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Abstract

We considerlarge-scaldeast squaresproblemswherethe coe cien t matrix
comesfrom the discretization of an operator in an ill-p osedproblem, and the
right-hand side contains noise. Special techniques known as regularization
methods are neededto treat theseproblemsin orderto cortrol the e ect of the
noise on the solution. We posethe regularization problem as a quadratically
constrainedleast squaresproblem. This formulation is equivalert to Tikhonov
regularization, and we note that it is also a special caseof the trust-region
subproblemfrom optimization. We analyzethe trust-region subproblemin the
regularization case,and we consider the nontrivial extensionsof a recertly
dewveloped method for general large-scalesubproblemsthat will allow us to
handle this case. The method relies on matrix-v ector products only, has low
and xed storage requiremerts, and can handle the singularities arising in
ill-p osed problems. We preseri numerical results on test problems, on an
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inverseinterpolation problem with eld data, and on a model seismicinversion
problem with eld data.
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1 Intro duction

Discrete forms of ill-p osed problems arise when we discretize the cortinuous op-
erator in an ill-p osed problem and introduce experimertal data cortaminated by
noise. One of the main sourcesof ill-p osedproblemsare inverseproblems,wherewe
want to determinethe internal structure of a systemfrom the obsened behavior of
the system. Inverseproblemsarisein many important applications sud asimage
processing?2], seismicinversion[39], and medicaland seismictomograply [30, [32.
Discreteforms of ill-p osedproblemsare usually formulated aslinear systemsor least
squaresproblems. The focus of this paper is the numerical treatment of large-scale
discreteforms of ill-p osedleast squaresproblems.
We are interestedin recovering X.s , the minimum norm solution of

min  kAx Ik (2)
x2 IR"

whereA 2 IR™ ", b2 IR™ and m n. Throughout the paper we assumethat
A comesfrom the discretization of a cortinuous operator in an ill-p osedproblem,
and instead of the exactdata vector b, only a perturbed data vector b is available.
Speci cally, we regardbasb = b+ s, wheres is a random vector of uncorrelated
noise. The norm is the Euclideannorm throughout the paper, andit will be denoted
by k k.

We will assumethat the matrix A is large and might not be available explicitly
but that we can compute the action of A and A™ on vectors of the appropriate
dimensions. We will also assumethat errorsin A, due to discretization or nite-
precisionrepresetation, are small in comparisonto the noisein b. Finally, we will
not assumeany particular structure for A.

Giventhe fact that only bis available, we could formulate the following problem

min KAX bk (2)
x2 IR"

and useits minimum norm solution, denotedby X, , to approximate x,s . Unfortu-
nately, as we shall see,the two solutions might di er considerably
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If we use a reasonablyaccurate discretization to obtain A, this matrix will
be highly ill-conditioned with a singular spectrum that decas to zerogradually, a
large cluster of small singular values,and high-frequencycomponerts of the singular
vectors assaiated with small singular values. If, in addition, the Discrete Picard
Condition [16] holds, we will have that the expansioncoe cien ts of the exact data
vector bin the left singularvectorsbasis,deca to zerofasterthan the singularvalues
of A, while the expansioncoe cien ts of the noisevector s remain constart. There-
fore, those componerns of X, correspnding to small singular valuesare magni ed
by the noise.

As a consequenc®f the ill conditioning of the matrix A and the presenceof
noisein the right-hand side, standard numerical algebramethods suc asthe ones
discussedn [3], [13, Ch. 5] and [26] applied to problem (2) produce meaningless
solutionswith very large norm. Therefore,to solve theseproblems,we needspecial
techniques known as regularization or smaothing methals. These methods aim to
recover information about the desiredsolution of the unknown problem with exact
data from the solution of a better conditioned problemthat is relatedto the problem
with noisy data but incorporatesadditional information about the desiredsolution.
The formulation of the new problem involves a special parameter known as the
regularization parameter, usedto cortrol the e ect of the noise on the solution.
The conditioning of the new problem depends on the choice of the regularization
parameter. Excellert surveys on regularization methods can be found for example
in [15],[20] and more recerly in [31].

While there are many alternativesfor solving small to medium-scaleproblems,
this is not the casein the large-scalesetting. Howeer, in recen yearsinteresting
methods for large-scaleill-p osed problems have been proposed. Among those are
Golub and von Matt [14], Bjorck, Grimme and van Dooren [4], Calvetti, Reichel
and Zhang [8], Rojas, Sartos and Sorensen35], as well as se\eral variants of the
Conjugate Gradiernt Method on the Normal Equations (CGLS), including the use
of preconditionerschosenaccordingto the structure of the problem [22], [24], [29].
In spite of thesedewelopmerts, the e cient solution of large-scalediscrete forms of
ill-p osedproblemsremainsa challenge.

