical algebramethods such as the ones
discussedin [3], [13, Ch. 5] and [26] applied to problem (2) produce meaningless
solutionswith very large norm. Therefore,to solve theseproblems,we needspecial
techniques known as regularization or smoothing methods. Thesemethods aim to
recover information about the desiredsolution of the unknown problem with exact
data from the solution of a better conditionedproblemthat is related to the problem
with noisy data but incorporatesadditional information about the desiredsolution.
The formulation of the new problem involves a special parameter known as the
regularization parameter, used to control the e�ect of the noise on the solution.
The conditioning of the new problem depends on the choice of the regularization
parameter. Excellent surveys on regularization methods can be found for example
in [15], [20] and more recently in [31].

While there are many alternativesfor solving small to medium-scaleproblems,
this is not the casein the large-scalesetting. However, in recent years interesting
methods for large-scaleill-p osedproblems have been proposed. Among those are
Golub and von Matt [14], Bj•orck, Grimme and van Dooren [4], Calvetti, Reichel
and Zhang [8], Rojas, Santos and Sorensen[35], as well as several variants of the
Conjugate Gradient Method on the Normal Equations (CGLS), including the use
of preconditionerschosenaccordingto the structure of the problem [22], [24], [29].
In spite of thesedevelopments, the e�cien t solution of large-scalediscreteforms of
ill-p osedproblemsremainsa challenge.

In practice, the most common approach is to apply the Conjugate Gradient
Method to the Normal Equations associated with problem (2), taking advantage
of what seemsto be an intrinsic regularization property of this method. It has
been observed that, at early stages,CGLS generatesiterates with components in
the direction of right singular vectors associated with large singular values while
components associated with small singular values come into play at later stages.
This observation leadsto the heuristic that the number of iterations acts as a reg-
ularization parameter. Thus, we could compute a regularizedsolution by stopping
the iteration beforethe unwanted components contaminate the current approxima-
tion. The successof this approach depends in the �rst place, on the reliabilit y of



Trust-RegionApproach to Regularization 4

the heuristic, and secondly, on accurately determining when to stop the iteration,
which is a di�cult problem in itself, and most practical termination strategiesrely
on visual inspection. We are not aware of any systematic termination criterion for
this approach. Alternativ ely, we could use CGLS on the Tikhonov regularization
problem, discussedin the next section,which can be formulated as a damped least
squaresproblem. The successof this approach depends on a good choice of the
damping parameter,and alsoon the availabilit y of a preconditioner,and good gen-
eral preconditionershave not emergedyet. The approach we proposeheredoesnot
depend on either a heuristic or a preconditioner.

In this paper, we formulate the regularization problem as a quadratically con-
strained least squaresproblem. It is well known that this approach is equivalent to
Tikhonov regularization (cf. [10] and the referencestherein), and we also observe
that the problem is a special caseof the problem of minimizing a quadratic subject
to a quadratic constraint, which is known in optimization as the trust-region sub-
problem arising in trust-region methods (seealso [3, Sections5.3 and 9.2.3]). The
connectionbetween the trust-region subproblemand the regularization problem is
well known, but the speci�c nature of the numerical di�culties for solving the regu-
larization problem asa trust-region subproblemwas�rst studied extensively in [34].
We discussthe properties of the trust-region subproblemin the regularization case,
and apply the recently developed method LSTRS [35] for the large-scaletrust-region
subproblemto the regularization of discreteforms of ill-p osedproblemsfrom a vari-
ety of applications. The method relieson matrix-vector products only, has low and
�xed storagerequirements, robust stopping criteria, and computesboth a solution
and the corresponding Tikhonov regularization parameter. Moreover, LSTRS can
e�cien tly handle the high-degreesingularities associated with ill-p osedproblems.
Most of the results presented hereare basedon [34].

The organization of the paper is the following. In Section 2 we describe our
regularization approach and show its connectionwith Tikhonov regularization and
with the trust-region subproblem. In Section 3 we describe the trust-region sub-
problem and show its special properties in the discrete ill-p osedcase. In Section4
we describe the method LSTRS from [35] and discussthe issuesrelated to ill-p osed
problems. In Section 5 we present numerical results of LSTRS on regularization
problems, including test problems from the Regularization Tools package [19], an
inverseinterpolation problemwith �eld data, and a model seismicinversionproblem
with �eld data. We present someconclusionsin Section6.

2 Regularization through Trust Regions

As wementioned before,regularization involvesthe formulation of a problemrelated
to both the original problemwith exactdata and the problemwith noisydata, where
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we incorporate a priori information such as the size or smoothnessof the desired
solution, the noiselevel in the data or the statistical propertiesof the noiseprocess.

One of the most popular regularization approaches is the classicalTikhonov
regularization approach [40]

min kAx � �bk2 + " 2kxk2; (3)
x 2 IRn

where" 2 > 0 is the regularization parameter,and wherethe term kxk2 could alsobe
of the form kLx k2, for a generalsquareor rectangular matrix L. This matrix could
be for example,the identit y matrix as in (3), or a discrete form of �rst derivative.
In the �rst case, the regularization parameter " acts as a penalty parameter on
the sizeof the solution, while in the latter case" acts as a penalty parameter on
the smoothnessof the solution. Notice that if L is any square and nonsingular
matrix, then a changeof variable will reducethe problem to the form in (3). We
can alsoaccomplishsuch a transformation whenL is a full-rank rectangularmatrix,
by meansof the methods in [10], [15]. Throughout the paper we assumethat this
transformation is possibleand therefore we only consider the casewhen L is the
identit y matrix.

