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Abstract

The modified Gram—Schmidt algorithm is a well-known and widely
used procedure to orthogonalize the column vectors of a given matrix.
When applied to ill-conditioned matrices in floating point arithmetic,
the orthogonality among the computed vectors may be lost. In this
work, we propose an a posteriori reorthogonalization technique based
on a rank—k update of the computed vectors. The level of orthogonal-
ity of the set of vectors built gets better when k increases and finally
reaches the machine precision level for a large enough k. The rank of
the update can be tuned in advance to monitor the orthogonality qual-
ity. We illustrate the efficiency of this approach in the framework of
the Seed—-GMRES technique for the solution of an unsymmetric linear
system with multiple right—hand sides. In particular, we report exper-
iments on numerical simulations in electromagnetic applications where
a rank-one update is sufficient to recover a set of vectors orthogonal
to machine precision level.

1 Introduction

Let A be an m x n real matrix, m > n of full rank n. In exact arithmetic,
the Modified Gram—Schmidt algorithm (MGS) computes an m x n matrix @
with orthonormal columns and an n X n upper triangular matrix R such that
A = QR. The framework of this paper is the study of the MGS algorithm
in the presence of rounding errors. We call computed quantities quantities
that are computed using a well-designed floating point arithmetic [1]. We
denote by Q and R the computed quantities obtained by running MGS in
the presence of rounding errors.
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In [2], Bjorck and Paige show that R is as good as the triangular factor
obtained using backward stable transformations such as Givens rotations or
Householder reflections. This property of MGS explains why this algorithm
can be safely used in applications where only the factor R is needed. This
is namely the case in the solution of linear least squares problems where
the R—factor of the QR—factorization of [A,b] is needed [1, 2]. Another
important feature of MGS is that the number of operations required to
explicitly compute the Q—factor (problem known as the orthogonal basis
problem) is approximatively half that of the methods using Givens rotations
or Householder reflections [6, p. 232]. However the computed factor @ has
less satisfactory properties, since for an ill-conditioned matrix A, it may
exhibit a very poor orthogonality as measured by the quantity ||QTQ —
I,,||, where ||.|| denotes the spectral 2-norm, and I,, the identity matrix of
order n [14]. This has stimulated significant work on modifications of MGS
that enhance the orthogonality of @ at low computational cost. One of
those strategies performs reorthogonalizations during the algorithm when a
prescribed criterion is satisfied. This has given rise to the family of iterated
modified Gram—Schmidt algorithms, which differ in the criterion they use
to enforce the reorthogonalization (see e.g. [3, 9, 15]). An alternative way to
compensate for the lack of orthogonality in @ is derived in [2] for a wide class
of problems, including the linear least squares problem and computation of
the minimum 2-norm solution of an underdetermined linear system and the
projection of a vector onto a subspace. A careful use of Q) and R, based on
an equivalence of MGS on A and Householder QR on an augmented matrix
obtained by putting a matrix of zeros on top of A, leads to a backward
stable algorithm. Such a strategy implies — in general — that the use of Q is
computationally more expensive than would be the use of a Q—factor with
orthonormal columns.

The error analyses related to the loss of orthogonality, that are used to
derive the successful methods mentioned above, are based on the study of
the quantity ||Q7Q — I,,|. We propose here to adopt a different approach
by inspecting not only the largest singular value, as actually done in the
related literature, but each singular value of the matrices involved in MGS.
We denote by o;, i = 1,...n the singular values of A, 01 > --- > 0, > 0, by
k = o1/0y, the spectral condition number of A. Also we define the reduced
condition numbers via

Definition 1.1 Let k;, the reduced condition number, be defined by x; =
O'1/O'n_i+1,i =1...n.

Finally let @ be the matrix obtained from @ by normalizing its columns. In



this paper, we exhibit a series of low rank matrices Fy, k =0,...,n—1 that
enables us to update the factor ) such that

o rank(Fy) <k,

e the columns of C~2 + F}, are orthonormal up to machine precision times
Kk, if K = n—1, then the columns of QQ+ F;,_1 are exactly orthonormal,

. (@ + F},)R represents A up to machine precision.

In the case £k =0, Fy =0 so (C~2 + Fy) = C~2 and the results obtained are of
the same essence as the ones by Bjorck (1967) [1]. Namely MGS generates
a Q-factor such that the columns of () are orthonormal up to machine
precision times £ = ko and QR represents A up to machine precision. In
the case k =n — 1, (Q + F,_1) is indeed the same matrix as Q, the matrix
exhibited by Bjorck and Paige [2]. That is Q has orthonormal columns
and QR represents A up to machine precision. Our result can be seen as a
theoretical bridge that links the result of Bjorck (1967) [1] to the result of
Bjorck and Paige (1992) [2]. An algorithm to compute Fy, k= 0,...,n—1,is
also derived. In our experiments this algorithm behaves well in the presence
of rounding errors. For example when k. is close to one, the update of
Q with F}, produces a Q-factor with columns orthonormal up to machine
precision. The complexity of this algorithm increases with k. For small
k, its complexity is competitive with other standard reorthogonalization
techniques. We conclude our study with an application of this algorithm in
the framework of the solution of unsymmetric linear systems with multiple
right—hand sides where a seed—variant of GMRES can be successfully used.

In the remainder of this paper, for any m x n matrix X, we denote by
0:(X), i =1,...n the singular values of X ordered such that o1(X) > --- >
on(X). We note that the work of this paper can be extended to complex
arithmetic as well.