In practice, the most common approad is to apply the Conjugate Gradient
Method to the Normal Equations assaiated with problem (2), taking advantage
of what seemsto be an intrinsic regularization property of this method. It has
beenobsened that, at early stages,CGLS generatesiterates with componerts in
the direction of right singular vectors asseiated with large singular values while
componerts assaiated with small singular values comeinto play at later stages.
This obsenation leadsto the heuristic that the number of iterations acts as a reg-
ularization parameter. Thus, we could compute a regularizedsolution by stopping
the iteration beforethe unwanted componerts cortaminate the current approxima-
tion. The succesof this approad dependsin the rst place, on the reliability of
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the heuristic, and secondly on accurately determining when to stop the iteration,
which is a dicult problem in itself, and most practical termination strategiesrely
on visual inspection. We are not aware of any systematictermination criterion for
this approad. Alternativ ely, we could use CGLS on the Tikhonov regularization
problem, discussedn the next section,which can be formulated asa damped least
squaresproblem. The succesf this approad dependson a good choice of the
damping parameter,and alsoon the availability of a preconditioner,and good gen-
eral preconditionershave not emergedyet. The approad we proposehere doesnot
depend on either a heuristic or a preconditioner.

In this paper, we formulate the regularization problem as a quadratically con-
strained least squaresproblem. It is well known that this approad is equivalernt to
Tikhonov regularization (cf. [10] and the referencegherein), and we also obsene
that the problemis a special caseof the problem of minimizing a quadratic subject
to a quadratic constrairt, which is known in optimization as the trust-region sub-
problem arising in trust-region methods (seealso[3, Sections5.3 and 9.2.3]). The
connectionbetweenthe trust-region subproblemand the regularization problem is
well known, but the speci ¢ nature of the numerical di culties for solving the regu-
larization problem asa trust-region subproblemwas rst studied extensiwely in [34].
We discussthe properties of the trust-region subproblemin the regularization case,
and apply the recenly deweloped method LSTRS [35]for the large-scaldrust-region
subproblemto the regularization of discreteforms of ill-p osedproblemsfrom a vari-
ety of applications. The method relies on matrix-vector products only, haslow and
xed storagerequiremerns, robust stopping criteria, and computesboth a solution
and the correspnding Tikhonov regularization parameter. Moreover, LSTRS can
e ciently handle the high-degreesingularities assaiated with ill-p osed problems.
Most of the results presened here are basedon [34].

The organization of the paper is the following. In Section2 we descrike our
regularization approad and show its connectionwith Tikhonov regularization and
with the trust-region subproblem. In Section 3 we descrike the trust-region sub-
problem and shaw its special properties in the discreteill-p osedcase. In Section4
we descrike the method LSTRS from [35] and discussthe issuesrelated to ill-p osed
problems. In Section 5 we presert numerical results of LSTRS on regularization
problems, including test problemsfrom the Regularization Tools padkage [19], an
inverseinterpolation problemwith eld data, and a model seismicinversionproblem
with eld data. We preset someconclusionsin Section6.

2 Regqularization through Trust Regions

As we mertioned before,regularization involvesthe formulation of a problemrelated
to both the original problemwith exactdata andthe problemwith noisydata, where
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we incorporate a priori information sud as the size or smoothnessof the desired
solution, the noiselevel in the data or the statistical properties of the noiseprocess.

One of the most popular regularization approadesis the classical Tikhonov
regularization approad [40]

min KAX  bk? + "?kxk?; (3)
x 2 IR"

where"? > 0 is the regularization parameter,and wherethe term kxk? could alsobe
of the form kLx k?, for a generalsquareor rectangular matrix L. This matrix could
be for example,the identity matrix asin (3), or a discreteform of rst derivative.
In the rst case,the regularization parameter " acts as a penalty parameter on
the size of the solution, while in the latter case" acts as a penalty parameter on
the smoothnessof the solution. Notice that if L is any square and nonsingular
matrix, then a change of variable will reducethe problem to the form in (3). We
canalsoaccomplishsud a transformation whenL is a full-rank rectangular matrix,
by meansof the methods in [10], [15]. Throughout the paper we assumethat this
transformation is possibleand therefore we only considerthe casewhen L is the
identity matrix.

Obsene that given ", problem (3) becomesa damped least squaresproblem
that we can solwe with standard numerical linear algebratechniques for medium
and large-scaleproblems (cf. [3], [13]). Howewer, determining an optimal value for
the Tikhonov regularization parameter”? canbe asdi cult asthe original problem
and most of the methods currertly available require the solution of seweral problems
of type (3) for dierent valuesof ". This approah might be very expensiwe in
the large-scalesetting. Recen and promising methods for computing the Tikhonov
regularization parameterfor large-scaleproblemshave beenproposedin [7], [8] and
[25]. Calvetti et al. [8] proposea very elegan way of computing the parameterfrom
the noiselevel in the data, Calvetti et al. [7] proposea strategy basedon the L-curve
([27], [18]), while Kilmer and O'Leary [25] proposese\eral strategiesfor computing
the parameterfrom a problemin an appropriate subspaceof smaller dimension.

