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Abstract

The boundary elemen method has becomea popular tool for the solution of Maxwell's
equations in electromagnetism. It discretizesonly the surface of the radiating object and
givesrise to linear systemsthat are smaller in sizecomparedto those arising from nite ele-
mert or nite di erence discretizations. However, thesesystemsare prohibitev ely demanding
in terms of memory for direct methods and challenging to solve by iterativ e methods. In this
paper we addressthe iterativ e solution via preconditioned Krylov methods of electromag-
netic scattering problemsexpressedn an integral formulation, with main focus on the design
of the preconditioner. We consideran approximate inversemethod basedon the Frobenius-
norm minimization with a pattern prescribed in advance. The preconditioner is constructed
from a sparseapproximation of the densecoe cien t matrix, and the patterns both for the
preconditioner and for the coe cien t matrix are computed a priori using geometric infor-
mation from the mesh. We describe the implementation of the approximate inversein an
out-of-core parallel code that usesmultip ole techniques for the matrix-v ector products, and
show results on the numerical scalability of our method on systemsof sizeup to one million
unknowns. We proposean embedded iterativ e scheme based on the GMRES method and
combined with multip ole techniques, aimed at improving the robustnessof the approximate
inversefor large problems. We prove by numerical experimerts that the proposedsdeme
enablesthe solution of very large and di cult problemse cien tly at reducedcomputational
and memory cost. Finally we perform a preliminary study on a spectral two-level precondi-
tioner to enhancethe robustnessof our method. This numerical technique exploits spectral
information of the preconditioned systemsto build a low rank-update of the preconditioner.
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1 Intro duction

The analysis of wave propagation phenomenais gaining an increasinginterest in recen yearsin
the simulation of many challengingindustrial processestanging from the prediction of the Radar
CrossSection (RCS) of arbitrarily shaped 3D objects like aircrafts, the study of electromagnetic
compatibility of electrical deviceswith their environment, the designof antennas and absorbing
materials, and many others. All these simulations are very demanding in terms of computer
resources,and require fast and e cien t numerical methods to compute an approximate solution
of Maxwell's equations. Standard discretization schemeslike the nite-element or the nite-
di erence method can be usedto discretize Maxwell's equations and give rise to very large and
sparselinear systemsto solve. Howewer, the discretization of large 3D domains requires the
use of e ectiv e absorbing boundary conditions to truncate the computational domain previous
to the discretization phase, and may suer from grid dispersion errors which occur when a
wave has a dierent phasevelocity on the grid comparedto the exact solution. Alternativ ely,
using the equivalence principle Maxwell's equations can be recastin the form of four integral
equations that relate the electric and magnetic elds to the equivalert electric and magnetic
currents on the surface of the object. For homogeneousor layered homogeneousdielectric
bodies, integral equations are discretized on the surface of the object and at the discortin uous
interfacesbetweentwo di erent materials. The resulting linear systemsare much smaller than
those generated by di erential equation methods. However, a global coupling of the induced
currents in the problem results in densematrices, and the solution cost assaiated with these
densematrices has precluded until a recert past the popularity of integral solution methods in
electromagnetism. Nowadays, owing to the impressive developmert in computer technology and
to the introduction of fast methods which require lesscomputational costand memory resources,
a rigorous numerical solution of many of these applications has becomepossible.

In this paper, we considerthe solution of scattering problems expressedn an integral for-
mulation. Amongst integral formulations, we concertrate on the electric- eld integral equation
(EFIE) that is the most generalfor electromagneticscattering problemsasit can handle fairly
generalgeometries,and thus is widely usedin industrial simulations. It expresseshe electric
eld E outside the object in terms of the induced current J on the surfaceof the object. In the
caseof harmonic time dependencyit reads

Z 4
E(x) = r G(x;x9 (x%dx° % G(x; x9I(xYBx%+ EE(x) (1)

whereEF isthe electric eld dueto external sourcesand G is the Green'sfunction for scattering
problems:
e ikijx x9

G(X, X% = W (2)