2 Rank considerations related to the loss of or-
thogonality in MGS

2.1 Introduction

A rigorous measure of the orthogonality of an m x n matrix Q can be
defined to be the distance, in the spectral 2-—norm, to the set O(m,n) of
m X n matrices with orthonormal columns

i ) —V|.
yonin | Q- V]



Fan and Hoffman in [4] for the case m = n, and Higham in [8] for the
general case n < m proved that the minimum is attained for V' being the
unitary polar factor of Q. The easily computed quantity |1, — QT Q|| is often
preferred to measure the orthogonality, because, as shown in Lemma 2.1, it
has the same order of magnitude as miny comnn) |@ — V|| when [|Q|| is close
to one.

Lemma 2.1 [§] Let Q € R™*" n < m,
7~

Mool < min 1Q- Vi< 16, -Q7al.
Lemma 2.1 can be easily generalized into Lemma 2.2.
Lemma 2.2 Let Q € R™", n < m,

0:(Q"Q _ 1)
L+ Q

where i = 1,...n and U is the unitary polar factor associated with Q

Proof: Let Q = UH be the polar decomposition of Q. U € R™*" has
orthonormal columns and H € R™"™ is symmetric positive definite. From
UTU =1, and H” = H, it follows that

Q-)TQR+U)=Q"Q-UTQ+Q"U-U"U=Q"Q - I1,. (1)

We also have Q + U = U(I,, + H) and H being symmetric positive definite,
I, + H has full rank n, and

Q-TU=QTQ-1,)I,+H) "

<0i(Q-U)<ai(QTQ - I,),

Let us consider U such that ( U U, ) is unitary then

Q@-U)"(U UL) = (QQ-L)Un+H)" (Inn Omnn ),
SO we get

Q-0 = @ Q=10+ 1) (L O ) (i ) = (@@= L)+ 1) 0.

Taking singular values and using the property o;(XY) < o;(X)||Y| (see
e.g. [10, p. 423]), that holds for any matrices X and Y such that the product
XY exists, yields

0i(Q = U) < 0i(QTQ — L)||(In + H) || U]-



The right inequality of the lemma is a consequence of ||(I,, + H)~!|| < 1 and
Ul = 1.

For the left inequality of the lemma, taking singular values in Equal-
ity (1), leads to

0i(Q1Q ~ I,) < 5i(Q - U)|Q + U||
and the conclusion readily follows from ||Q + U| < ||Q]| + 1.

d

An important consequence of Lemma 2.2 is that if Q does not have orthonor-
mal columns, but if QTQ — I,, has only k nonzero singular values, Q is at
most a rank—k modification of a matrix with orthonormal columns (namely
U).

In Section 2.3, we derive a result for MGS that is similar in essence to
Lemma 2.2. However, for any k& < n , the MGS context will enable us to
find explicitly a rank-% matrix Fj, such that Q + F}, has an improved or-
thogonality compared with @ and such that the product (Q + Fj)R still
accurately represents A.

2.2 Some useful background related to MGS in floating point
arithmetic

A key result to understand the loss of orthogonality in MGS in floating
point arithmetic, is that MGS on A can be interpreted as an Householder
On,
A
order n [2]. Since we elaborate our work on results and techniques presented
in [2] we briefly outline them below.

The use of Wilkinson’s analysis of Householder transformations [18, pp.
153-162] on Agyq enables Bjorck and Paige [2, Eq.(3.3)] to give an orthogonal
transformation P such that

Ey ~ R ﬁll =
=P = ~ R
(a5e)-7(5)- (7 ) 0
1Bl < cullAll, i=1,2,

QR~factorization on Agyy = [ } , where O,, is the square zero matrix of

where ¢; are constant depending on m,n and the detail of the arithmetic,
and w is the unit roundoff. Here Py is strictly upper triangular, see [2, §4

& (4.1)].



Let Q = [@1,-..,Gn] be the matrix obtained from Q = [q1,...,qs] by
normalizing its columns (§; = /||@|). The equality Py = Q(I,, — Pyy)
holds [2, Eq.(4.5)] and the residual error of the polar factor Q of Py can be
bounded as follows,

14 = QR < eullAll, 3)

where ¢ = ¢; + ¢, provided that cux < 1 [2, Eq.(3.7)]. Finally, let 51 >
.-+ > &, be the singular values of R. The singular values of R approximate
those of A in the following sense |o; — ;| < cuoy [2, Eq.(3.8)]. This implies
that under the assumption ¢ux < 1, R has full rank n.

2.3 Recapture of the orthogonality in MGS

21
composition [6, p. 77] defined by

As < Ell > has orthonormal columns and n < m, we consider its CS de-

P;ll = UCWT; (4)
Py =VSWT,

where C' is singular since Py; is strictly upper triangular, the entries of S are
in increasing order (0 < s1 < .. < s, = 1), the entries of C' are in decreasing
order (1 >¢; > .. > ¢, =0) and C? 4+ S? = I,,. and the three matrices U,
V', W have orthonormal columns. C, S, U and W are n xn, V is m X n.
Similarly as in [2], we suppose that A is not too ill-conditioned, by assuming
that (¢; + ¢)uk < 1 or equivalently (since this implies both cux < 1 and
cluk < 1 — cuk)

aunk < 1, (5)

where 7 = (1 — cux)™!. This has the following consequence. Since the
leading element of C'is (using (2)) ¢; = |[Pi1|| = [|[EAR™Y| < Guoy /5y, and
since from (3) |0, — 7| < cuoq, we see that 6, > 0,— < ¢uo; = o,n, and
it follows ¢1 < unk < 1 (see [2, Eq.(3.11)]), all the s;’s are non zero, thus
S is nonsingular.