In this work we will not assumea priori knowledgeof the noiselevel or noise
properties. Instead, we will assumethat someinformation about the sizeor smaoth-
nessof the desiredsolution is available, and we formulate the regularization problem
as

min  kAx bk (4)

s:t:kxk

with > 0. As we show next, this formulation is equivalert to Tikhonov regular-
ization.

Obsene that if b 62R(A), where R(A) is the range of A, any solution of
problem (4) is a regular point and therefore the Karush-Kuhn-Tucker conditions
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for a feasiblepoint x to be a solution of problem (4) with correspnding Lagrange
multiplier are (ATA ) x = ATh, O,and (kxk ) = 0.
Further, since(4) is a convex quadratic problem, theseconditions are both necessary
and su cien t. Equivalencewith problem (3) follows directly, sincea solution x to
problem (4) is alsoa solution to problem (3) correspndingto "2 = . Conversely
if X- is a solution of (3) for a given", then x- solvesproblem (4) for = kx-k.

While Tikhonov regularization involves the computation of a parameter that
does not necessarilyhave a physical meaningin most problems, the quadratically
constrainedleast squaresformulation hasthe advantage that, in someapplications,
the physical properties of the problem either determineor make it easyto estimate
an optimal value for the norm constraint . This is the case,for example,in image
restoration where represets the energyof the target image (cf. [2]).

Another exampleis the following problem closelyrelated to (4)

min kxk

s:it:kAx bk

where is an estimate of the noiselevel in the data. For A nonsingular,the problem
canbe transformedinto the form (4) by meansof a changeof variable. It is possible
to do this in some special applications where an e ective appraximation to the
inverseof A is available. This is the casein the examplepresetted in Section5.3.

An additional advantage of the quadratically constrainedleast squaresformu-
lation is that it is a special caseof a well-known problem in optimization, namely;
that of minimizing a quadratic on a sphereor the trust-region subproblem

min %XT Hx + g'x (5)
s:t:kxk
whereH 2 IR" ", H=H",g2 IR" and > 0. Problem (4) is a special caseof (5)
whenH = ATAandg= A'h
The high degreeof structure of the trust-region subproblemleadsto strong
theoretical properties and makes it possibleto designe cient solution methods.
For this reasonwe shall formulate the regularization problem as a trust-region sub-
problem.

3 The Trust-Region Subproblem

In this sectionwe presen the properties of the trust-region subproblem. In Section
3.1, we considerthe problem when H is any symmetric matrix in IR" ", and g is
any vector in IR". In Section 3.2, we focus on the special casewhenH = ATA,
g= ATb andin addition A is a discretizedversionof a cortinuous operator in an
ill-p osedproblem and b cortains noise.
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3.1 Structure of the Problem

A rst obsenation about the trust-region subproblemis that it always hasa solution.

A not soobvious and quite remarkable fact about the problem is the existenceof a

characterization of its solutions, discoveredindependerily by Gay [11] and Sorensen
[36]. The result is cortained in the following lemma.

Lemma 3.1 ([36]) A feasiblevector x 2 IR" is a solutionto (5) with correspnding

Lagrangemultiplier  if andonly if x ;  satisfy (H I)x = gwith H I

positive semide nite, Oand ( kx K) = O.

Proof. See[36]. 2
The optimality conditions imply that all the solutions of the trust-region sub-

problemareof theformx= (H | )Yg+zforz2 N(H | ), andwhereN ()

denotesthe null spaceof a matrix and y denotespseudoirverse. These solutions
may lie in the interior or on the boundary of the setfx 2 IR" j kxk g. Thereare
no solutions on the boundary if and only if H is positive de nite and kH gk <

(see[28]). In this case,the unique interior solutionis x = H 'g with Lagrange
multiplier = 0. Boundary solutions satisfy kxk = with 1, where 1 is
the smallesteigervalue of H. The case = ; canonly occurif ; 0,g7? S,
whereS; N(H i1),andk(H 11)Ygk . This correspndsto the so-called

hard case which posegyreatdi culties for the numerical solution of the trust-region
subproblemsincein this caseit is necessaryo computean approximate eigervector
asseiated with the smallesteigervalue of H. Moreover, in practice g will be nearly
orthogonal to S; and we can expect greater numerical problemsin this case. We
call this situation a near hard case Note that wheneer g is nearly orthogonal to
S, there is the possibility for the hard caseor near hard caseto occur. Therefore
we call this a potential hard case We shawv in Section 3.2 that the potential hard
caseis preciselythe commoncasefor discreteill-p osedproblems.