The EFIE provides a rst-kind integral equation which is well known to be ill-conditioned. It
can be converted into matrix equationsby the Method of Moments (MoM) [20]. The surfaceof
the object is modelled by a triangular faceted mesh,and the unknown current J on the surface
is expandedinto a set of basisfunctions Bj;i = 1;2;::;;N which have local support [26]. The
current expansionis introduced in (1), and the discretized equation is applied to a set of test
functions to obtain a linear system
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whose unknowns are the coe cien ts of the expansion, represerativ e of the vectorial ux
acrossead edgein the triangular mesh. The entries of A are expressedin terms of surface
integrals and when discretized using m-point Gaussquadrature formulae they assumethe form

XnxXn
Ayl = Lil jG(Xki 5 Y1 )Bi(Xk) Biyy): (4)
i=1j=1

The coe cien t matrix A is dense,complex, symmetric, non-hermitian for EFIE.

Direct solution methods are often the method of choice for solving systems(3) in an in-
dustrial ervironment becausethey are reliable and predictable both in terms of accuracy and
cost. The factorization can be performed once and then is reusedto compute a solution for
all excitations. In industrial simulations objects are illuminated at seweral, slightly dierent
incidencedirections, and hundred of thousands of systemswith the samecoe cien t matrix and
a dierent right-hand side have often to be solved for the sameapplication. For the solution
of large-scaleproblems, direct methods are unfeasible even on large parallel platforms because
they require storageof n? single or double precisioncomplexentries of the coe cien t matrix and
O(n®) oating-p oint operations to compute the factorization. Somedirect solvers with reduced
computational complexity have beenintroduced for the casewhen the solution is sough for
blocks of right-hand sides(seee.qg.[1, 11]) but the computational cost remains a bottlened for
large-scaleapplications.

The use of preconditioned Krylov solvers can be an alternative to direct solution methods,
provided we have fast matrix-v ector products and robust preconditioners. Active researt ef-
forts have beenrecertly dewted to fast methods to perform fast matrix-v ector products with
O(nlog(n)) computational complexity, including strategiesfor parallel distributed memory im-
plemertations. These methods, generally referred to as hierarchical methads, were introduced
originally in the context of the study of particle simulations and can be e ectively used on
boundary elemen applications. Howewer, it is now establishedthat iterativ e solvers have to be
usedwith someform of preconditioning to be e ectiv e on challenging problems, like those arising
in industry. In this paper, we focuson the designof the preconditioner, and consideran approx-
imate inverse preconditioner basedon Frobenius-norm minimization with a pattern prescribed
in advance. In Section 2 we describe the implementation of the preconditioner within an out-of-
core parallel code that usesthe Fast Multip ole Method for the matrix-v ector product, and we
report on results on the numerical scalability of the preconditioner on a large industrial model
problem. In Section 3 we proposean embeddediterative shemebasedon the GMRES method
aimed at improving the robustnessof the preconditioner on large applications, and illustrate
the e ciency and the cost of the proposedsteme on systemsup to one million unknowns. In
Section4 we perform a preliminary study on a spectral two-level preconditioner to enhancethe
robustnessof our preconditioner. This numerical technique exploits spectral information of the
preconditioned systemsto build a low rank-update of the preconditioner. Finally, in Section5
we drop someconclusionsfrom this work.

2 Preconditioning Boundary Integral Equations

The design of robust preconditioners for boundary integral equations can be challenging.
Simple preconditioners like the diagonal of A, diagonal blocks, or a band can be e ectiv e only
when the coe cien t matrix has somedegreeof diagonal dominance depending on the integral
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formulation [31]. Block diagonal preconditioners are generally more robust than their point-

wise counterparts, but may require matrix permutations or renumbering of the grid points to

cluster the large ertries closeto the diagonal. Incomplete factorizations have beensuccessfully
used on nonsymmetric densesystemsin [30] and hybrid integral formulations in [24], but on

the EFIE the triangular factors computed by the factorization are often very ill-conditioned

due to the inde niteness of A [7]. Approximate inverse methods are generally less prone to

instabilities on inde nite systems,and se\eral preconditioners of this type have beenproposed
in electromagnetism(seefor instance[2, 33, 29, 10, 23]). Owing to the rapid decay of the discrete
Green'sfunction, the location of the large ertries in the inversematrix exhibit somestructure.

In addition, only a very small number of its ertries have large magnitude comparedto the others
that are much smaller. It meansthat a very sparsematrix is likely to retain the most relevant

cortributions to the exact inverse. This desirable property can be e ectively exploited in the

designof robust approximate inversesin electromagnetism.