Our goal is to improve the orthogonality of the Q—factor while maintain-
ing the residual error, ||A — QR||/||A]|, at the level of the machine precision.
Since Q has orthonormal columns and (3) holds, Q answers our question.
Therefore a straightforward but expensive way to achieve our goal would be
to compute Q with Q = VW' ([6, p. 149]). Let us evaluate F = Q-Q
to find matrices that approximate the difference between Q and @ at low



computational cost. Since Q = VW7, using ]321 = @(In — ]311) (see Section
2.3), the CS decomposition (4) and the fact that S is nonsingular, we get

F o= Q((n—Pu)Ws (I, - W~ Py,
= QwW(st-1,)-vcsHwr. (6)

We define the truncated matrices Uy, Vi and W} by retaining the first
k columns in their counterparts U, V and W. In Matlab style notation, it
reads Uy = U(:, 1 : k). We also denote by C}, (resp. Si) the diagonal matrix
of order k whose diagonal entries are the ¢;,i =1...k (resp. s;,i =1...k).

We define the matrix F}, obtained by setting the ¢; and the s;, [ > k, to
zero and one respectively in (6), this gives

F, = Q(Wi(S;t — I) — UpCrSyHWiL (7)

so that Fy =0, F,,_1 = F, = F, since s,, = 1 and ¢,, = 0. The matrix @+F
has orthonormal columns and accurately represents A when multiplied on
the right by~R. Theorem 2.3 shows how these properties are modified when
the matrix )+ Fj is considered instead. The matrices () are then a sequence
of matrices going from the matrix of normalized vectors from MGS Qg = Q,
to the matrix of orthogonal vectors Q,_1 = Q.

Theorem 2.3 Assume that cyunk < 1, for k=0,...,n—1, the matriz Qy
defined by

Qr=Q+F} (8)
enjoys the following properties
a) N
rank (Qr — Q) <k,
b)

_ B _ (14 cunk
HA—Qﬂw§<@+2qL——Lil>MMW

(1 —crunk)?
c) fork=0,...,n—2,

1+ clunm)2>
UR41-

I, — QTQu| < (26t CLMms)
[ Q1 Qkll < < Sl Tar—

fork=n—1, Qn_1 = Qa and so ||In — Z—lQ"—lu =0.



Proof: Part a) is a consequence of the definition (7) of F. We then establish
part b) of this theorem. From (2), Pi1R = E;, and multiplying to the
left by UkT implies that U kT UCWTR = UkT E;. Using the definition of the
truncated matrices C), and W}y, one gets C’kaT R = U,? FE4, and, taking
norms, |[C,WIR| = |[ULE1|| < ||E1]|. From (2), |E1]| < ¢iul|A|, we obtain
a first intermediate result

ICkWy R|| < evul| All. (9)

Let us bound the residual error ||[A — QR||. Using the triangular inequality,
yields B o B
A= QrR| < [[A= QR| +[[FrE]|. (10)

The first term of the right—hand side can be bounded using Lemma A.2. We
study the second term of the right-hand side: |FR|. By definition (7) of
Fk> "

FyR = QWi (S;' — I) — Uk Cu Sy N (WIR).
Applying the result of Lemma A.3 to (S, ' — ,)WI'R and noticing that,

from c? + s? =1, we have

c? c?

s;il—1=(01-c&) 2 -1= : < (11)

V1= (1+4/1-¢2) 2(1—-¢f)’

_ — = C 5
s0 5,1 =1 < eigpiy, we get [|[(S¢t — I)WIR| < sl Ps G T R,
from which follows that

o C
IBLR] < Q) (5 k]

— IS D ICEWERY, 12

where we have used the fact that the two matrices Cj and S, ! being diago-
nal, they commute. We recall after (5) that ||Cy|| < ¢iunk < 1 and therefore
1S < (1= (erunk)?)~Y2 < (1 — (¢junk))~'. Using Lemma A.1,

(1 + crunk)?

IBRI < (g s erll Al

This proves Part b).
With Lemma A.2, this proves Part b).

We now prove part c¢) of the Theorem. We define the matrices Uy, V%,
Wi, so that U = [Ug,Ug], and similarly for V and W. In Matlab style



notation, Uy = U(:,k 4+ 1 : n). We also define the matrices Cj, (resp. Sj )
the diagonal matrix of order n — k + 1 whose diagonal elements are the c;,
i=k+1,...n (resp. s;i=k+1,...n ). One has

Q-Qw = F-F, (13)
Q-Qr = Q(WilS;" = Ing) - UpCeS ) WE, - (14)
1 - @il < 1@ (IS = Tkl + 1CESE ) (15)

Since both the s;’s and ¢;’s belong to [0, 1], and the ¢; (resp. the s;) are
sorted in decreasing (resp. increasing) order, one obtains

1Q = Qull < 1@ ((sify = 1) + sicyenn) s

which yields, using (11),

1+ Ck+1
IQ — Qxll < 1IQ] Chr1y
From Lemma A.1 and using the fact that cy11 < ¢ < crunk, we get
(1 + crunk)?
—_—= . 16
1Q — Qull < (1= )2 1 (16)

Since ﬁll = E1R71, a}1d cipt1 is the k—i: 1th singular value of ﬁll, one
has cpy1 < ||Erllogsa(R7). FromlliﬁH(R_l) = 1/6p—k, [|E1] < arullAf,

|oks1 — opr1| < cCuoy, Kpi1 = oy and n = (1 — cux)~!, we obtain
Ch41 < Cruz—- ”A” < crun,—- ”A” = ciunkgy1 and the conclusion for the case
k=0,..., n - 2 follows usmg Lemma 2.1. For the case k = n — 1, this

bound on ¢, gives ¢, < ¢;un which is not satisfactory. Since Ppy is strictly
upper triangular, a better bound is ¢, = 0 from which we recover with
Equation (16) that Q = Q1.