Observe that given ", problem (3) becomesa damped least squaresproblem
that we can solve with standard numerical linear algebra techniques for medium
and large-scaleproblems(cf. [3], [13]). However, determining an optimal value for
the Tikhonov regularization parameter" 2 can be asdi�cult as the original problem
and most of the methods currently available require the solution of several problems
of type (3) for di�erent values of " . This approach might be very expensive in
the large-scalesetting. Recent and promising methods for computing the Tikhonov
regularization parameterfor large-scaleproblemshave beenproposedin [7], [8] and
[25]. Calvetti et al. [8] proposea very elegant way of computing the parameterfrom
the noiselevel in the data, Calvetti et al. [7] proposea strategy basedon the L-curve
([17], [18]), while Kilmer and O'Leary [25] proposeseveral strategiesfor computing
the parameter from a problem in an appropriate subspaceof smaller dimension.

In this work we will not assumea priori knowledgeof the noiselevel or noise
properties. Instead,we will assumethat someinformation about the sizeor smooth-
nessof the desiredsolution is available, and we formulate the regularizationproblem
as

min kAx � �bk (4)

s:t: kxk� �

with � > 0. As we show next, this formulation is equivalent to Tikhonov regular-
ization.

Observe that if �b 62R(A), where R(A) is the range of A, any solution of
problem (4) is a regular point and therefore the Karush-Kuhn-Tucker conditions
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for a feasiblepoint x � to be a solution of problem (4) with corresponding Lagrange
multiplier � � are (AT A � � � I ) x � = � AT �b, � � � 0, and � � (kx � k � �) = 0.
Further, since(4) is a convex quadratic problem, theseconditionsareboth necessary
and su�cien t. Equivalencewith problem (3) follows directly, sincea solution x � to
problem(4) is alsoa solution to problem(3) corresponding to " 2 = � � � . Conversely,
if x" is a solution of (3) for a given ", then x" solvesproblem (4) for � = kx" k.

While Tikhonov regularization involves the computation of a parameter that
does not necessarilyhave a physical meaning in most problems, the quadratically
constrainedleast squaresformulation hasthe advantage that, in someapplications,
the physical properties of the problem either determineor make it easyto estimate
an optimal value for the norm constraint �. This is the case,for example,in image
restoration where� represents the energyof the target image(cf. [2]).

Another exampleis the following problem closelyrelated to (4)

min kxk

s:t: kAx � �bk� �

where� is an estimateof the noiselevel in the data. For A nonsingular,the problem
canbe transformedinto the form (4) by meansof a changeof variable. It is possible
to do this in some special applications where an e�ective approximation to the
inverseof A is available. This is the casein the examplepresented in Section5.3.

An additional advantage of the quadratically constrainedleast squaresformu-
lation is that it is a special caseof a well-known problem in optimization, namely,
that of minimizing a quadratic on a sphereor the trust-region subproblem

min
1
2

xT H x + gT x (5)

s:t: kxk� �

whereH 2 IRn� n , H = H T , g 2 IRn and � > 0. Problem (4) is a special caseof (5)
when H = AT A and g = � AT �b.

The high degreeof structure of the trust-region subproblem leads to strong
theoretical properties and makes it possible to design e�cien t solution methods.
For this reasonwe shall formulate the regularization problem asa trust-region sub-
problem.

3 The Trust-Region Subproblem

In this sectionwe present the properties of the trust-region subproblem. In Section
3.1, we considerthe problem when H is any symmetric matrix in IRn� n , and g is
any vector in IRn . In Section 3.2, we focus on the special casewhen H = AT A,
g = � AT �b, and in addition A is a discretizedversionof a continuousoperator in an
ill-p osedproblem and �b contains noise.
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3.1 Structure of the Problem

A �rst observation about the trust-region subproblemis that it always hasa solution.
A not so obvious and quite remarkable fact about the problem is the existenceof a
characterization of its solutions,discoveredindependently by Gay [11] and Sorensen
[36]. The result is contained in the following lemma.

Lemma 3.1 ([36]) A feasiblevector x � 2 IRn is a solution to (5) with corresponding
Lagrangemultiplier � � if and only if x � ; � � satisfy (H � � � I )x � = � g with H � � � I
positive semide�nite, � � � 0 and � � (� � kx � k) = 0.

Proof. See[36]. 2

The optimalit y conditions imply that all the solutions of the trust-region sub-
problem are of the form x = � (H � �I )yg + z for z 2 N (H � �I ), and whereN (�)
denotesthe null spaceof a matrix and y denotespseudoinverse. These solutions
may lie in the interior or on the boundary of the set f x 2 IRn j kxk � � g. There are
no solutions on the boundary if and only if H is positive de�nite and kH � 1gk < �
(see[28]). In this case,the unique interior solution is x = � H � 1g with Lagrange
multiplier � = 0. Boundary solutions satisfy kxk = � with � � � 1, where � 1 is
the smallest eigenvalue of H . The case� = � 1 can only occur if � 1 � 0, g ? S1,
whereS1 � N (H � � 1I ), and k(H � � 1I )ygk � �. This correspondsto the so-called
hard case, which posesgreat di�culties for the numerical solution of the trust-region
subproblemsincein this caseit is necessaryto computean approximate eigenvector
associated with the smallesteigenvalue of H . Moreover, in practice g will be nearly
orthogonal to S1 and we can expect greater numerical problems in this case. We
call this situation a near hard case. Note that whenever g is nearly orthogonal to
S1 there is the possibility for the hard caseor near hard caseto occur. Therefore
we call this a potential hard case. We show in Section3.2 that the potential hard
caseis preciselythe commoncasefor discreteill-p osedproblems.