The conditionsin Lemmag3.1 are computationally attractiv e sincethey provide
a meansfor reducing the problem of computing boundary solutions for the trust-
region subproblemfrom an n-dimensionalproblemto a zero- nding problemin one
variable. We can accomplishthis for example,by solving the following equation in

, known asthe secular equation

kx k=0 (6)

wherex = (H I ) 'g, and is monitored to ensurethat H | is positive
de nite. Newton'smethaod is particularly e cient for solvingan equationequivalert
to (6) and this approad), due to More and Sorensen28], is the method of choice
wheneer it is a ordable to compute the Cholesky factorization of matrices of the
form H 1 . Howewer, in someapplications this computation may be prohibitive
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either becauseof storage considerationsor becausethe matrix H is not explicitly
available. Therefore, we needother strategiesto treat the problem in those cases.
We descrike one sud strategy in Section4.

3.2 Discrete IllI-P osed Trust-Region Subproblem

We now study the trust-region subproblemin the special casewhenH = ATA and
g= ATb where A comesfrom the discretization of a cortinuous operator in an
ill-p osedproblem, and b cortains noise. We will shav that the potential hard case
is the common casefor these problems and also that it will occur in a multiple
instance, where g is orthogonal to the eigenpacesassaiated with seeral of the
smallesteigervaluesof H. This was rst shown in [34] and is a consequencef the
following result.

Lemma 3.2 LetH = ATAandg= A"b with b= b+ s. Supmwse  is the k-th
largestsingular value of A with multiplicity my. Supmwseu;;v;, 1 j my areleft
and right singular vectors assaiated with . Then

gvi= «(ub+us); 1 j my

Proof. The result follows directly assumingA = U V7 is a singular value decom-
position of A, sincethis yieldsg= V U"bwith V orthogonal. 2

SinceH = ATA =V 2VT, we seethat for discreteill-p osedproblems,the hard
caseis always presemn in an extremeform. Lemma 3.2 implies that whenewer | is
very small then, for any reasonablenoiselevel in b, g will be nearly orthogonalto the
subspacespannedby the right singular vectorsassaiated with . This is precisely
the casein discrete ill-p osedproblems, where the matrix A has a large cluster of
very small singular valuesand therefore we can expect g to be nearly orthogonal to
the right singular vectors assaiated with sud singular values. Sincethesevectors
are eigervectors correspnding to the smallest eigervaluesof AT A, then g will be
orthogonalto the eigenspacesorrespnding to seeral of the smallesteigervaluesof
AT A andthe potertial hard casewill occurin a multiple instance. Figure 1 illustrates
this situation for problemfoxgo od from the RegularizationTools packageby Hansen
[19]. The problem is of dimension300and in the logarithmic plot we obsene that
0" v is of order 10 ** for appraximately 292 of the right singular vectorsof A.

Obsene that for large noiselevel and ¢ not so small, g will not be nearly
orthogonal to the eigenspaceorrespnding to the smallesteigervalue of ATA and
the hard casewill not occur. Therefore,in this casea high noiselevel implies a less
di cult trust-region subproblem. Howewer, we do not expect to compute a good
approximation in the presenceof large noise.
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Figure 1: Orthogonality of g with respect to right singular vectors of a discretized
operator in an ill-p osedproblem.

4 LSTRS for Discrete IllI-P osed Problems

In this section we give a brief description of the method LSTRS from [35]. We
presen the method for a generalsymmetric matrix H, and nonzerovector g, and
discusshe advantagesof usingthis method for the special caseof large-scalaliscrete
ill-p osedtrust-region subproblemsof type (4). LSTRS is basedon formulating the
trust-region subproblemas a parameterizedeigervalue problem. Sud formulation
comesfrom the obsenation that if x ;  solwe problem (5), thenfor = gx,
problem (5) is equivalent to

. ; T
oY By (7)
st. y'y 1+ 2 €ly=1;
[
.
where e, is the rst canonical unit vector in IR"™* and B = 9 . The

g H
solution of the trust-region subproblem consistsof the last n componerts of the
solution of problem (7).
Problem (7) suggestdhat if we know the optimal valuefor , we cansolwe the
trust-region subproblem by solving an eigervalue problem for the smallest eigen-
value of B and an eigervector with special structure. To seethis, obsene that if
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f; (1;x")"gis an eigenpairof B ;[hen | '

g 1 _ 1
g H X X
which is equivalert to

= gx and (H 1)x= g: (8)
If is the smallesteigervalue of B and sincethe eigervaluesof H interlace
the eigervalues of B by Caudy Interlace Theorem (cf. [33]), then H | is
positive semide nite. Therefore,two of the optimality conditionsin Lemma3.1 are
automatically satis ed in this case.If in addition, Oandkxk = , we will have

a solution for the trust-region subproblem.