Several remarks can be made. First consistency, |4 — QxR||/||A], is
maintained close to machine precision independently of the rank—k of the
update. In the introduction, we explain that in the case k =0 and k =n—1,
we recover the result of Bjorck [1] for Q = Qo and Bjorck and Paige [2] for
Q= Qn respectively. A consequence of this unified framework is that the
bounds given are larger than the original ones but remain very close. In
Table 1, we summarize the relations to be compared. Note that the results
of Bjorck [1] have been replaced by analogous results of Bjorck and Paige [2]
in order to compare the same quantities.
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Theorem 2.3 Part b) k=0 Lemma A.2 derived from

Bjorck and Paige (1992) [2]
|4 - QRIl < (e + 201 {Z20m Y ullal] | 14— QR| < (o2 + & P2 ) )l 4|
Theorem 2.3 Part b) k =n —1 Bjorck and Paige (1992) [2, Eq.(3.7)]

14— QR < (e + 20 (2 Y uflAll | A= QRI| < (c1 + e)ullA]
Theorem 2.3 Part ¢) k=0 Bjorck and Paige (1992) [2, Eq.(5.3)]

ST A crunk)? ST A c

I~ Q"4 < (et ) we | 10— Q7Ql < s

Theorem 2.3 Part ¢) k=n—1 Bjorck and Paige (1992) [2, Eq.(3.7)]
11, — QT Q| =0 11, - Q"Ql =0

Table 1: Correspondence between the bounds in Theorem 2.3 and the results
of Bjorck and Paige[2].

3 Numerical illustrations and examples of appli-
cation

3.1 Numerical illustrations of the bounds in Theorem 2.3

The aims of this section are twofold. First, we give an algorithm to compute
the approximations Fj (resp. Q) of the matrices Fj (resp. Qp), then
we verify numerically that Theorem 2.3 is satisfied with these computed
quantities up to machine precision.

In order to make sure that the rank—k property of the m x n matrix
F}, is inherited by the computed matrix Fj,, we define F}, as the product
of the m x k computed quantities Q(W(S, ' — Iy) — UpCS; ') times the
k x n rectangular matrix W,;‘F . Then by construction, the first statement a)
of Theorem 2.3 is satisfied and we can now focus on the last two statements
and show that the bounds are sharp.

In the following, the notation F}, (resp. Q) stands for the the computed
quantity F}, (resp. Q). For the experiments, we proceed as follows. Starting
from an initial matrix A, we run MGS to obtain @ and R. Then for each k
from k = 0 to n—1, we compute the associated matrix Q, using formulae (7)
and (8). In that respect, we need to compute Pp;. In [2, Eq.(4.1)], Bjorck
and Paige show that Py is strictly upper triangular with element (,7) equal
to G (Im — 1Gt) ... (I;m — (jj_l(jjT_l)(jj for i < j. We define T such that T is
strictly upper triangular with element (i, §), ¢ 4;, (i < j). Since ||¢;|| = 1 for
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1. run MGS on A to obtain Q and R
2. compute T, the strictly upper triangular matrix with entry (4, j),
ql'gj, (i < j) then form Py = (I, + 7)™ 1T

3. compute the k largest singular values of Piq, ¢;, i = 1,...,n, and
the associated k right (resp. left) singular vectors Uy (resp. W)
finally form s; = /1 —¢?, i =1,...,k. The matrix C}, (resp. Sj)

is the k x k diagonal matrix with entry (7,4) equal to ¢; (resp. s;).

4. Form Qp = Q + Q(Wk(Sk_l —I) — UkaSk_l)W,;‘F

Table 2: Algorithm 1 : MGS with an a—posteriori reorthogonalization by a
rank—k update

all i, one may notice that (I,, + f)([n — ﬁll) = I,, that can also be written
Ph=I,+T)'T. (17)

The matrix ]311 is also closely related to the T-factor of the YT Y-representation

- - —I,
of the matrix P (see Schreiber and Van Loan [11]). Calling Y = < 0 >

and TYTY = —In + §117 we have
ﬁ =1+ ?TYTy)’;T,

and developping this expression leads directly to [2, Eq.(4.2)].

Note that in practice the mathematical quantities ¢; are replaced by the
computed quantities g;. Equation (17) is preferred to the original equation
of Bjorck and Paige [2, Eq.(4.1)] since it enables us to compute Pj; with
significantly less flops when m is large compared to n. We summarize the
corresponding algorithm in Table 2.

In this section, the numerical experiments are run with MATLAB 6 where
the unit roundoff is u /= 1.1- 10716, We consider two test matrices, that are
the matrices P (1500, 500, 1,5) from Paige and Saunders [12] and GRE 216B
from Matrix Market!. The first one is a 1500 x 500 matrix with condition
number 10'6 while the latter is a 216 x 216 matrix with condition number

"http://math.nist.gov/MatrixMarket/
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6-10'%. On those two matrices we investigate how sharp the bounds b) and
c) in Theorem 2.3 are.

