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ANOTHER PROOF FOR MODIFIED GRAM-SCHMIDT WITH
REORTHOGONALIZATION

Abstract. In this note, we consider the modified Gram-Schmidt algorithm with reorthogonalization applied on a nu-
merical nonsingular matrix, we explain why the resulting set of vectors is orthogonal up to the machine precision level.
To establish this result, we show that a certain L-criterion is necessarily verified after the second reorthogonalization
step, then we prove that this L-criterion implies the desired level of orthogonality.

If the L-criterion is verified after the first orthogonalization step, then there is no need to reorthogonalize. From this
simple observation, we deduce that the L-criterion is an interesting selective reorthogonalization criterion for modified
Gram-Schmidt algorithm.

AMS Subject Classification : 65F25, 65G50, 15A23.

1. Introduction

Let A= (ay,...,an) be a real mx n matrix whose columns are linearly independent and k,(A) be its con-
dition number. In this paper, we give a rounding error analysis of the MGS2 algorithm applied on A. We
based our work on the rounding error analysis of MGS done by Bjorck in [1] therefore the algorithm used
is not the classical version of MGS2 but the square root free version of MGS2. We assume also that single
precision floating point arithmetic is used and set the machine precision to 2,

The result established in this note is already in [3]. The originality comes from the fact that the proof is not
at all the same. We may say that the proof of [3] is adapted to CGS and the one that is presented here fit
only for MGS. The interest of the proof given in [3] is that it applies either for CGS or MGS. The interest of
the proof presented in this note is that it is straightforward to adapt for a MGS2(L), modified Gram-Schmidt
algorithm with reorthogonalization and a L-criterion.

2. Description of the algorithm MGS2

The algorithm MGS2 in [3] uses square roots when it computes ||q;||2. In order to avoid the use of
square roots during the run of the algorithm, we replace the normalized vectors qi,...,qn by the non-
normalized vectors q/l, e ,q/n. This gives the algorithm MGS2 without square roots, that we will assimilate
to MGS2. The factorization we get is then :

A: QIR/

where R’ is a unit upper triangular triangle and (Q’)" Q’ diagonal.
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Algorithm 1 MGS2 without square roots

for j=1ton do

for k=1to j—1 do

D T g,

k+1)(1 K1 @A
a(]- ) ):ag )( )_qkrk(]_>
end for
agl)(2> _ a(]_J)(l>
for k—l'[Oj—l do
K)(
rk<])_qk 5 /d
gkt (@) _ 4(0(1) '(2)
g =a " gy
endfor(_)(2>
q; =aj
dj = |1d;13
rLj:rl((jl)+rk<jz),1§k§j—l
rj =1
end for

3. Basic definitions for the error analysis

We define for j = 1,...,n, the computed quantity:

T =@ ja

q‘izéﬁ”(z),

dj = fl(||aj|[3),

T=10E"+ ). fork=1,...,j—1,
T ="fl(1).

For the convenience of notation we also introduce the normalized quantities :

1/2 qt/2 — 1 1/2
a=d /% f) /—!f]r’ IEJ':JEJ'M‘ j)’ Ti=d _/

where

a¥? =

]

18512, fT#Q
1, qJ =0.

Note that these quantities are never computed and thus (3.1) are exact relations.

4. Errorsin an elementary projection

In this section, we recall results from Bjorck [1]. We assume

m>2 2n(m+1)27%<0.01 and n-27'<0.1,

), fork=1,...,j—1landr=1,2,
*k+1><)_f|(*jk> La‘k—ﬁj’)), fork=1,...,j—landr=1,2,

(3.1)

(4.1)
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witht; =t —log,(1.06).