2.1 Frob enius-norm minimization preconditioner

In this sectionwe describe an approximate inversepreconditioner basedon Frobenius-norm
minimization. The original idea, due to Bensonand Frederidkson, is to compute the sparse
approximate inverseas the matrix M which minimizes ki M Akg (or kI ~ AM kg for right
preconditioning) subject to certain sparsity constraints [3, 16]. The Frobenius norm is usually
chosensinceit allows the decouplingof the constrainedminimization probleminto n independen
linear least-squaresproblems, one for ead column of M (when preconditioning from the right)
or row of M (when preconditioning from the left). The independenceof these least-squares
problems follows immediately from the identity:

X
ki MAKZ =kI AMTkZ = kg Amj k3 (5)
j=1

where g is the jth canonicalunit vector and m; is the column vector represetiting the j th row
of M. In the caseof right preconditioning, the analogousrelation

X
ki AMKZ = kg Am k3 (6)
j=1

holds, where m ; is the column vector represeiting the jth column of M. Clearly, there is
considerable scope for parallelism in this approach. The main issueis the selection of the
nonzeropattern of M, that is the set of indices

S =1 (i;j) [L,njmj =0g: (7)

The ideais to keepM reasonablysparsewhile trying to capture the \large" entries of the inverse,
which are expected to cortribute the most to the quality of the preconditioner. Two dierent
approadies can be followed for this purpose,that is an adaptive technique that dynamically
tries to identify the best structure for M, and a static technique, where the pattern of M is
prescribed a priori basedon someheuristics. Adaptiv e strategiescan solve fairly generalor hard
problemsbut tend to bevery expensive. The useof e ectiv e static pattern selectionstrategiescan
greatly reducethe amourt of work in terms of CPU-time, and improve substartially the overall
setup process,intro ducing signi cant scope for parallelism. On boundary integral equationsthe
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discrete Green's function (2) decays rapidly far from the diagonal, and the inverse of A may
have a very similar structure to that of A. The discrete Green's function can be consideredas
a row or as a column of the exact inversedepicted on the physical computational grid. In this
casea good pattern for the preconditioner can be computed in advanceusing graph information
from A, a sparseapproximation of the coe cien t matrix constructed by dropping all the entries
lower than a prescribed global threshold [21, 2, 5]. When fast methods are usedfor the matrix-
vector products, all the entries of A are not available in memory and the pattern can be formed
exploiting the near- eld part of the matrix that is explicitely computed and available in the
FMM [23].

Sincewe work in an integral equation context, relevant information for the construction of
the pattern of M can be extracted from the mesh. When the object geometriesare smooth, only
the neighbouring edgesin the mesh can have a strong interaction with ead other, while far-
away connectionsare generally much weaker. Thus an e ectiv e pattern for the j th column of the
approximate inversecan be computed by selectingin the meshedgej and its gth level nearest-
neighbours. Three levelscan generally provide a good pattern for constructing an e ectiv e sparse
approximate inverse. Using more levels increasesthe computational cost but doesnot improve
substartially the quality of the preconditioner [5]. When the object geometriesare not smooth
or have disconnectedparts, far-away edgesin the meshcan have a strong interaction with ead
other and be strongly coupledin the inversematrix. In this casea more robust pattern for the
preconditioner can be computed using physical information, that is selectingfor ead edgeall
those edgeswithin a su cien tly large geometric neighbourhood. In [5] we compared pattern
selection strategies basedboth on algebraic and mesh information on a large set of problems,
and found that those exploiting geometric information are the most e ective to capture the
large entries of the inverse. We refer to the Frobenius-norm minimization method described in
this sectionand computed using a static pattern strategy basedon geometricinformation asthe
FROB preconditioner.

The construction of FROB costsO(n?) arithmetic operations. This cost can be signi cantly
reducedif the preconditioner is computed using as input a sparseapproximation A of the dense
coe cien t matrix A. On generalproblems, this approac can causea se\ere deterioration of the
quality of the preconditioner. In an integral equation cortext it is likely to be more e ective
becausethe boundary elemen method generally introduces a very localized strong coupling
amongthe edgesin the underlying mesh. It meansthat a very sparsematrix can still retain the
most relevant cortributions from the singular integrals that give rise to densematrices. If the
sparsity pattern of M is known in advance, the nonzero structure for the jth column of M is
automatically determined, and de ned as

J = fi 2 [n]sit:(i;]) 2 Sg.