In order to quantify the orthogonality quality of the columns of dif-
ferent matrices, we define the level of orthogonality of ) as the quantity
I, — QTQ|. In Figure 1 a), we plot the “recovered orthogonality” with o.
For k = 0, we have Qo = Q therefore we simply plot the level of orthogo-
nality obtained after the run of MGS on P(1500,500,1,5). For k = 1, we
correct Q by the rank-one update F; to obtain @; and then plot the level
of orthogonality of Q1. While k increases, we observe the benefit of adding
Fj, to Q on the orthogonality quality. We stop the plot at k& = 100. At
this step, the matrix Q199 has nearly reached its final level of orthogonality
(1.44 - 107 for k = n — 1). With a, we plot the corresponding umg,1,
k =0,...,n — 1. The theorem predicts that for each k, ||I,, — QL Q]| is
bounded above by ukgyq times a constant. In this experiment we observe
that both curves fit well. This indicates that the constant can be taken close
to one for these experiments and that the bound c¢) of Theorem 2.3 is tight.
In Figure 1 b), we illustrate that Property b) of Theorem 2.3 holds. In this
case ||A — QR|| is smaller than u| A|| times a constant where the constant
is small.

Similar experiments are reported in Figure 2 for the matrix GRE_216B
that also illustrates the tightness of the bounds.

Given the singular value distribution of A and the machine precision,
Theorem 2.3 gives us a set of k for which all the associated matrices Qy
satisfy a prescribed level of orthogonality. Since the amount of work of
Algorithm 1 increases with k, we can choose the lowest k of this set and
update Q with the rank-% matrix Fj,. Therefore an interesting feature of
Algorithm 1 is that it is able to adapt its amount of work with respect to the
level of orthogonality expected. For example, if the level of orthogonality
required for the Q-factor of matrix GRE_216B is 10~?, with both Theorem
2.3 and the knowledge of ukyy1, we can choose k = 10. Meanwhile, if the
level of orthogonality required is 10~'4, we can estimate the value a-priori
k = 37. A-posteriori we observe in Figure 2 and curve |1, — QF Q|| that
these two choices are correct.

3.2 An application of choice: Seed—GMRES

A practical framework where our algorithm fits perfectly is the Seed—-GMRES
method for solving a sequence of linear systems with the same coefficient
matrix but for a sequence of different right—hand sides. Roughly speaking
one solves the linear system for one right—hand side at a time but uses the
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Figure 1: Illustrations of bounds (b) and (c) of Theorem 2.3 for matrix
P(1500, 500,1,5)

Krylov space associated with the current right—hand side to compute a good
initial guess for the next ones.

Let us now briefly describe the Seed-GMRES method and the various
alternatives we consider to compare with our algorithm. Let Z be a square
matrix of order m with full rank. We want to solve the linear systems Zz (") =
b@ for i =0,...,p by using Seed-GMRES with MGS (see e.g. [13, 16]). For
the sake of clarity, but without loss of generality, we describe the method
assuming that the initial guesses for all the right—hand sides are zeros, and
we only illustrate it when the first right—hand side has converged. For the
next ones, the same algorithm applies but the initial guesses are no longer
zero making the notation more complicated for a purpose that is out of the
scope of this paper.

We first run GMRES with MGS to solve the linear system Zz(©) = p(©),
This amounts to solving the linear least squares problem

Jmin 60— 2,0y,

where Vn(o_)1 is a set of n — 1 vectors built with an Arnoldi process on Z

using the starting vector () and orthogonalization scheme MGS. In most
applications, the computational burden lies in the matrix—vector products
and the scalar products required to solve this linear least squares problem.

In Seed—-GMRES, the subsequent right—-hand sides benefit from this work.
(0)

An effective initial guess z(? = n_ly(i) for the system ¢ is obtained by

100
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Figure 2: Illustrations of bounds (b) and (c) of Theorem 2.3 for matrix
GRE_216B

(a) ~ ukgyy ,

solving the same linear least squares problem but with another right—hand
side, namely
min (59 - 2V, ).
yeERn—1

We first compare four approaches to solve this problem. In the first part,
we present two standard algorithms and compare them in terms of floating
point operations (flops) with an approach implementing Algorithm 1. In
the second part, one aspect of our problem is examined in more details to
show that — under reasonable assumptions — a rank—one update is enough
to recover with Algorithm 1 a good level of orthogonality. In this partic-
ular case, a second algorithm is also derived based on an heuristic that
enables us to save substantially computational work. Finally we illustrate
the effectiveness of our approach when embedded in large electromagnetism
applications.

In the sequel, the superscript ©) is omitted and the matrix A denotes

the computed matrix (b(o), Z vn@l) similarly as in the first section, MGS is

run on A of size m x n in a well designed floating point arithmetic to obtain
Q and R. Indeed, the Arnoldi process gives Q = VTEO) but for the sake of
generality this property is not taken into account.

35
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3.2.1 The three approaches

Since we already have computed the QR factorization of (b, ZV,,_1) via MGS,
an efficient way to solve the linear least squares with b@ is to compute the
R—factor of the QR factorization of (b, ZVn_1, b(i)) via MGS. In practice it

remains to compute the last column of this R—factor that is cl(\Z)GS such that
| a1 b
Cl(\Z)GS — . (18)
Gy (I = Gn-1Gp—1) - - - (I — Q1 )oY

From a complexity point of view the MGS algorithm applied to A requires
2mn? flops while the (p — 1) projections (18) for the remaining right—hand
sides require 4mnp flops.