If g, # 0, we define the related errors 6(-k)(r) and 0¥ py

(k+1)(r) _ é_ D G f +5 (4.2)
= <I—qqu>a,-) +n§>“. (4.3)
In the singular case when q{( = 0 these relations are satisfied with

Ak _ g0 ang K0 KO _ o, (4.4)

In the nonsingular case, Bjorck has shown that :
18912 < 1.45-271& )2 and "] < (2m+3)-27 & . (45)

3(KI(M)

The error between ﬁlaj and the computed value f-) is known by the formula

aral" — < (m+1)-jaga) "+ mja V)2 < 2my 2t @ .. (46)

In exact arithmetic, the norm obtained after each orthogonal projection is always smaller than the initial
vector. In floating point arithmetic, due to rounding errors, we can imagine that the norm of the vectors
grows however we can control this increase. After n projections Bjorck have shown that

12|12 < 1006/’ "], and (|2, < 1.013Ja]2. 4.7)

5. Errors in the factorization

We define
E=QR-A. (5.1)
We shall prove the following estimate :
[Elle <2.94(n—1) -2 A (5.2)
Summing (4.2) fork=1,2,...,j—1and forr = 1,2 and using
(@ O _ 0@ 2@ _ = = = 1
ag )():ah ag’)():ag )()’ EJ)( =8 7). ki:fj)Jr J_)’
we get
A &), 002
qu- pj—aj:Z(Bj —|—6j ) =19;j. (5.3)
K=1 K=1

From (4.5) follows
2 j-1
- (K1)
18jll2 < 1.45-27 5 5 @2,
r;kzl )

Using (4.7) we guess
13j]l2 < 2.94-27'(j — 1) [|aj|l2

finally we get the desired result that is to say

IEl[e = ( Z||6J||2 )2 <2.94-27 (n— 1)/ Z laj[5)*/? = 2.94(n—1)- 27| Alle.
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6. Nonsingularity of A

We now derive a sufficient condition for A = (_)Ii to have rank n. Let the exact factorization of A be A= QR
then using (5.1) and following Bjorck, we get that A has rank n if :

2.94(n—1)- 27 YAlg|R < vV2-1. (6.1)

We assume in the following that (6.1) is satisfied.

7. Induction assumption

The orthogonality of the computed vectors q1,0z, . .. ,Jn can be measured by the norm of the matrix
(1-QTQ). Let Up, p=1,...,n be the strictly upper triangular matrix of size (p, p) with elements :

Wj=a/qj, 1<i<j<p anduj=0, 1<j<i<p,
We call U = U,. Now we have :
I-Q"Q=—(U+U"). (7.1)
We make an induction to show that |U||2 is small. Therefore , we assume that at step p—1:

[Up-1l[2 <A (7.2)

Our aim is to show that at step p, we have ||Up||2 < A. The value of A is fixed during the proof. In the
following, the variables are so that
1<j<p<n

8. Theorem of Pythagorus

In this part, we just look each step separately, therefore the exponent (") is useless.
In exact arithmetic, after the j-step of MGS, we would have

-1 _
aj= Y (ckrig) +aj”
K=1
and as the vectors qx,k=1,..., ] — 1 are orthonormal

-1 _
> (riq)? + a5 = [1ay 5. (8.1)
K=1
This is the theorem of Pythagorus, we are interested in its validity with rounding errors.
The main effect of the rounding errors is the lost of orthogonality of the vectors (qgx). Let us take qx, k =
1,...,j—1such that ||gx/2 = 1 without no other assumption. Then from a; we run the step j of the MGS
algorithm, in exact arithmetic, we get
1)

. 1
a) = (1—qual)aj, withryy=afa; = Jajli = ()2 + a3,

) = (1 —ana])aj1, with 11y = af2 = ) B = (r-1)° + ) I,

ji—1
= ajll} = ziing)? + lla)’ 3.



Another proof for modified Gram-Schmidt with reorthogonalization

This is once more a remarkable property of MGS. Property (8.1) is independent of the orthogonality of the

vectors (gk).
We apply the same idea with rounding errors. From (4.2),

af ) =al —ac + 8,
S a0 —ak g,
k =(k+1)
= | )Hz+°‘5)=||a 24 ()2,

where

It is straightforward to get
(k+1
o] < 118113+ 2118|211 |2 + 21 Tyl a; ).