The least-squaressolution involvesonly the columns of A indexed by J; we indicate this subset
by A(:;J). When A is sparse,many rows in A(:;J) are usually null, not a ecting the solution
of the least-squaresproblems (5). Thus if | is the set of indices corresponding to the nonzero
rows in A(:;J), and if we de ne by A = A(1;J), by m; = m;(J), and by & = g (J), the actual
\reduced" least-squaresproblemsto solve are

minkg Amjkz;j = 150 (8)

Usually problems (8) have much smaller sizethan problems (5) and can be e ectiv ely solved by
denseQR factorization. In [2] the samenonzerosparsity pattern is selectedboth for A and M ;
in that case,especially when the pattern is very sparse,the computed preconditioner may be
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poor on somegeometries. Selectingmore ertries in M than in A can enableto compute a more
robust preconditioner, and the additional costin terms of CPU time is negligible becauseof the
complexity of the QR factorization usedto solve the least-squaresproblems [5]. Increasing the
number of rows, that is the number of entries of A, is much cheaper in terms of overall CPU
time than increasing the density of the preconditioner, that is the number of columnsin the
least-squaresproblems.

2.2 Implemen tation of the preconditioner in the FMM context

The Fast Multip ole Method (FMM), introduced by Greengard and Rokhlin in [19], provides
an algorithm for computing approximate matrix-v ector products for electromagneticscattering
problems. The method is fast in the sensethat the computation of one matrix-v ector product
costsO(n logn) arithmetic operations instead of the usual O(n?) operations, and is approximate
in the sensethat the relative error with respect to the exact computation is around 10 2 [12, 32].
The storageis reducedfrom O(n?) to O(nlogn). Owing to thesedesirable properties its usein
conbination with iterativ e solvers is mandatory for the solution of large problems.

The basicidea of the algorithm is to compute interactions amongstdegreesof freedomin the
meshat di erent levels of accuracy depending on their physical distance. Single and multilev el
variants of the FMM exist and, for the multilevel algorithm, there are adaptive variants to
handle e cien tly inhomogeneousdiscretizations. In the hierarchical multilev el algorithm, the
3D obstacleis entirely enclosedin a large rectangular domain, and the domain is divided into
eight boxes (four in 2D). Each box is recursively divided until the size of the smallest box is
generally half of a wavelength. A tree-structured data is usedat all levels. In particular, only
non-empty cubesare indexed and recordedin the data structure. The resulting tree is called
the oct-tree and its leaves are generally referred to as the leaf-boxes The oct-tree provides a
hierarchical represenation of the computational domain partitioned by boxes: eat box hasone
parent in the oct-tree, except for the largest cube which enclosesthe whole domain, and up
to eight children. Obviously, the leaf-boxes have no children. The near- eld interactions, that
is those amongst degreesof freedom within neighbouring boxes, are computed from (4) using
the regular expressionof the discrete Green's function. The neighbourhood of a box is de ned
by the box itself and its 26 adjacert neighbours (eight in 2D). The far- eld contribution from
far away cubesis computed approximately. More precisely for eat far away box multip ole
coe cien ts are computed from (4) using truncated seriesexpansionof the Green's function

»
G(xy) = p(X) p(y); 9
p=1

which separatesthe Green's function into two sets of terms, ; and j, that depend on the
obsenation point x and the sourcepoint y, respectively. In (9) the integer P is generally very
small, and the origin of the expansionis near the sourcepoint y while the obsenation point x
is far away. Multip ole coe cien ts are computed for all cubesstarting from the lowest level of
the oct-tree, that is from the leaf-boxes, and then recursively for eat parent cubesby summing
together multip ole coe cien ts of their children. For ead obsenation cube, an interaction list
is de ned which consists of those cubesthat are not neighbours of the cube itself but whose
parernt is a neighbour of the cube's parert. Multip ole coe cien ts of far-away boxesare sommed
together to compute local coe cien ts for the obsenation cube, and the total e ect of the far
eld from cubesthat arein the interaction list are computed from the local coe cien ts. All the
other interactions are computed hierarchically on a coarserlevel traversing the oct-tree. Both

6



the computational cost and the memory requiremert of the algorithm are of order O(n logn).
Further information on the algorithmic stepsand recernt theoretical investigations of the FMM
can befound in [12, 32], and alsoin [18, 34] for discussionson parallel implementation issues.