A second way is to reorthogonalize @, the Q-factor from MGS, before
performing the set of projections. We reorthogonalize Q) to obtain Qj, using
formula (7), with Algorithm 1. The value of k is chosen large enough so
that @) has columns orthonormal up to machine precision. Then we project
the (p — 1) remaining right-hand sides with classical Gram—Schmidt type
projections, that is

af o
cus=1 1+ | (19)
G b
This latter approach still requires 2mn? flops to get the QR—factorization of
A but only 2mnp flops for the (p — 1) projections. However, we have to add
the cost of the reorthogonalization that is mainly governed by the construc-
tion of T', that is mn? flops, plus the assembly of Q} with Equation (7), that
is 4mnk flops.

A third approach consists in not using MGS as orthogonalization scheme
in GMRES but instead iterated modified Gram—Schmidt with a criterion
denoted by MGS2(K) [9]. The extra costs compared with MGS comes
from the reorthogonalizations. We call v the quantity so that the cost of
MGS2(K) is 2mn?v; v ranges from 1 (if no reorthogonalization is performed)
to 2 (if one reorthogonalization per column is performed). The parameter
K defines the criterion used to decide whether the reorthogonalization has
to be performed or not. According to [3], we choose the value K = /2
and justify this choice later through numerical experiments. The aim here
is to obtain directly an orthogonal basis to machine precision and then use
Equation (19) with the Q-factor obtained with MGS2(K).
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MGS and (p — 1) projections (18) 2mn® + 4mnp

Algorithm 1 and (p — 1) projections (19) | 2mn? + 2mnp + mn(n + 4k)

MGS2(K) and (p — 1) projections (19) 2mnv + 2mnp

Table 3: Flops required for the three orthogonalization schemes and associ-
ated projection considering m large over k, n and p.

We summarize the costs in flops of these three approaches in Table 3.
From Table 3, for rather small p a good approach in term of flops seems
to be MGS. However our interest is in large p. For large p, Algorithm 1
is interesting over MGS2(K) when 2 + 28 < ». We have seen that the
parameter k is determined a—priori by the level of orthogonality required
by the user. In the sequel, we consider k small compared to n, the critical
value is then v = 1.50. A larger value for v would make our approach more
efficient than MGS2(K') — and vice versa — since the construction of 7" which
requires mn? is the main cost of Algorithm 1, therefore we compare 3mn?
(Algorithm 1) to 2mn?v (MGS2(K)).

3.2.2 Special feature of A= (b,ZV,,_1)

Greenbaum, Rozloznik and Strakos [7] have shown that for GMRES with
orthogonalization schemes MGS, the quantity o, ((b, ZV;,—1)) is of the order
of the residual of GMRES obtained at step n — 1. When the residual is
small, we expect A = (b, ZV,,_1) to be ill-conditioned and so an important
loss of orthogonality is expected with MGS.

Since 0,-1((b, ZVy—1)) > 0p-1(ZVp—1) > 0p-1(Z2)on(Vi—1), if we as-
sume Z and V,,_1 well-conditioned, we get that k9 is close to one. We note
that if the matrix (b, ZV,,_1) is numerically nonsingular then in [5], it is
stated that Q (= V},) is well-conditioned and we only restrict our study to
well-conditioned matrix Z. From this analysis, the value k¥ = 1 is enough
for the reorthogonalization of Q with Algorithm 1 to obtain a Q—factor or-
thogonal up to machine precision. In the experimental part, we illustrate
that & = 1 is indeed necessary and sufficient in the Seed-GMRES context.

For small k compared to n, the cost of the a—posteriori reorthogonaliza-
tion procedure of MGS performed with Algorithm 1 is mainly governed by
the computation of the n(n + 1)/2 entries of the matrix T (Section 3.2.1).
We degrade Algorithm 1 to get a second algorithm, this algorithm relies
mainly on an heuristic that attempts to avoid the complete computation of
T. First of all we consider that the rank of P;; is one, — this is justified by
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the special feature of the problem: x large and k5 close to one — and since
Py is strictly upper triangular therefore nilpotent (i.e. P{} = 0), we have
P} =0 and so Equation (17) reduces to P;; = T. Therefore in practice we
just compute 7" and use it as P11. But computing all the entries of a rank—
one matrix may be considered as a waste of time. In theory, it is enough
to build a row i and a column j so that the entry (4,7) is nonzero. With
rounding errors, the best choice is to build the row ¢ and the column j such
that the entry (7, ) is the largest in magnitude. In practice, if the entry (4, j)
is not the largest but of the order of the largest entry of T, the procedure is
still reliable. A good candidate to be of the order of the largest entry of 7T is
|g @, | since the orthogonality given by MGS of g, over g; assumes in theory
the orthogonality of all the previous vectors ; in practice, we expect the loss
of orthogonality in V to be maximal between ¢, and g;. This defines our
heuristic:

Heuristic
\G1'Gn| is of the order of the largest entry in magnitude of T.

Thanks to this heuristic only the first row and the last column of T are
computed.