The conditions in Lemma3.1arecomputationally attractiv e sincethey provide
a meansfor reducing the problem of computing boundary solutions for the trust-
region subproblemfrom an n-dimensionalproblem to a zero-�nding problem in one
variable. We can accomplishthis for example,by solving the following equation in
� , known as the secular equation

� � kx � k = 0 (6)

where x � = � (H � �I ) � 1g, and � is monitored to ensurethat H � �I is positive
de�nite. Newton'smethod is particularly e�cien t for solvingan equationequivalent
to (6) and this approach, due to Mor�e and Sorensen[28], is the method of choice
whenever it is a�ordable to compute the Cholesky factorization of matrices of the
form H � �I . However, in someapplications this computation may be prohibitiv e
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either becauseof storageconsiderationsor becausethe matrix H is not explicitly
available. Therefore, we needother strategiesto treat the problem in those cases.
We describe onesuch strategy in Section4.

3.2 Discrete Ill-P osed Trust-Region Subproblem

We now study the trust-region subproblemin the special casewhen H = AT A and
g = � AT �b, where A comesfrom the discretization of a continuous operator in an
ill-p osedproblem, and �b contains noise. We will show that the potential hard case
is the common casefor these problems and also that it will occur in a multiple
instance, where g is orthogonal to the eigenpacesassociated with several of the
smallesteigenvaluesof H . This was �rst shown in [34] and is a consequenceof the
following result.

Lemma 3.2 Let H = AT A and g = � AT �b, with �b = b+ s. Suppose� k is the k-th
largestsingular valueof A with multiplicity mk . Supposeuj ; vj , 1 � j � mk are left
and right singular vectors associated with � k . Then

gT vj = � � k (uT
j b+ uT

j s) ; 1 � j � mk :

Proof. The result follows directly assumingA = U� V T is a singular value decom-
position of A, sincethis yields g = � V � UT �b with V orthogonal. 2

SinceH = AT A = V� 2V T , we seethat for discreteill-p osedproblems,the hard
caseis always present in an extremeform. Lemma 3.2 implies that whenever � k is
very small then, for any reasonablenoiselevel in �b, g will benearly orthogonalto the
subspacespannedby the right singular vectorsassociated with � k . This is precisely
the casein discrete ill-p osedproblems, where the matrix A has a large cluster of
very small singular valuesand thereforewe can expect g to be nearly orthogonal to
the right singular vectors associated with such singular values. Sincethesevectors
are eigenvectors corresponding to the smallest eigenvalues of AT A, then g will be
orthogonal to the eigenspacescorresponding to several of the smallesteigenvaluesof
AT A and the potential hard casewill occur in a multiple instance. Figure 1 illustrates
this situation for problemfoxgood from the RegularizationToolspackageby Hansen
[19]. The problem is of dimension300 and in the logarithmic plot we observe that
gT vk is of order 10� 15 for approximately 292of the right singular vectorsof A.

Observe that for large noise level and � k not so small, g will not be nearly
orthogonal to the eigenspacecorresponding to the smallesteigenvalue of A T A and
the hard casewill not occur. Therefore,in this casea high noiselevel implies a less
di�cult trust-region subproblem. However, we do not expect to compute a good
approximation in the presenceof large noise.
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Figure 1: Orthogonality of g with respect to right singular vectors of a discretized
operator in an ill-p osedproblem.

4 LSTRS for Discrete Ill-P osed Problems

In this section we give a brief description of the method LSTRS from [35]. We
present the method for a generalsymmetric matrix H , and nonzerovector g, and
discussthe advantagesof usingthis method for the specialcaseof large-scalediscrete
ill-p osedtrust-region subproblemsof type (4). LSTRS is basedon formulating the
trust-region subproblemas a parameterizedeigenvalue problem. Such formulation
comesfrom the observation that if x � ; � � solve problem (5), then for � = � � � gT x � ,
problem (5) is equivalent to

min 1
2yT B � y

s.t. yT y � 1 + � 2; eT
1 y = 1;

(7)

where e1 is the �rst canonical unit vector in IRn+1 and B � =

 
� gT

g H

!

. The

solution of the trust-region subproblem consistsof the last n components of the
solution of problem (7).

Problem (7) suggeststhat if we know the optimal value for � , we can solve the
trust-region subproblem by solving an eigenvalue problem for the smallest eigen-
value of B � and an eigenvector with special structure. To seethis, observe that if
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f �; (1; xT )T g is an eigenpairof B � then
 

� gT

g H

!  
1
x

!

=

 
1
x

!

�

which is equivalent to

� � � = � gT x and (H � �I )x = � g : (8)

If � is the smallest eigenvalue of B � and sincethe eigenvaluesof H interlace
the eigenvalues of B � by Cauchy Interlace Theorem (cf. [33]), then H � �I is
positive semide�nite. Therefore,two of the optimalit y conditions in Lemma 3.1 are
automatically satis�ed in this case.If in addition, � � 0 and kxk = �, we will have
a solution for the trust-region subproblem.

LSTRS consistsof iterativ ely adjusting the parameter � to drive it towards
the optimal value � � = � � � gT x � . This is accomplishedin the following way. Let
� (� ) = � gT x for x satisfying (H � �I )x = � g, and note that � 0(� ) = xT x. Both
� and � 0 are rational functions with polesat a subsetof the eigenvaluesof H . Fig-
ure 2 illustrates the typical behavior of � (� ) whenH is a 3x3matrix with eigenvalues
0,2,4. The LSTRS iteration is basedon approximately solving the secularequation
(6), usingrational interpolation on � and � 0. Observe that, in view of (8), wecanob-
tain convenient interpolation points by solving eigenvalue problemsfor the smallest
eigenvalueof B � , for di�erent valuesof the parameter� . LSTRS computesthe inter-
polation points in this way, using the Implicitly RestartedLanczosMethod (IRLM)
[37] as implemented in ARPACK [27] to solve the eigenvalue problems. The IRLM
has�xed storagerequirements and reliesupon matrix-vector products only, features
that make it suitable for large-scaleproblems.