The box-wise decomposition of the domain naturally leadsto an a priori pattern selection
strategy for M and A in the FMM basedon geometricinformation, that is on the spatial distri-
bution of its degreesof freedom. We will adopt the following criterion: the nonzerostructure of
ead column of the preconditioner is de ned by retaining all the edgeswithin a given leaf-box
and thosein onelevel of neighbouring boxes, and the structure for the sparseapproximation of
the densecoe cien t matrix is de ned by retaining the ertries assaiated with edgesincluded in
the given leaf-box as well asthose belongingto the two levels of neighbours. The approximate
inverse has a sparseblock structure; ead block is denseand is assa@iated with one leaf-box.
Indeed the least-squaresproblems corresponding to edgeswithin the same box are identical
becausethey are de ned using the samenonzerostructure and the sameset of ertries of A. It
meansthat we only have to compute one QR factorization per leaf-box. In our implemenation
we use a di erent partitioning to assenble the approximate inverseand the approximate mul-
tip ole coe cien t matrix. The size of the smallestboxesin the partitioning assaiated with the
preconditioner is a user-de ned parameter that can be tuned to control the number of nonzeros
computed per row, that is the density of the preconditioner. According to our criterion, the
larger the size of the leaf-boxes, the larger the geometric neighbourhood that determines the
sparsity structure of the columnsof the preconditioner. Parallelism canbe exploited by assigning
disjoint subsetsof leaf-boxesto di erent processorsand performing the least-squaressolutions
independerily on eat processor.We refer to [32] for a complete description of the parallel code
that we used.

2.3 Numerical scalabilit y of the preconditioner

In this section we are interested to study the numerical scalability of the Frobenius-norm
minimization preconditioner. The optimal behaviour would be to get constart solution time
when the problem sizeand the number of processordncreaseproportionally. It meansthat the
amount of computation on ead processorand the number of iterations should remain constart
for increasing problem size. We show results on an Airbus aircraft (seeFigure 1), a real life
model problem in an industrial cortext.

In the numerical experimens, the surface of the object is always discretized using ten
points per wavelength; larger discretizations are obtained by increasing the frequency of the
illuminating wave. In Table 1, we report on the number of matrix-v ector products required by
the GMRES method to corvergeto an accuracy of 10 2 on the normwise badkward error ﬂ%
where r denotesthe residual and b the right-hand side of the linear system. This tolerance is
accurate for engineeringpurposes,asit enablesto detect correctly the radar crosssectionof the
object. The symbol {' in the tables meansno corvergenceafter 2000iterations. We also report
on the parallel elapsedtime to build the preconditioner and to solve the linear system. All the
runs have been performed in single precision on eight processorsof a Compaq Alpha sener.
The Compagqg Alpha sener is a cluster of Symmetric Multi-Pro cessors. Each node consists of
four Alpha processorsthat share 512 Mb of memory. On that computer the temporary disk
spacethat can be usedby the out-of-core solver is around 189 Gb. The Airbus aircraft is very
dicult to solve becausethe meshhas many surfacedetails and the discretization matrices can
becomeill-conditioned. On small and medium problems, the number of GMRES iterations in
Table 1 increasedlinearly with the problem size,the solution time nearly quadratically. On the
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Figure 1: Mesh assaiated with an Airbus aircraft discretizedwith 15784triangles

largest test case,discretized with one million unknowns, GMRES exceedsthe memory limit on
64 processors.In this casethe use of large restarts doesnot enableto get convergencewithin
2000iterations excepton a small meshof size 94704.