Algorithm 2 uses the reorthogonalization based on this heuristic, it is
described in Table 4. The fourth approach to compute the orthogonalization
and the projections in Seed-GMRES is to use Algorithm 2 and then project
the (p—1) other right-hand sides with Equation (19). The whole algorithm
is very cheap and only requires 2mn? +2mnp+8mn flops in which 8mn flops
are necessary for the reorthogonalization. For comparison, 8mn corresponds
to the extra cost of the reorthogonalization of about 4 columns. Finally, let
us remark that if p < n, then it is worth to use the factorized form of @
instead of computing it explicitly as suggested by line 4 of Algorithm 2.

3.2.3 Numerical experiments in a large electromagnetism calcu-
lation

Our case study arises from large calculations in electromagnetism. The
boundary element method is used to discretize the 3D Maxwell’s equations
on the surface of an object. The formulation relies on the combined field
integral equations and the preconditioner used is a sparse approximate in-
verse [17], this means that in practice the preconditioned matrix Z is well—
conditioned. Moreover one can notice that the matrix Z is not explicitly
known and is accessed through matrix—vector product done via the fast mul-
tipole method. All the calculations are performed using double precision
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1. run MGS on A = (b, ZV,,_1) to obtain Q and R,
2. compute u’ = (GXq1,...,qL Gu1,0), c = u(1)
and wl' = (0,47 @2, ..., 4} Gn),
3. c=u(l), u=u/|ull, w=w/|w|, c=c/u(l)/wn), s =1-_c2,

4. compute Q1 = Q + Q(w(s™ ! — 1) —ucs Hw?.

Table 4: Algorithm 2: MGS with an a—posteriori reorthogonalization by a
rank—one update using the heuristic.

arithmetic. There are several linear systems Zz( = b to be solved, for
this typical calculation we have p = 180 but this value might be much larger
if several radar cross sections have to be computed, as is often the case in
engineering applications. For each right—hand side, GMRES is stopped at it-
eration [ if the approximate solution a:l(z) verifies ||b(*) —Aa:l(z) /16 < 10714,
We remark that the problem is defined in complex arithmetic, however in
order to be consistent with the whole paper the real notation is maintained.

Four geometries are considered, they represent standard test—cases for
electromagnetism calculations, namely a cetaf, an Airbus airplane, a sphere
and an almond [17]. In Table 5, we give the characteristics of the matrices
(b, ZV,,—1) obtained by a GMRES-MGS run on these matrices. The values
obtained with GMRES-MGS2(K) are the same. For more information on
the method and the test—case, we refer to [17].

In Table 5, (# iter) represents the number of GMRES iterations required
to converge. The number of columns of the matrix A = (b, ZV,,_1) is n =
# iter + 1, the number of rows is m. As expected (see Section 3.2.2), the
condition number & is such that - 107! is close to one, while k9 is of order
O(1).

The fourth column of Table 5 corresponds to the average number of re-
orthogonalizations obtained with MGS2(v/2). In this cases, MGS2(1/2) sys-
tematically performs an extra reorthogonalization per matrix—vector prod-
uct, which explains the constant value (v = 2.00).

In Table 6, we illustrate that all the residual errors ||A — QR| — where
Q and R designed the QR-factor given by one the four algorithms — are
of the order of the machine precision. In Table 7, the different levels of



m # iter K Ko v
Cetaf 5391 31 [9.7-10™ [ 27 | 2.00
Airbus | 23676 104 | 3.6-10" | 14 | 2.00
Sphere | 40368 59 [39-10 6.4 | 2.00
Almond | 104973 | 71 | 5.1-10™ | 5.9 | 2.00

Table 5: Characteristics of A = (b, ZV,,_1)

MGS Algorithm 1 | MGS2(v/2) | Algorithm 2
Cetaf [2.8-10717] 2.8-107 | 1.8-10716 | 29.10716
Airbus | 4.0-107'7 | 4.4.107% | 2.7.10716 | 4.4.10716
Sphere | 5.8-107'7 | 2.7-107% | 1.6-1076 | 2.7.10716
Almond | 3.9-10717 | 39.10716 | 3.9.1071 | 2.2.10716
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Table 6: Residual errors for the four case-test and the different algorithms.

orthogonality characterized with ||I, — QT Q| are given. As expected, MGS
completely looses the orthogonality while the three other approaches give a
set of vectors orthogonal up to machine precision. In the context of Seed—
GMRES, this enables us to use confidently Equation (19) to project the
(p — 1) remaining right—hand sides.

A conclusion drawn from Table 7 is that in the case of GMRES-MGS
applied to a not too ill-conditioned matrix the value k = 1 is satisfactory
(Algorithm 1 with & = 1). Moreover from Table 6 and Table 7, we observe
that Algorithm 2 relying on the heuristic works fine in practice.

One might question about the relevance of the choice K = v/2 and its
possible artificial high cost. In Table 8 we report on the sensitivity of the
orthogonality quality with respect to the choice of the threshold. These
experiments assess the choice of K = v/2 for MGS2(K). This value gives a

MGS Algorithm 1 | MGS2(v/2) | Algorithm 2
Cetaf [1.6-1072] 1.9.107® | 2.8-10716 | 24.1071°
Airbus | 1.8-107%2 | 1.5-107% | 3.7-1071 | 1.6-10"%
Sphere [3.9-10792 | 54.107% | 3.0-107'6 | 7.8.10716
Almond | 4.1-10792 | 68-10716 | 28-107'6 | 7.9.10"16

Table 7: ||I,, — QTQ|| for the four case-test and the different algorithms.