From (4.3) follows

— T (k+1 _ k

(G T8 = (@0 n}",
therefore :

aral Y < nf..
For | k|, (4.6) gives us
Tl < 1+ @m+1)27%) - [&")| < 2.01- &9
Using (4.5) and (8.4) we get
o] < 1.006 x [1.457/1.06 x 271 + 2 x 1.45/1.06 +2 x 1.0L x (2m+3)] -27%/|a; |3,
< (4.07m+8.85)271. ||aj| 3.

Summing (8.2) fork=1,...,j—1

I 0 e <=
lajl3+ Y o = a3+ (%))
k=1 k=1
and then using (8.5)
) j—1
| (U 13+ S (F)?) —llayll3 | < (4.07m-+8.85)(j —1)27||ay 3.
k=1

Equations that we can also rewrite as

¢|a 15+ z )2 <[1+(2.04m+4.43)(j — 1)274] - [|aj]|2.

Let assume that
(2.04m+4.43)(j —1)27+ < 0.01,

then we get

——
VI 13+ 5125 (F)? < 101 a2

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

(8.7)

(8.8)

Note that Equation (8.8) (and Assumption (8.7)) is independent of A, the theorem of Pythagorus is “re-

spected” without any assumption on the orthogonality of the column of Q;_
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9. Condition number of A and maximum value of Kl“) = H*‘!?)j(!)z\l
aj 2

In exact arithmetic, Kl(j) is always less than the condition number of A, K2(A). With rounding errors, this is
nearly the same.

We define

M lajll2

== (9.1)
Hagl)(l) 2

and KZ' =

Notice that Héﬁml) l2 # 0and ||é§j)(2)|\z # 0 because of the nonsingularity assumption (6.1).
We recall (5.3) :

k
ax=S 0Ok k—0 k=1,...,j—1
2
For k = j, we just take into account the first loop (r = 1), this gives
i _
- 1
1=
3@ In matrix form, this two relations together gives
Aj = Qj-1R(j 1)~ Ej
with Q;_1 € RMxi-1 .
Qj-1=1[01,-.-,0j-1]
and R(j_q j) € RI7¥¥J the columns 1 to j —1 of Rj_y j) are the Tj,i=1,...,j — 1, the j is the column

ofthe 1 i=1,..,j -1

Finally E; € R™! is defined by

Ej=[31,...,8-1,8" —a"V],

therefore (O
0<[IEjlle <2.94(j—1)-2 Y| Ajlle+lIa)"" 2.

Obviously the matrix Qj,1§<j_1,j) is singular. The miminum singular value is the distance to the singularity
therefore

1 1 - |IE[2 m o IEjll2 _ lEjlle
< < min{ ,EeR™ soas Aj+E issingular } < < ,
K2(A) ~ K2(A)) A2 . IA;ll2 = A2
SO
A2 1 B 1
A2 1E e = 20a(n_1).2-tIAile 4 IVl o g0 gy oAl 12 fayle
: Ak T AR 294 Al T Tal 1Al
but (@)
I3 2 _ (i) gl IAille _ 3
e =K AL S1and @ <2
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therefore 1

Kz(A) >

294(]—1)12 2ty L
K1

By example let assume that

2.94(n—1)n2 -2t .Kko(A) < 0.09, 9.2)
we have the inequality

K < 1 Ka(A).

T 1-2.94(j —1)j22-t -ko(A)
Using assumption (9.2) we get

KU <1.1-Kka(A). (9.3)

13?2

1272

10. Bound for Kéj) =

We are interested in finding an upper value for Kz(j). The idea is that if Kz(” is small then the computed
vector ¢ will be orthogonal to the previous. We sum (4.2) forr =2,k=1,2,...,j—1we get:

a)@ _ 3l Z qkf " Z 5K (10.1)

Therefore we see that the modification of éﬁj)(l) to give a\"® are due to the f If the J[;'z are small

‘ i
enough, then Kz(” ~ 1. The quantity that interest us is therefore f yk=1,...,j—-1.