LSTRS consistsof iteratively adjusting the parameter to drive it towards
the optimal value = g'x . This is accomplishedin the following way. Let

()= gdxforxsatisfying(H | )x= g, andnotethat Y ) = x"x. Both
and Care rational functions with polesat a subsetof the eigervaluesof H. Fig-

ure 2 illustrates the typical behavior of ( ) whenH isa3x3matrix with eigervalues
0,2,4. The LSTRS iteration is basedon approximately solving the secularequation
(6), usingrational interpolation on and ° Obsenethat, in view of (8), we canob-
tain conveniert interpolation points by solving eigervalue problemsfor the smallest
eigervalueof B , for di erent valuesof the parameter . LSTRS computesthe inter-
polation points in this way, usingthe Implicitly Restarted LanczosMethod (IRLM)
[37] asimplemerted in ARPACK [27] to solwe the eigervalue problems. The IRLM
has xed storagerequiremerns and reliesupon matrix-vector products only, features
that make it suitable for large-scaleproblems.

The strategy described above works aslong asthe smallesteigervalueof B has
a correspnding eigervector that can be safely normalizedto have rst componert
one. The adjustmert of the parameterbecomesvery di cult in the hard caseand
nearhard casesincein thesesituations the smallesteigervalueof B might not havea
correspnding eigervector with the desiredstructure (see[34],[35],[38]). Moreover,
in the near hard case ; is aweakpoleof ( ) andthe function becomesvery steep
around this value asFigure 3 illustrates. This makesthe interpolation problemvery
ill-conditioned. The situation is considerablymore di cult for ill-p osedproblems
whereseveal of the smallesteigervaluesof H are weak polesof ( ). Weillustrate
this casein Figure 4 which shavs ( ) for the test problemto be discussedn Section
5.3. LSTRS relieson the completecharacterization of the hard casegiven in [34] to
proceedwith the iteration even whenthe desiredeigervector cannot be normalized
to have rst componert one,andto computenearly optimal solutionsin any instance
of the hard caseincluding multiple occurrencesasin ill-p osedproblems.

A detailed description of the results concerningthe hard caseand the elaborate
algorithmic techniguesderived from thoseresultsare beyond the scope of this paper.
We refer the readerto [34] and [35] for more details.
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Figure 2: Secularfunction ().

From the above presemation we seethat LSTRS has desirable features for
solving large-scaletrust-region subproblemsin general, and for handling discrete
ill-p osedproblemsin particular. This is not surprising sincethe regularization of
discrete forms of ill-p osedproblemswas part of the motivation for deweloping the
method. There are howewer, someissuesthat must be taken into accourt when
implemerting LSTRS to treat ill-p osedproblems. As we saw in Section2, for these
problems,the smallesteigervaluesof H are clusteredand closeto zeroand because
of the interlacing property the smallesteigervaluesof B  will alsobe clusteredand
small for certain valuesof . Computing a clusteredset of small eigervalueswith a
method that reliesonly on matrix-vector products with the original matrix is likely
to fail sincethe multiplication will annihilate componerts preciselyin the direction
of the eigervectors of interest. This di cult y may be overcomethrough the use of
a spectral transformation. Instead of trying to nd the smallest eigervalue of B
directly, we work with a matrix function T(B ) andusethe factthat B q=q ()
T(B )g= qT( ). If weareableto construct T sothat jT( 1)j >> jT( j)j; ] > 1,
then a Lanczostype method sud asthe IRLM will converge much faster towards
the eigervector ¢, correspnding to ;. We use a Tchebyshev polynomial T- of
degree’ constructedto be aslarge aspossibleon ; and assmall aspossibleon an
interval cortaining the remaining eigervaluesof B . Convergenceof IRLM is often
greatly enhancedthrough this spectral transformation strategy. After corvergence,
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Figure 3: ( ) in the nearhard case.

the eigervaluesof B are recovered via the Rayleigh quotients with the cornverged
eigervectors.

Finally, the occurrenceof aninterior solutionwhenH = AT A is positive de nite
in regularization problemsdesenesa special commen. In this casethe solution of
the trust-region subproblemcorrespndsto the leastsquaressolution of the original
problem. This solution is contaminated by noiseand is of no interest. When we
detect an interior solution we have taken the simple approad of reducingthe trust-
region radius and restarting the method. It is worth noticing that if we knew that
the noiselevel in the data is low, thenif is closeto zerowhenwe detectan interior
solution, we could approximate the least squaressolution by x satisfying (8) since
this would be a reasonableappraximation to x = H 'g. Note that in this caseit
would not be necessanto solwe a linear systemto obtain the solution.

5 Numerical Results

In this section we presem numerical experimerts to illustrate the performanceof
LSTRS on regularization problemsfrom di erent sourcesjncluding both test prob-
lems and real applications. We useda Matlab version of LSTRS running under
MATLAB.3 using Mex le interfacesto accessARPACRK7] and also the routines to
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Figure 4: () for the viscoacousticwave equation,n = 500.

compute matrix-vector products in someof the examples. Notice that the capa-
bilities of ARPACK have beenincorporated into MATLAB and are now available
through the routine eigs. We ran our experimerts on a SUN Ultrasparc 2 with

a 200 MHZ processorand 256 Megalytes of RAM running Solaris5.6. The oat-

ing point arithmetic was IEEE standard double precision with madine precision
2% 22204 10 .