The strategy describedaboveworksaslong asthe smallesteigenvalueof B � has
a corresponding eigenvector that can be safelynormalized to have �rst component
one. The adjustment of the parameter becomesvery di�cult in the hard caseand
nearhard casesincein thesesituations the smallesteigenvalueof B � might not havea
corresponding eigenvector with the desiredstructure (see[34], [35], [38]). Moreover,
in the near hard case� 1 is a weak pole of � (� ) and the function becomesvery steep
around this valueasFigure 3 illustrates. This makesthe interpolation problem very
ill-conditioned. The situation is considerablymore di�cult for ill-p osedproblems
whereseveral of the smallesteigenvaluesof H are weak polesof � (� ). We illustrate
this casein Figure 4 which shows� (� ) for the test problemto bediscussedin Section
5.3. LSTRS relieson the completecharacterization of the hard casegiven in [34] to
proceedwith the iteration even when the desiredeigenvector cannot be normalized
to have �rst component one,and to computenearly optimal solutionsin any instance
of the hard caseincluding multiple occurrencesas in ill-p osedproblems.

A detaileddescriptionof the resultsconcerningthe hard caseand the elaborate
algorithmic techniquesderived from thoseresultsarebeyond the scopeof this paper.
We refer the readerto [34] and [35] for more details.



Trust-RegionApproach to Regularization 11

-2 -1 0 1 2 3 4 5 6
-25

-20

-15

-10

-5

0

5

10

15

20

25

l

f(
l)

Figure 2: Secularfunction � (� ).

From the above presentation we seethat LSTRS has desirable features for
solving large-scaletrust-region subproblemsin general, and for handling discrete
ill-p osedproblems in particular. This is not surprising since the regularization of
discrete forms of ill-p osedproblemswas part of the motivation for developing the
method. There are however, someissuesthat must be taken into account when
implementing LSTRS to treat ill-p osedproblems. As we saw in Section2, for these
problems,the smallesteigenvaluesof H are clusteredand closeto zeroand because
of the interlacing property the smallesteigenvaluesof B � will alsobe clusteredand
small for certain valuesof �. Computing a clusteredset of small eigenvalueswith a
method that reliesonly on matrix-vector products with the original matrix is likely
to fail sincethe multiplication will annihilate components preciselyin the direction
of the eigenvectors of interest. This di�cult y may be overcomethrough the useof
a spectral transformation. Instead of trying to �nd the smallest eigenvalue of B �

directly, we work with a matrix function T(B � ) and usethe fact that B � q = q� ( )
T(B � )q = qT(� ). If we are able to construct T so that jT(� 1)j >> jT(� j )j; j > 1,
then a Lanczostype method such as the IRLM will convergemuch faster towards
the eigenvector q1 corresponding to � 1. We use a Tchebyshev polynomial T` of
degree` constructedto be as large aspossibleon � 1 and as small aspossibleon an
interval containing the remaining eigenvaluesof B � . Convergenceof IRLM is often
greatly enhancedthrough this spectral transformation strategy. After convergence,
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Figure 3: � (� ) in the near hard case.

the eigenvaluesof B � are recovered via the Rayleigh quotients with the converged
eigenvectors.

Finally, the occurrenceof an interior solution whenH = AT A is positivede�nite
in regularization problemsdeservesa special comment. In this casethe solution of
the trust-region subproblemcorrespondsto the least squaressolution of the original
problem. This solution is contaminated by noiseand is of no interest. When we
detect an interior solution we have taken the simpleapproach of reducingthe trust-
region radius and restarting the method. It is worth noticing that if we knew that
the noiselevel in the data is low, then if � is closeto zerowhenwe detect an interior
solution, we could approximate the least squaressolution by x satisfying (8) since
this would be a reasonableapproximation to x = � H � 1g. Note that in this caseit
would not be necessaryto solve a linear systemto obtain the solution.

5 Numerical Results

In this section we present numerical experiments to illustrate the performanceof
LSTRS on regularization problemsfrom di�erent sources,including both test prob-
lems and real applications. We used a Matlab version of LSTRS running under
MATLAB5.3 using Mex�le interfacesto accessARPACK[27] and also the routines to
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Figure 4: � (� ) for the viscoacousticwave equation, n = 500.

compute matrix-vector products in someof the examples. Notice that the capa-
bilities of ARPACK have been incorporated into MATLAB6 and are now available
through the routine eigs . We ran our experiments on a SUN Ultrasparc 2 with
a 200 MHZ processorand 256 Megabytes of RAM running Solaris 5.6. The 
oat-
ing point arithmetic was IEEE standard double precision with machine precision
2� 52 � 2:2204� 10� 16 .

We present three sets of experiments. In Section 5.1 we describe the results
obtained on test problems from the Regularization Tools package [19]. In Section
5.2 we present an inverseinterpolation problem with �eld data. In Section5.3 we
present a model seismicinversion problem using a standard data set. The various
stopping toleranceson jkxk� � j

� were chosen (as they often are in practice) in an
ad-hoc fashionafter sometrial runs.