] _ _ GMRES(1 ) GMRES(120)
Size Density FROB Time FROB
Iter Time Iter Time
94704 0.28 11m 746 2h 9m 1956 3h 13m
213084 0.13 31lm 973 7h 19m | +2000 7h 56m
591900 0.09 1h 30m 1461 16h42m | +2000 1d 57m
1160124 0.02 3h 24m M.L.E. N.A. +2000 > 4d

Table 1: Number of matrix-v ector products and elapsedtime in secondsrequired to corverge
on an aircraft Airbus on 8 procs on the Compaqg macdine, except those marked with , that
have beenrun on 64 procs. llluminating direction (; ) = (30° 30°). Tolerancefor the iterative
solution = 10 3. Acronyms: N.A.  not available, M.L.E.  memory limits exceeded.

3 Impro ving the preconditioner robustness using embedded it-
erations

The numerical results shavn in the previous section indicate that the FROB preconditioner
tends to becomelesse ective when the problem size increases,especially on di cult systems.
By its nature the sparseapproximate inverseis inherertly local becauseead degreeof freedom
is coupledto only a very few neighbours. When the exact inverseis densethe compact support
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Outer solver ! FGMRES, FQMR

Do k=1,2, ...
M-V product: FMM with high accuracy
Preconditioning : Inner solver (GMRES, TFQMR, ...)
Do i=1,2, ...

M-V product:. FMM with low accuracy
Preconditioning : Mg op

End Do
End Do

Figure 2: Inner-outer solution schemesin the FMM cortext. Sketch of the algorithm.

usedto de ne the preconditioner may not allow an exchange of global information and on large
problemsthe lack of global approximation may have a severeimpact on the corvergence.In our
implementation the overall number of computed nonzerosdecreasedgor increasingvaluesof the
frequency When the preconditioner becomevery sparse,information related to the far- eld are
completely lost. In this casesome suitable mecanism has to be introduced to recover global
information on the numerical behaviour of the discrete Green's function.

In this section we describe an embedded iterative scheme, combined with multip ole tech-
niques,that is designedto meetthe goalsof robustness,scalability and parallelism of the iterativ e
solver. The basicidea is to carry out a few stepsof an inner Krylov method for the precondi-
tioning operation. The overall algorithm results in an inner-outer scheme (seeFigure 2), and its
e ciency relies on two main factors, that is: the inner solver hasto be preconditioned so that
the residual in the inner iterations can be signi cantly reducedin a few number of steps, and
the matrix-v ector products within the inner and the outer solvers are carried out at di erent
accuracy The motivation that naturally leadsus to considerinner-outer schemesis to try to
balance the locality of the preconditioner with the use of the multip ole matrix. Experiments
conductedin [17] with inner-outer schemescombined with multip ole techniqueson the potential
equation were unsuccesful. In that caseno preconditioner was usedin the inner solver. The
desirablefeature of using di erent accuracyfor the matrix-v ector products is enabledby the use
of the FMM. In our stheme, highly accurate FMM is usedwithin the outer solver that is used
to actually solve the linear system, and a lower accurate FMM within the inner solver that is
used as preconditioner for the outer scheme. More precisely the FMM accuracy is \high" for
the FGMRES iteration (the relative error in the matrix-v ector computation is around 5 10 4
comparedto the exact computation) and \medium" (the relative error is around 10 3). In fact,
we solve a nearby systemfor the preconditioning operation. This enablesus to save considerable
computational e ort during the iterativ e process.

3.1 Numerical results

In this sectionwe carry out experimerts usingthe FGMRES method [27] asthe outer solver with
an inner GMRES iteration [28] preconditioned with the Frobenius-norm minimization method
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described in Section 2. For the GMRES and FGMRES methods, we considerthe implementa-
tions described in [15] and [14], respectively. The analysisof the corvergencehistory of GMRES
gives us somecluesto the numerical behaviour of the proposedsceme. The residual of GM-
RES tends to decreasevery rapidly in the rst few iterations independertly of the restarts,
then decreasesnuch more slowly, and nally tendsto stagnateto a value that dependson the
restart; the larger the restart, the lower the stagnation value. It suggeststhat a few stepsin
the inner solver can be very e ectiv e for obtaining a signi cant reduction of the initial residual.
A di erent numerical behaviour has beenobsened for other Krylov methods asinner solver, as
the TFQMR solwer [4]. The residual in the beginning of the corvergenceis nearly constart or
decreasegsery slowly. The useof this method as an inner solver is ine ectiv e. Large restarts of
GMRES do not enablea further reduction of the normwise badkward error in the beginning of
corvergence. Thus small restarts should be preferred in the inner GMRES iterations. Amongst
the various possibilities, we select FGMRES(30) and GMRES(60) on the Airbus aircraft, that
seemto give the optimal trade-o .