We presen three setsof experimerts. In Section 5.1 we descrike the results
obtained on test problemsfrom the Regularization Tools package[19]. In Section
5.2 we presen an inverseinterpolation problem with eld data. In Section5.3 we
prese a model seismicinversion problem using a standard data set. The various
stopping toleranceson ¥*X__i were chosen (as they often are in practice) in an

ad-hoc fashion after sometrial runs.

5.1 Problems from the Regularization Tools package

In this sectionwe will presen the results of LSTRS on problemsfrom the Regu-
larization Tools padkage[19]. This padkage consistsof a set of Matlab routines for
the analysisof discreteill-p osedproblemsalong with test problemsthat are easyto
generate.All the test problemscomefrom the discretization of a Fredholm integral
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equation of the rst kind

Zy
K(s;t)f (t)dt = g(s);

a

and the problemis to compute the unknown function f (t) given g(s) and K (s;t).
In all caseswe solvwed a quadratically constrained least squaresproblem (4)

where A camefrom the discretization of the kernelK (s;t) and b= g(s;) at discrete

points s; 2 [a;b], wherei =

someof the problemsthe exact solution f (t) was available and in those caseswe

in generalAx,, is dierent from b. Unlessotherwisespeci ed, we used = kx,,k
astrust-region radius. In ARPACK, we usednine Lanczosbasisvectorswith sewen
shifts on ead implicit restart. The required accuracyfor the eigenpairswas 10 2.
The initial vector for the Lanczosfactorization was a randomly generatedvector
that remained xed in all the experimerts. We solved the trust-region subproblems
to a relative accuracyof ¥ < 102, We alsosolved the problemsto a higher
accuracybut this wascomputationally more expensiwe and did not seemto improve
the accuracyof the regularizedsolution x with respect to the exact solution x,,, for
this particular set of problems. In Table 1, we presen the results for a subsetof
problemsfrom [19].

Problem | Dim. kxk kxkxlxp'ik MV Prods. | lter.
Il heat 300 | 4.2631 | 4.2527 | 3.5684e-01 1721 8
Il heat 1000 | 7.7829 | 7.7497 | 2.6900e-01 967 8
Well heat 300 | 4.2631 | 4.2958 | 9.1853e-02 1049 4
ilaplace 195 | 2.7629 | 2.7362 | 1.8537e-01 349 4
parallax 300 | 5.0000 | 5.0421 { 869 10
phillips 300 | 2.9999 | 2.9869 | 2.6883e-02 521 6
phillips 1000 | 3.0000 | 2.9839 | 3.3607e-02 575 6
shaw 300 | 17.2893| 17.2467| 6.0625e-02 510 6
shaw 1000 | 31.5659| 31.6002| 5.2847e-02 423 5

Table 1: Resultsof LSTRS on test problemsfrom the Regularization Tools padage.

Se\eral obsenations are in order about Table 1. The third and fourth column
indicate that in all cases,LSTRS solwed the trust-region subproblemto the pre-
scribed accuracy The quality of the regularizedsolution or a measureof how well
this solution approximates the exact solution x,, is reported in the fth column,
where a dashindicatesthat x,, was not available. We seethat generally there is
a reasonableagreemeh betweencomputed and exact solutions, with relative errors
of order 10 2. The number of matrix-vector products is reported in column six, and
the last column showvs the number of LSTRS iterations.
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The primary purpose of these tests was simply to verify that our approat
would computereasonablyaccurateregularizedsolutionsto well known examplesof
discrete forms of ill-p osedproblems. We cannot draw any conclusionsabout com-
putational costor expected number of matrix-vector products from thesesmall ex-
amples. Howeer, our limited experiencewould indicate that the number of matrix-
vector products doesnot increasesigni cantly with the dimension of the problem,
and we give examplesof this in Sections5.2 and 5.3.

Finally, we remark that somemodi cations probably would have beenpossible
to improve the accuracy of the computed solutions to this set of examples. For
problemsill-conditioned heat (inverseheat equation) andilaplace (inverseLaplace
transformation), the relative error is probably higher than onewould like. It turns
out that in these casesthe solutions are highly oscillatory. This suggeststhat we
should have solwed the trust-region subproblemwith a constrairt of the form kLxK,
where L is a discrete form of rst derivative. Since our goal here was a basic
veri cation of LSTRS on sud problems, we did not analyze ead caseseparately
nor did we pursue more elaborate formulations.

5.2 An Inverse Interp olation Problem

The 2-D linear interpolation problem consistsin usinga linear interpolant to nd the
valuesof a function at arbitrary points given the valuesof the function at equally
spacedpoints. A more interesting problem is the inverse interpolation problem:
nding the valuesof the function on a regular grid of points from which we can ex-
tract givenvaluesof the function at irregularly spacedpoints by linear interpolation.
We can posethe 2-D inverseinterpolation problem as a least squaresproblem

min kAx bk
x 2 IR"

where A 2 IR™ " is the 2-D linear interpolant and b 2 IR™ cortains the function
valuesat irregularly spacedpoints.