5.1 Problems from the Regularization Tools package

In this section we will present the results of LSTRS on problems from the Regu-
larization Tools package[19]. This packageconsistsof a set of Matlab routines for
the analysisof discreteill-p osedproblemsalong with test problemsthat are easyto
generate.All the test problemscomefrom the discretization of a Fredholm integral
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equation of the �rst kind
Z b

a
K (s; t)f (t)dt = g(s);

and the problem is to compute the unknown function f (t) given g(s) and K (s; t).
In all caseswe solved a quadratically constrained least squaresproblem (4)

whereA camefrom the discretization of the kernel K (s; t) and b= g(si ) at discrete
points si 2 [a;b], where i = 1; : : : ; n and n is the dimensionof the problem. For
someof the problems the exact solution f (t) was available and in those caseswe
usedx I P = f (t i ) for comparisonpurposes,wheret i 2 [a;b], i = 1; : : : ; n. Note that
in generalAx I P is di�erent from b. Unlessotherwisespeci�ed, we used� = kx I P k
as trust-region radius. In ARPACK, we usednine Lanczosbasisvectorswith seven
shifts on each implicit restart. The required accuracyfor the eigenpairswas 10� 2.
The initial vector for the Lanczosfactorization was a randomly generatedvector
that remained�xed in all the experiments. We solved the trust-region subproblems
to a relative accuracyof

�
�
� kxk� �

�

�
�
� < 10� 2. We also solved the problemsto a higher

accuracybut this wascomputationally moreexpensive and did not seemto improve
the accuracyof the regularizedsolution x with respect to the exact solution x I P , for
this particular set of problems. In Table 1, we present the results for a subsetof
problemsfrom [19].

Problem Dim. � kxk kx� x I P k
kx I P k MV Prods. Iter.

Ill heat 300 4.2631 4.2527 3.5684e-01 1721 8
Ill heat 1000 7.7829 7.7497 2.6900e-01 967 8
Well heat 300 4.2631 4.2958 9.1853e-02 1049 4
ilaplace 195 2.7629 2.7362 1.8537e-01 349 4
parallax 300 5.0000 5.0421 { 869 10
phillips 300 2.9999 2.9869 2.6883e-02 521 6
phillips 1000 3.0000 2.9839 3.3607e-02 575 6
shaw 300 17.2893 17.2467 6.0625e-02 510 6
shaw 1000 31.5659 31.6002 5.2847e-02 423 5

Table1: Resultsof LSTRS on test problemsfrom the RegularizationTools package.

Several observations are in order about Table 1. The third and fourth column
indicate that in all cases,LSTRS solved the trust-region subproblem to the pre-
scribed accuracy. The quality of the regularizedsolution or a measureof how well
this solution approximates the exact solution x I P is reported in the �fth column,
where a dash indicates that x I P was not available. We seethat generally, there is
a reasonableagreement betweencomputedand exact solutions,with relative errors
of order 10� 2. The number of matrix-vector products is reported in column six, and
the last column shows the number of LSTRS iterations.
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The primary purpose of these tests was simply to verify that our approach
would computereasonablyaccurateregularizedsolutionsto well known examplesof
discrete forms of ill-p osedproblems. We cannot draw any conclusionsabout com-
putational cost or expectednumber of matrix-vector products from thesesmall ex-
amples. However, our limited experiencewould indicate that the number of matrix-
vector products doesnot increasesigni�cantly with the dimensionof the problem,
and we give examplesof this in Sections5.2 and 5.3.

Finally, we remark that somemodi�cations probably would have beenpossible
to improve the accuracy of the computed solutions to this set of examples. For
problemsill-conditioned heat (inverseheat equation) and ilaplace (inverseLaplace
transformation), the relative error is probably higher than onewould like. It turns
out that in thesecasesthe solutions are highly oscillatory. This suggeststhat we
shouldhave solved the trust-region subproblemwith a constraint of the form kLx k,
where L is a discrete form of �rst derivative. Since our goal here was a basic
veri�cation of LSTRS on such problems, we did not analyzeeach caseseparately
nor did we pursuemore elaborate formulations.

5.2 An In verse In terp olation Problem

The 2-D linear interpolation problemconsistsin usinga linear interpolant to �nd the
valuesof a function at arbitrary points given the valuesof the function at equally
spacedpoints. A more interesting problem is the inverse interpolation problem:
�nding the valuesof the function on a regular grid of points from which we can ex-
tract givenvaluesof the function at irregularly spacedpoints by linear interpolation.
We can posethe 2-D inverseinterpolation problem as a least squaresproblem

min kAx � bk
x 2 IRn

where A 2 IRm� n is the 2-D linear interpolant and b 2 IRm contains the function
valuesat irregularly spacedpoints.

To illustrate the performanceof LSTRS on this kind of problem we will use
the exampleof constructing a depth map of the Seaof Galilee on a regular grid of
points, given depth measurements at irregularly spacedpoints. The data consistsof
triplets vi ; wi ; bi i = 1; : : : ; 132044representing coordinateson the planeand depth,
respectively. The data was collectedfrom a ship using an echo sounder. The data
contains noisecoming from di�erent sources,including malfunctioning equipment
that reported zero depths at points in the middle of the lake and the fact that
the measurements were taken at di�erent times of the year and therefore varied
greatly from rainy seasonto dry season.See[1] for a completedescription of the
data acquisition process. In Figure 5 we show a view from above of a 3-D plot of
the original data. The straight lines we observe in the �gure are the tracks of the
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ship. Therefore, the data acquisition processwas an additional sourceof noise. As
Cl�rb out points out [9], an imageof the seashould not include thoselines.

Figure 5: Seaof Galilee from original data.