MGS2(v/2) MGS2(2) MGS2(V/5)

Cetaf |2.8-10716 6.3-1071% (v =1.90) | 1.2-107P

Airbus | 3.7-10716 3.9-1079 (y=1.02) [ 8.8-1079

(v = 2.00) ) (
(v = 2.00) ( ) (
Sphere | 3.0-107%6 (v =2.00) | 7.5-1071 (v = 1.52) | 4.9-107% (
Almond | 2.8-107%0 (v =2.00) | 1.7-107% (v =1.06) | 5.2-107%3 (

Table 8: ||I,, — QTQ .

good orthogonality level for all the examples while the others tested (K = 2
and K = \/5) fail. However K = /2 implies in these cases v = 2.00 meaning
that the criterion is unable to save any reorthogonalization. This result is
not satisfactory and highlights a weakness of the MGS2(K) procedure. Even
if ko is close to one, improving noticeably the condition number s cannot be
obtained in the general case by removing only a column of (b, ZV,,_1), it is a
global phenomenon that needs a global treatment (e.g. to add the singular
vector associated to the smallest singular value to all the columns). In the
same way, the loss of orthogonality is global and affects all the columns of
Q. An algorithm like MGS2(K) that acts locally on each column performs
poorly in this case, whereas Algorithm 1 and 2 represent appealing strategies
since the reorthogonalization — that has to be global — is expressed as a rank—
one update.

Finally, there exists other examples where the value of £ > 1 can be given
a priori. Still for the solution of linear systems with multiple right—hand
sides, we mention for instance the Block(k)-Seed-GMRES-MGS algorithm;
that is one run Block GMRES on k vectors, when the convergence is ob-
served, a rank—k update is performed to recover an orthogonal set of vector,
that we use to project the p — k right—hand sides as in Seed-GMRES.

4 Conclusion

In this paper we propose an a posteriori reorthogonalization technique based
on a rank—k update to reorthogonalize a set of vectors built by the modified
Gram—Schmidt algorithm. We show that for large enough k, we can fully
recover the orthogonality. We illustrate the effectiveness of our technique
in the framework of the iterative solution of linear systems based on the
GMRES algorithm. On a set of industrial test problems we demonstrate
that our algorithm is efficient and outperforms classical approaches that
also permit to remedy the loss of orthogonality observed when GMRES has
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converged.
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A Three technical Lemmas

In this appendix, we prove three technical lemmas that are used in the
proof of Theorem 2.3. Lemma A.1 relates the norm of the computed Q to
the condition number of A. We prove that for a well-conditioned matrix
A, [|@]] is close to one. Lemma A.2 gives an upper bound for the quantity
|A — QRJ|. Similar residual bounds have been derived in [1, 2], but they
involve the computed @, instead of (. In these two lemmas, notations
directly refers to the ones used in the article. Lemma A.3 is a general
theorem of matrix theory.
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Lemma A.1 Suppose that ¢iunk < 1, then

1+ crunk
1 —Gunk’

QI <

Proof: Since ﬁgl = @(In — ]311), we obtain

[[Po1

51 < Pl
QI < on(Ln — Pi1)

where we have used that matrix I, — ﬁn is nonsingular. Indeed ﬁu is
strictly upper triangular so I,, — ]311 is unit upper triangular and therefore
nonsingular From the variationnal characterization of the singular values, it
follows that, for any matrices X and Y, (X +Y) > 0;(X) — [|[Y]| (see e.g.
[10]), therefore,

[ Po1 ]

Q| < ——=—.
L —||Prl

(20)

Using (2), we obtain that Hﬁllﬂ = |E1R7Y|| < ||EL||R7Y| < erul|All/Fn,
which yields, using 7,, > o,, — cuoy,

P11 < Eruoy/(on — cuoy) < crur/(1 — cur) < enku. (21)

Since P has orthonormal columns, this implies that ﬁﬂ ]311 + ﬁgi ]321 = I,
hence, HP21||2 <1+ ||P11||2 < (1 + ”P11||)2, that is

| Por]| < 1+ || P, (22)

and the conclusion follows readily from (20), (21) and (22).

Lemma A.2 Suppose that ciunk < 1, then

~ _ _ _ 14+ ciunk
4~ GRI < (e @ T .
— CLunk

Proof: Since —Fy = A — ﬁglR, B = ﬁHR and ﬁgl = @(In — ]311),
A—QR=—FE,— QF,.

The conclusion follows Lemma A.1 and || E;|| < ¢ul|4|], i =1,2.
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Lemma A.3 Let consider A an n X n matriz and C (resp. D diagonal
matriz of order n with diagonal entry i equal to c; (resp. d;), i =1,...,n
such that

Ve=1,...n, |di| <|ck|n,

where n is a real. Then
IDA]| < [|CA]ln.

Proof: First of all, we remark that nn > 0. Then if » = 0, this implies dy = 0
and the lemma is true. Therefore the non—trivial case is 7 > 0. In this case,
we remark that ¢, =0 = di = 0. Let us define

Jo = {i such that ¢; =0} and J; = {i such that ¢; # 0},

we consider the truncated matrix A; by retaining the lines ¢ such that i € J;
in its counterpart A. In Matlab style notation, A; = A(Jy,:). We also
denote by C7 (resp. D1) the diagonal matrix whose diagonal elements are
the ¢;,i € Jy (resp. si,i € Jp).

From this we have

IDA[ = |D1 A1 = [[(D1C7 H)(CrA)] -
In term of norms,
IDA|| < |D1CTH|IC1A || = | DL CT I CAL

We conclude by noticing that ||[D;C; | < 7.