To illustrate the performanceof LSTRS on this kind of problem we will use
the exampleof constructing a depth map of the Seaof Galilee on a regular grid of
points, given depth measuremets at irregularly spacedpoints. The data consistsof

respectively. The data was collectedfrom a ship using an eco sounder. The data
contains noise coming from di erent sources,including malfunctioning equipmern
that reported zero depths at points in the middle of the lake and the fact that
the measuremets were taken at di erent times of the year and therefore varied
greatly from rainy seasonto dry season.See[l] for a complete description of the
data acquisition process. In Figure 5 we shav a view from above of a 3-D plot of
the original data. The straight lines we obsene in the gure are the tracks of the
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ship. Therefore,the data acquisition processwas an additional sourceof noise. As
Clrb out points out [9], an image of the seashould not include thoselines.

255
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=245 -

240
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198 200 202 204 206 208 210 212
X

Figure 5. Seaof Galilee from original data.

In our experimerts the sizeof the grid wasn = 201 201= 40401andthis isthe
number of unknowns whenthe 2-D grid is represetted as a one-dimensionalector.
The number of rowsin A wasm = 132044.This matrix wasill-conditioned and was
not available explicitly, but we could compute the action of A and A™ on vectors
by meansof FORTRAN routines. In all the experimerts, we solved the trust-region
subproblemsto a relative accuracyof X 10 ®. The sizeof the Lanczosbasis
was Vv e and we applied three shifts on ead implicit restart. Therefore,the storage
requiremen was essetially v e vectorsof length 40401.

We posedthe trust-region subproblemas

min :—ZLXTATAX (A"b"x

s:t:KLx k

whereL was either the n  n idertity matrix |, or the matrix M, a discretization
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of the following p-th power of the (scaled)2-D Helmholtz operator
(I r 7 diag(s) r)" 9)

wherel ,r andr T arethe identity, gradiert, and divergenceoperators, respectively;
the vector s > 0is atwo-dimensionalvector of scalesthe expressiordiag(s) denotes
a diagonal matrix with the componerts of the vector s on the diagonal;and p is a
real scalar.

We ran se\eral experimerts for di erent trust-region radii sincein this appli-
cation we did not have a priori information about the size or smaothnessof the
desiredsolution. Figure 6 shaws the result for = 6000and L = |. This image
still shows the tracks of the ship and does not reveal any known features of the
depth distribution of the lake. The cortour plot (not shown) is very rough with
highly oscillatory cortours. This suggestedthe needto introduce a constrairt on
the smoothnessof the solution.

255

250

> 245

240

235

1986 200 202 204 206 208 210 212
X

Figure 6: Seaof Galilee, regularizing with constrairt on sizeof solution.

We then solved the trust-region subproblemwith L = M, a discretization of
(9), and = 26000.Figure 7 shaws the solution for p= 0:3. In this imagewe were
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ableto identify someof the featuresreported in [1], suc asthe shallow areasin the
Northeast, a scarpin the Southeastand a more prominert scarpin the Southwest.

255

250

Figure 7: Seaof Galilee, regularizing with constrairt on smoothness.

We alsotried the approad of solvingthe trust-region subproblemwith L = |
and applying the Helmholtz operator a posteriori. We call this approad post

smathing. We tried the post smoothing approad with p = 1, for = 23423
which is the norm of x whenkM ,xk = 26000and we obtained an imagevery similar
to the onein Figure 7. We also usedthis approat for = 6000, obtaining the

imagein Figure 8 which clearly shows the featuresmentioned before. Table 2 showvs
that the post smoothing approad is lessexpensiwe than using a constrairt on the
smoothness. There are two reasonsfor this di erence in e ciency. The rst oneis
that the matrix-vector products whenL = M, are more expensiwe than the matrix-

vector products whenL = |. The secondreasonis that the smallesteigervaluesof
B arecloseto the smallesteigervaluesof L "TATAL * andtheseare more clustered
for L = M, than for L = |. This causesslowv corvergenceof the IRLM. We note

howewer, that the costis not too high in either approad relative to the dimension
of the problem.
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The post smaothing approad hasthe drawbad that we do not know its physi-
cal meaning,and a closerlook at the result shavs that the post smoothing is causing
a high degreeof perturbation on the depths sincethe lowest point is known to be
at around 256mbelov sealevel and the lowest point in Figure 8 is -45m. Another
interesting aspect of this particular regularization approad is that it producesvery
smooth solutions, which was also noted in [21], and this causesfor example the
resulting regular grid to missthe true deepest point located appraximately at co-
ordinates (207, 247), and yields a deepest point located at appraximately (205; 245)
for Figure 8. It is quite remarkable though how the known featuresof the lake are
clearly presett in this image.
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Figure 8: Seaof Galilee, regularizing with constrairt on size of solution and post
smaothing.