In our experiments the sizeof the grid wasn = 201� 201= 40401and this is the
number of unknowns when the 2-D grid is represented asa one-dimensionalvector.
The number of rows in A wasm = 132044.This matrix was ill-conditioned and was
not available explicitly, but we could compute the action of A and AT on vectors
by meansof FORTRAN routines. In all the experiments, we solved the trust-region
subproblemsto a relative accuracyof

�
�
� kxk� �

�

�
�
� � 10� 3. The sizeof the Lanczosbasis

was �v e and we applied three shifts on each implicit restart. Therefore,the storage
requirement was essentially �v e vectorsof length 40401.

We posedthe trust-region subproblemas

min
1
2

xT AT Ax � (AT b)T x

s:t: kLx k� �

whereL was either the n � n identit y matrix I , or the matrix M p, a discretization
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of the following p-th power of the (scaled)2-D Helmholtz operator

(I � r T � diag(s) � r )p; (9)

whereI , r and r T arethe identit y, gradient, and divergenceoperators,respectively;
the vector s > 0 is a two-dimensionalvector of scales;the expressiondiag(s) denotes
a diagonal matrix with the components of the vector s on the diagonal; and p is a
real scalar.

We ran several experiments for di�erent trust-region radii sincein this appli-
cation we did not have a priori information about the size or smoothnessof the
desiredsolution. Figure 6 shows the result for � = 6000and L = I . This image
still shows the tracks of the ship and does not reveal any known features of the
depth distribution of the lake. The contour plot (not shown) is very rough with
highly oscillatory contours. This suggestedthe need to introduce a constraint on
the smoothnessof the solution.

Figure 6: Seaof Galilee, regularizing with constraint on sizeof solution.

We then solved the trust-region subproblemwith L = M p, a discretization of
(9), and � = 26000.Figure 7 shows the solution for p = 0:3. In this imagewe were
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able to identify someof the featuresreported in [1], such asthe shallow areasin the
Northeast, a scarp in the Southeastand a more prominent scarp in the Southwest.

Figure 7: Seaof Galilee, regularizing with constraint on smoothness.

We alsotried the approach of solving the trust-region subproblemwith L = I
and applying the Helmholtz operator a posteriori. We call this approach post
smoothing. We tried the post smoothing approach with p = � 1, for � = 23423
which is the norm of x whenkM pxk = 26000and we obtainedan imagevery similar
to the one in Figure 7. We also used this approach for � = 6000, obtaining the
imagein Figure 8 which clearly shows the featuresmentioned before. Table2 shows
that the post smoothing approach is lessexpensive than using a constraint on the
smoothness. There are two reasonsfor this di�erence in e�ciency . The �rst one is
that the matrix-vector products when L = M p are more expensive than the matrix-
vector products when L = I . The secondreasonis that the smallesteigenvaluesof
B � are closeto the smallesteigenvaluesof L � T AT AL � 1 and theseare moreclustered
for L = M p than for L = I . This causesslow convergenceof the IRLM. We note
however, that the cost is not too high in either approach relative to the dimension
of the problem.
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The post smoothing approach hasthe drawback that we do not know its physi-
cal meaning,and a closerlook at the result shows that the post smoothing is causing
a high degreeof perturbation on the depths sincethe lowest point is known to be
at around 256mbelow sealevel and the lowest point in Figure 8 is -45m. Another
interesting aspect of this particular regularization approach is that it producesvery
smooth solutions, which was also noted in [21], and this causesfor example the
resulting regular grid to miss the true deepest point located approximately at co-
ordinates(207; 247), and yields a deepest point located at approximately (205; 245)
for Figure 8. It is quite remarkable though how the known featuresof the lake are
clearly present in this image.
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Figure 8: Seaof Galilee, regularizing with constraint on sizeof solution and post
smoothing.

5.3 A Mo del Seismic In version Problem

We also solved the quadratically constrained least squaresproblem (4) where the
problem comesfrom the discretization of the linear viscoacousticmodel. As ex-
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Dimension: 40401 LSTRS MV CPU time
Storage:5 vectors � kx � k Iter. Prods. (min.)
TRS with
post smoothing 23423 23423 4 206 1.40
Constraint
on smoothness 26000 25980.61 15 723 22.05

Table 2: Performanceof LSTRS on an InverseInterpolation Problem.

plained in [6], this model describes the behavior of an anelastic 
uid, in which the
strain responseto a changeof stressis linear but not completely instantaneous. A
relaxation function G(t; ~x) is usedto expressthe stress-strainrelation. The equa-
tions of motion relate G(t; ~x), the material density � (~x), the pressure(stress)p(t; ~x),
the particle velocity ~v(t; ~x), and the body forcesourcef (t; ~x) in the following way:

p;t (t; ~x) = � _G(t; ~x) � r � ~v(t; ~x) + f (t; ~x) (10)

~v;t (t; ~x) = �
1

� (~x)
r p(t; ~x)

wherep = 0; ~x = 0 for t � 0. In (10), t denotestime and ~x denotesposition.
Theseequationsare usedin [6] to model the propagation of waves in marine

mediausing the relaxation function for a standard linear 
uid. The matrix A in our
quadratically constrained least squaresproblem corresponds to DF , a linearized
version of the forward map or prediction operator. The matrix AT corresponds
to the adjoint of DF denoted by DF � . The operators DF and DF � were not
explicitly available but their action on vectorswas obtained by solving a simpli�ed
(layered) and linearized version of equations(10). See[5, Ch. 5] and [6] for more
details. The data vector �b is a seismogramcontaining velocities of wavesmeasured
in oil wells in the North Sea. The data is part of the Mobil AVO data set [23], a
standard data set for testing inversion methods. The parametersto be estimated
in the experiment are the stress-strainratio under simple hydrostatic pressure,and
the material density. The quadratically constrained least squaresproblems arise
in the context of sophisticatednonlinear inversion strategies[12], where the norm
constraint was of the form kxk � �. The quadratically constrained least squares
problemswere obtained from problemsof type

min kxk

s:t: kAx � �bk� �
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by meansof a changeof variable made possibleby the availabilit y of an e�ective
approximation to the inverseof A. The parameter� is an estimateof the noiselevel
in �b and is known a priori in this case. The reformulation of the problem yields
� = � .