10.1. Bound on |gfa|"™|

First of all, let’s take a look to |qk a | This represents the orthogonality of gy and the vector aJ glven
by the first step of MGS (r = 1). Followmg Bjorck, we sum (4.2)forr =1,i =k+1,k+2,...,j—1 we get

) -1 -1

= 1 =(k+1)(1

&)@ — gl _ q.T>+ 5
i=k+1 =k+1

Hence multiplying this relation by g and using (8.3) we get

-1 i -1
ara=— 5 @a) ' +ar@+ Y 8.
i=k+1 i=k+1

Therefore :

) j—1 j—1 )
—T= 1) 1
aral ) $ g ) J @a?+ 1AM Y+ S 18Vl
i—=k-1
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Using (4.5) and (4.7) we have :
j-1 :
IR H2+ 18| < (2.14m+3.20 + 1.46(j —k—1))27"-[|aj 2.
=k+1

Finally, using (7.2) and (8.8), we get

jar ;™) < [1.01A + (2.24m+ 1.46(j —k— 1) +3.20)27 - [|aj 2.

10.2. Boundon | 17|

Now that we control the orthogonality of the first step, we study the influence in the second step by com-

puting : |Jﬁ)|. In the same way as preceding, we sum (4.2) forr =2,i=1,2,... .k— 1 we get:

5-5 =a) —Zch +215

Hence multiplying this relation by 611, we get

We deduce

- k-1 k-1
=T5(K(2) =T5(0)(1) )2 aTa)2 H)
aea @ < jaka™i | Y 2| Y @@+ y 18 ..
AT 3 (R 3 @t 3 19
We know how to bound all the right-side quantities, we get
jana))®| < [2.02A + (2.14m+ 1.46(j — 2) +3.20)27Y - [ aj|2-
Using (4.6) and (4.7) we know that \ﬁlé%k)(z) - Jﬁ)| < (2.15m-+1.08) - 27"||aj]|2, therefore

1 < [2.027 + (4.29m+ 1.46(j — 2) +4.28)27] - [|ay |2,

and so

E)| < [2.02A +5.75(m+1)27 - | aj|2-

10.3. Bound on Kz(j)

Letussum (4.2)forr=2,k=1,2,...,j—1weqget:

A

||
s._m

—ZQKJEZ+26

In norms we obtain

. . -1 -1
= = — K
al) @, > |jal M|, - ||k§_lqk £l —k§_1l\6§ "@a.

(10.2)

(10.3)
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Let us try to have an upper bound for || zlj(j akﬁ) |l2, we have by applying the induction assumption (7.1)

Jﬁ)
qukfnz @+ |1

&Y

Using (10.2) we get

j—1
IS @Bl < V1+28 \/T—1[2.02A+5.75(m+1)27 - | aj|2.
k=1
With (10.3) this gives
a2 > @™, - v+ 2h- T 1[2.02A +5.75(m+1)27Y - |laj 2.

Dividing by ||é§j>(l)||2 we have

1KY > 1-KW\/1428- /= 1[2.02A +5.75(m+1)21].
Let assume that
1.1K2(A) V142N - vn—1[2.02A +5.75(m+1)27Y < 0.67 < 1, (10.4)
we obtain

k(D) < 1 <L

T 1-kWVTEN T 1[2.020 +5.75(m+ 1)2-Y ~ 0.67

We conclude by

K <15 (10.5)

We remark that assumption (10.4) is dependent on A which is not known yet.

11. Bound on the orthogonality of the vectors

Summing (4.2) fromk=i+1)i4+2,...,j—1andr =2 we get

_ _ -1
agl)(Z) _ ag'“)(z) _ Z kJﬁ + Z 5 (11.1)
k=1+1 k=1+1
From (8.3) we have g a '+1 @ = (iiTr]J )" and we also have a aJ = q,TZ therefore multiplying (11.1)
by g we get
j JEZ -1
(@l k) = 4+ 5
PR 25

We divide by | 1| (which is different from 0)
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where s is the component (i, j) of the matrix Sp = UpMp.
with My, an unit upper triangular matrix such as the (k, j) entry my; is

@
L R i
my; = e ifk<j,
11
mjj =1,
M =0.