5.3 A Mo del Seismic Inversion Problem

We also solved the quadratically constrained least squaresproblem (4) where the
problem comesfrom the discretization of the linear viscoacousticmodel. As ex-
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Dimension: 40401 LSTRS| MV CPU time
Storage: 5 vectors kx k Iter. Prods.| (min.)
TRS with

post smoothing 23423| 23423 4 206 1.40
Constraint

on smoothness 26000| 25980.61 15 723 22.05

Table 2: Performanceof LSTRS on an Inverselnterpolation Problem.

plained in [6], this model descrikesthe behavior of an anelastic uid, in which the
strain responseto a changeof stressis linear but not completely instantaneous. A
relaxation function G(t; %) is usedto expressthe stress-strainrelation. The equa-
tions of motion relate G(t; %), the material density (), the pressure(stress)p(t; x),
the particle velocity w(t; %), and the body force sourcef (t; %) in the following way:

pe(ti%) = G(tx) r o w(tx)+ f(tx) (10)
v (t; %) = ir (t; %)
HaN} (X) p ’

wherep=0; x=0fort 0. In (10), t denotestime and x denotesposition.

Theseequationsare usedin [6] to model the propagation of wavesin marine
mediausing the relaxation function for a standard linear uid. The matrix A in our
guadratically constrained least squaresproblem correspndsto DF, a linearized
version of the forward map or prediction operator. The matrix A" correspnds
to the adjoint of DF denotedby DF . The operators DF and DF were not
explicitly available but their action on vectorswas obtained by solving a simpli ed
(layered) and linearized version of equations(10). See[5, Ch. 5] and [6] for more
details. The data vector b is a seismogranmcortaining velocities of waves measured
in oil wells in the North Sea. The data is part of the Mobil AVO data set [23], a
standard data set for testing inversion methods. The parametersto be estimated
in the experimert are the stress-strainratio under simple hydrostatic pressure,and
the material density. The quadratically constrained least squaresproblems arise
in the cortext of sophisticatednonlinear inversion strategies[12], where the norm
constrairt was of the form kxk . The quadratically constrained least squares
problemswere obtained from problemsof type

min kxk

sit:kAx bk
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by meansof a change of variable made possibleby the availability of an e ective
approximation to the inverseof A. The parameter is an estimate of the noiselevel
in b and is known a priori in this case. The reformulation of the problem yields

The dimensionsof the problemarem = n = 121121.Table 3 shows the result
obtained whenwe usedLSTRS to solwe the trust-region subproblemto an accuracy
of ¥& __ < 10 ® usingfour Lanczosbasisvectors. The method is very e cien t for
small sincein this casethe smallesteigervalue of B is well separatedfrom the
restandthe IRLM corvergesrapidly to sud eigervalue. For larger , the eigervalue
of interest belongsto a cluster and the IRLM needsmore iterations to computeit.

LSTRS| MV
Dimension kxk | lter. Prods. | Storage
121121 0.5| 05 2 15 4 vectors

Table 3: Performanceof LSTRS on the viscoacousticwave equation.

In Table 3 we can obsene the low storageand low number of matrix-vectors
products required to solwe the problemto a very high accuracy

6 Conclusions

We consideredthe problem of regularizing large-scalediscrete forms of ill-p osed
problemsarising in se\eral applications. We posedthe regularization problem as a
guadratically constrainedleast squaresproblem, shonved the relationship of this ap-
proach to Tikhonov regularization, and to the trust-region subproblemand analyzed
the latter in the ill-p osedcase.

We have presettied numerical results obtained when we usedthe recerly de-
veloped method LSTRS for the large-scalgrust-region subproblemto solwe regular-
ization problemsfrom a wide variety of applications including problemswith eld
data. The method requiressolving a sequenceof large-scaleeigervalue problems
which is accomplishedwith a variant of the Lanczosmethod. An important feature
of LSTRS is that it computesboth the solution and the Tikhonov regularization
parameterfrom the prescribed norm.

LSTRS is particularly suitable for large-scalediscrete forms of ill-p osedprob-
lemsfor which it computedregularizedsolutions closeto the desiredexact solutions
using limited storageand moderate computational e ort in general. For real appli-
cations the method required a low number of matrix-vector products with respect
to the dimension of the problem, and storagecomparableto or lessthan the Con-
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jugate Gradient method. Our approad also had the desirablefeature of providing
systematic stopping criteria.

Wearecurrently investigatingvariousapproadesto preconditioning, aiming to
generateeigervalue problemsthat can be solved more e cien tly. Although further
improvemern is needed,LSTRS proved to be a promising method for the numerical
treatment of large-scaléall-p osedproblemsin which the norm of the desiredsolution
is prescribed.
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