The dimensionsof the problem are m = n = 121121.Table 3 shows the result
obtained whenwe usedLSTRS to solve the trust-region subproblemto an accuracy
of

�
�
� kxk� �

�

�
�
� < 10� 5 using four Lanczosbasisvectors. The method is very e�cien t for

small � sincein this casethe smallesteigenvalue of B � is well separatedfrom the
rest and the IRLM convergesrapidly to such eigenvalue. For larger �, the eigenvalue
of interest belongsto a cluster and the IRLM needsmore iterations to compute it.

LSTRS MV
Dimension � kxk Iter. Prods. Storage
121121 0.5 0.5 2 15 4 vectors

Table 3: Performanceof LSTRS on the viscoacousticwave equation.

In Table 3 we can observe the low storageand low number of matrix-vectors
products required to solve the problem to a very high accuracy.

6 Conclusions

We consideredthe problem of regularizing large-scalediscrete forms of ill-p osed
problemsarising in several applications. We posedthe regularization problem as a
quadratically constrainedleast squaresproblem, showed the relationship of this ap-
proach to Tikhonov regularization,and to the trust-region subproblemand analyzed
the latter in the ill-p osedcase.

We have presented numerical results obtained when we usedthe recently de-
veloped method LSTRS for the large-scaletrust-region subproblemto solve regular-
ization problems from a wide variety of applications including problemswith �eld
data. The method requires solving a sequenceof large-scaleeigenvalue problems
which is accomplishedwith a variant of the Lanczosmethod. An important feature
of LSTRS is that it computesboth the solution and the Tikhonov regularization
parameter from the prescribed norm.

LSTRS is particularly suitable for large-scalediscreteforms of ill-p osedprob-
lemsfor which it computedregularizedsolutionscloseto the desiredexact solutions
using limited storageand moderate computational e�ort in general. For real appli-
cations the method required a low number of matrix-vector products with respect
to the dimensionof the problem, and storagecomparableto or lessthan the Con-
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jugate Gradient method. Our approach also had the desirablefeature of providing
systematicstopping criteria.

Wearecurrently investigatingvariousapproachesto preconditioning,aiming to
generateeigenvalue problemsthat can be solved more e�cien tly. Although further
improvement is needed,LSTRS proved to be a promising method for the numerical
treatment of large-scaleill-p osedproblemsin which the norm of the desiredsolution
is prescribed.

Ac knowledgemen ts. We would like to thank Chao Yang for making his Matlab
code for the Tchebyshevspectral transformation available to us. We thank Ricardo
von Borries for his help in recovering what seemedto be a hopelesslylost illustra-
tion. Wewould alsolike to expressour deepgratitude to Bill Symeswho provided us
with the data, codesfor the 2-D linear interpolant and interpretation of the results
in Section5.2. Bill alsoprovided the Model SeismicProblem in Section5.3 and the
AVO data set. We alsothank ProfessorZvi Ben-Avrahamfrom Tel-Aviv University,
for making the data on the Seaof Galileeavailable and for providing important ref-
erences.Finally, we would like to thank the two anonymousrefereesfor their careful
reading of the original manuscript, and for their valuable and relevant suggestions
which helped improve the original versionof this paper.

References

[1] Z. Ben-A vraham, G. Amit, A. Golan and Z.B. Begin . The bathymetry
of Lake Kinneret and its structural signi�cance, Isr. J. Earth Sci., 39:77-84,
1992.

[2] M. Ber ter o and P. Boca cci . Intr oduction to Inverse Problemsin Imaging,
Institute of Physics,Bristol, 1998.

[3] �A. Bj •or ck . Numerical Methods for Least Squares Problems, SIAM, Philadel-
phia, 1996.

[4] �A. Bj •or ck, E. Grimme and P. Van Dooren . An implicit shift bidiagonal-
ization algorithm for ill-p osedsystems,BIT , 34:510-534,1994.

[5] J.O. Blanch . A Study of ViscousE�ects in SeismicModeling, Imaging, and
Inversion: Methodology, Computational Aspects,and Sensitivity. Ph.D. Thesis,
Department of Geologyand Geophysics, Rice University, Houston, December
1995.

[6] J.O. Blanch, W.W. Symes and R.J. Versteeg . A numerical study of lin-
ear viscoacousticinversion.In R.G. Keys and D.J. Foster, editors. Comparison



Trust-RegionApproach to Regularization 23

of Seismic Inversion Methods on a Single Real Data Set, pages13-44.Society
of Exploration Geophysicists,Tulsa, 1998.

[7] D. Cal vetti, G.H. Golub and L. Reichel . Estimation of the L-curve via
Lanczosbidiagonalization, BIT , 39(4):603-619,1999.

[8] D. Cal vetti, L. Reichel and Q. Zhang . Iterativ e exponential �lter-
ing for large discrete ill-p osed problems, Numer. Math. Online First , DOI
10.1007/s002119900077,July 28, 1999.

[9] J. Cl�rbout . GEOPHYSICAL ESTIMA TION BY EXAMPLE: Environmen-
tal soundingsimageenhancement: Multidimensional autoregression.Available
from http://sepwww.stanford.ed u/se p/jo n/i ndex.html .

[10] L. Eld �en. Algorithms for the regularization of ill-conditioned least squares
problems,BIT , 17:134-145,1977.