Bjorck [1] gives a upper bound for Lo-norm of each column of Sy
Isjll2 < 0.87KY .nZ(n+1+2.5m)2".
It is straightforward to get using (10.5) and 0.87 x 1.5 = 1.305
ISpll2 < 1.305n2 (N+ 1+ 2.5m)2". (11.2)
Myp is non singular therefore, we guess
IUpllz < M5 l2/ISpl2- (11.3)

The quantity that interests us is therefore || M51||2. From (10.2) we have

j—1

S 1Ml < (j—1)[2.02A +5.75(m+1)2" [ENE
k=1

hd
therefore

j—1

S Img| < (j—1)[2.02A +5.75(m+1)2 KK
k=1

Using Equations (9.3) and (10.5), we getas 1.1 x 1.5=1.65
j-1
> Im| < 1.65(j —1)[2.02\ +5.75(m+ 1)27k2(A).
K=1
We assume that
1.65(n—1)[2.02\ +5.75(m+1)2 '|k2(A) < 0.5, (11.4)

therefore

j-1
> Img| <0.5. (11.5)
k=1

Let us define L so as -
i—

L = min(|m;;| - ; [m[) =min(1— % |my)),
k KZi k I(Zl

then with (11.5) we have L > 0.5. The matrix My, is therefore strictly diagonally dominant by columns.
Using a result of Varah [2], we know that

Mgl < 1/L.
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Equivalently, we can also use the decomposition M = I, + Bp with By nilpotent, and from (11.5), || Bp||1 <
0.5 we have the well-known formula

IMp [l < (1= IBpll) ™ < 2. (11.6)
With (11.2), (11.3) and (11.6), we get as 2 x 1.305 = 2.61

[11Upll2 <2.61-n(n+1+2.5m)2" | (11.7)

In a very natural way, we define a posteriori A as

A=261-n(n+1425m2'=A. (11.8)

12. Assumptions on A

To be clear on the assumption made on A, we recall that we have assumed (4.1), (6.1), (8.7), (9.2), (10.4)
and (11.4). We focus here on the main assumption that is (11.4). We replace A by its value and get

2 % 1.65(n—1)[2.02 x 2.61(n*+ n+2.5mNn) +5.75(m+1)]2 - k(A) < 1.

Equation that we replace for the sake of the simplicity by

50(m-+2)n’k(A) - 27t < 1. (12.1)

13. Conclusion of the proof by induction

We have shown that if we assume (12.1) and define A with (11.8) then
if at step p— 1, we have |[Up_1|l2 < A then [[Upll2 <A.

At step n= 1, U; is not defined but we can define it for the proof ||U1||2 = 0 and so ||U1||2 < A. From this,
we conclude that at step n, we have

I -QTQ|2 <522 n(n+1+25m)2" |

14. Conclusion

MGS?2 applied on a numerically nonsingular matrix A gives a well-orthogonal set of vectors Q in floating
point arithmetic. This fact was already stated since [3].
The key point of the proof given in this paper is if

=

z T aN7AN <
=
& ”5?)( )H2

(14.1)

with L < 1 then the matrix M is well-conditioned and so ||U]|2 is small. We have shown that if A is numer-
ically nonsingular matrix then Equation (14.1) is verified at the second orthogonalization step. However if
(14.1) is verified at the first step, that is to say

=i

z — < (14.2)
”5?)(1)”2

k=1
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clearly this means that no reorthogonalization is needed. Therefore we propose to check at each step whether
(14.2) is verified or not. The algorithm obtained is the modified Gram-Schmidt algorithm with selective
reorthogonalization using L-criterion, MGS2(L). In this paper, L is set to 0.5, it is clear that any value lower
than 1 is correct. Therefore this paper also state that MGS2(L) with L < 1 gives good results.

One may remark that the matrix M is not only diagonal dominant by column but also by row. This
observation permits us to use a result of Varah [2] and we can directly bound ||[M~1||, by 2 instead of 2./n.
Consequently the orthogonality obtained is in O(n%/221), the assumption on A also get better. The proof
is not done in this way because then it can not be adapted to MGS2(L).
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