[11] D. Gay. Computing optimal locally constrainedsteps,SIAM J. Sci. Stat. Com-
put., 2(2):186-197,1981.

[12] M.S. Gockenba ch and W.W. Symes. Dualit y for inverseproblemsin wave
propagation.In L. Biegler, T. Coleman,F. Santosaand A. Conn, editors. Large
Scale Optimization, pages37-61.New York Institute for Mathematics and its
Applications, 1997.

[13] G.H. Golub and C.F. Van Lo an. Matrix Computations, Johns Hopkins
University Press,Baltimore, third ed., 1996.

[14] G.H. Golub and U. von Ma tt . Quadratically constrainedleast squaresand
quadratic problems,Numer. Math., 59:561-580,1991.

[15] M. Hanke and P.C. Hansen . Regularization methods for large-scaleprob-
lems,Surveysof Mathematicsfor Industry, 3:253-315,1993.

[16] P.C. Hansen . The Discrete Picard Condition for discrete ill-p osedproblems,
BIT , 30:658-672,1990.

[17] P.C. Hansen . Analysis of discreteill-p osedproblemsby meansof the L-curve,
SIAM Review, 34(4):561-580,1992.

[18] P.C. Hansen and D.P. O'Lear y . The useof the L-curve in the regularization
of discreteill-p osedproblems,SIAM J. Sci. Comput., 14(6):1487-1503,1993.

[19] P.C. Hansen . Regularization Tools: a MATLAB package for analysis and
solution of discreteill-p osedproblems,Numer. Algo., 6:1-35,1994.



Trust-RegionApproach to Regularization 24

[20] P.C. Hansen . Rank-De�cient and Discrete Ill-PosedProblems.Doctoral Dis-
sertation, UNI� C, Technical University of Denmark, Lyngby, Denmark, 1996.

[21] P.C. Hansen, M. Jacobsen, J.M. Rasmussen. and H. S�rensen . The
PP-TSVD algorithm for imagerestoration problems.In P.C. Hansen,B.H. Ja-
cobsenand K. Mosegaard,editors. Inverse Methods II , Springer, to appear.
May 1999.

[22] L. Ka ufman and A. Neumaier . Imagereconstructionthrough regularization
by envelope guidedConjugateGradients, AT&T Bell Laboratories,4-14,1994.

[23] R.G. Keys and D.J. Foster . A data set for evaluating and comparingseis-
mic inversion methods. In R.G. Keys and D.J. Foster, editors. Comparison
of seismic inversion methods on a single real data set, pages1-12. Society of
Exploration Geophysicists,Tulsa, 1998.

[24] M.E. Kilmer and D.P. O'Lear y . Pivoted Cauchy-like preconditionersfor
regularizedsolution of ill-p osedproblems,SIAM J. Sci. Comput., 21(1):88-110,
1999.

[25] M.E. Kilmer and D.P. O'Lear y . ChoosingRegularizationparametersin it-
erative methods for ill-p osedproblems,SIAM J. Matrix Anal. Appl., to appear.

[26] C.L. Lawson and R.J. Hanson . SolvingLeast SquaresProblems. Classicsin
Applied Mathematics. SIAM, Philadelphia, 1995.

[27] R.B. Lehoucq, D.C. Sorensen and C. Yang . ARPACK User's Guide:
Solution of Large Scale EigenvalueProblemsby Implicitly Restarted Arnoldi
Methods, SIAM, Philadelphia, 1998.

[28] J.J. Mor �e and D.C. Sorensen . Computing a trust regionstep,SIAM J. Sci.
Stat. Comput., 4(3):553-572,1983.

[29] J. Nagy, V. Pauca, R. Plemmons and T. Tor gersen . Space-varying
restoration of optical images,Opt. Soc. Amer. A, 14(12): 3162-3174,1997.

[30] F. Natterer . The Mathematicsof Computerized Tomography, John Wiley &
Sons,New York, 1986.

[31] A. Neumaier . Solving ill-conditioned and singular linear systems:a tutorial
on regularization, SIAM Review, 40(3):636-666,1998.

[32] G. Nolet, Ed . Seismic Tomography, with applications in global seismology
and exploration geophysics, D. Reidel Publishing Company, Dordrecht, 1987.



Trust-RegionApproach to Regularization 25

[33] B.N. Parlett . The SymmetricEigenvalueProblem, Prentice-Hall, Englewood
Cli�s NY, 1980.

[34] M. Rojas . A Large-ScaleTrust-Region Approach to the Regularization of
DiscreteIll-PosedProblems.Ph.D. Thesis,Technical Report TR98-19,Depart-
ment of Computational and Applied Mathematics, Rice University, Houston,
May 1998.

[35] M. Rojas, S.A. Santos and D.C. Sorensen . A new matrix-free algorithm
for the large-scaletrust-region subproblem, SIAM J. Optim., 11(3):611-646,
2000.

[36] D.C. Sorensen . Newton's method with a model trust region modi�cation,
SIAM J. Numer. Anal., 19(2):409-426,1982.

[37] D.C. Sorensen . Implicit application of polynomial �lters in a k-step Arnoldi
method, SIAM J. Matrix Anal. Appl., 13(1):357-385,1992.

[38] D.C. Sorensen . Minimization of a large-scalequadratic function subject to a
sphericalconstraint, SIAM J. Optim., 7(1):141-161,1997.

[39] W.W. Symes. A di�erential semblance criterion for inversion of multio�set
seismicre
ection data, Journal of Geophysical Research, 98:2061-2073,1993.

[40] A.N. Tikhono v. Regularization of incorrectly posedproblems,Soviet Math.,
4:1624-1627,1963.