We show the results of experiments on the Airbus aircraft in Table 2. We report on the
number of inner and outer matrix-v ector products and the elapsedtime neededto achieve con-
vergenceusing a tolerance of 10 3 on eight pocessorson the Compaqg machine. For comparison,
in the tables we also shaw results obtained with the restarted GMRES method. The compar-
ison in the tables is fair becauseGMRES has exactly the same storage requiremerts as the
combination FGMRES/GMRES. In fact, for the samerestart value, the storage requiremert
for the FGMRES algorithm is twice that for the standard GMRES algorithm, asit storesthe
preconditioned vectors of the Krylov basis.

The combination FGMRES/GMRES remarkably enhancesthe robustnessof the precondi-
tioner especially on large problems. It can be seenthat GMRES(120) does not corverge after
2000iterations even on quite small problem.

GMRES(120) FGMRES(30,§O)
Size Density FROB Time FROB precfmm(high,medium)
Iter Time Iter Time
94704 0.28 11m 1956 3h13m | 23+1320 2h 30m
213084 0.13 31m +2000 N.A. 30+1740 6h 10m
591900 0.09 1h 30m +2000 N.A. 57+3300 1d 9h 45m
1160124 0.02 3h 24m +2000 N.A. 51+2940 16h41m

Table 2: Number of matrix-v ector products and elapsedtime in secondsrequired to corverge
on an aircraft Airbus. The tests have beenrun on 8 procs on the Compaq macdiine, except
those marked with , that have beenrun on 64 procs. llluminating direction (; ) = (30°; 30°).
Tolerancefor the iterativ e solution = 10 3. Acronyms: N.A.  not available.

4 Spectral low-rank updates

It is well known that the corvergenceof Krylov methods for solving the linear system of-
ten dependsto a large extent on the eigervalue distribution. In many cases,it is obsened
that \removing" the smallest eigervalues can greatly improve the corvergence. Many of the
preconditioners proposedin the literature succeedin clustering most of the eigervalues of the
preconditioned matrix M A (for left preconditioning) far from the origin. Sud a distribution is
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highly desirableto get fast corvergenceof Krylov solvers. Howewer, a few eigervalues can be
left closeto zero and they potentially can signi cantly degradethe convergence. In order to
tackle this dicult y we proposea re nement technique basedon the introduction of low-rank
correctionscomputed from spectral information assaiated with the smallesteigervaluesof M A.
Roughly speaking, the proposedtechnique consistsin solving exactly the preconditioned system
in the low dimensional spacespannedby the eigervectors assaiated with the eigervaluesclosest
to the origin. This is then usedto update the preconditioned residual. We considerthe solution
of the linear system

AX = b; (10)

where A isan n unsymmetric complex nonsingular matrix, and x and b are vectors of sizen.
The linear systemis solved using a preconditioned Krylov solver and we denoteby M ; the left
preconditioner, meaning that we solve

M;AX = M 1bZ (11)
We assumethat the preconditioned matrix M 1A is diagonalizable,that is:
M A=V V 1; (12)

with = diag( i), wherej 1j ::: | nj arethe eigervaluesand V = (v;) the assaiated right
eigervectors.

Prop osition 1 Let W be suchthat Ac = WHAM 1V has full rank, M = MV-A,twH and
M = M1+ M Then AM is similar to a matrix whoseeigenvaluesare

( P
= it
i=1+ 5 if japon

For more details on this technique and its application to left preconditioning or symmetric
de nite situation, we refer to [6].

In the sequel,we illustrate the benet of using this approac when computing a complete
monostatic radar crosssection. In this framework, many linear systemshaving the same coef-
cient matrix but dierent right-hand sideshave to be solved. For the Airbus calculation 181
linear systemshave to be solved. In Figure 3 we depict the corvergencehistory of full GMRES
when the number of shifted eigervaluesis varied for two speci ¢ right-hand sides. On the left,
we consider a right-hand side that is easily solved by GMRES; on the right a right-hand side
that is more di cult to solwe. In thesegraphs, FROB denotesthe Frobenius norm minimization
preconditioner and SpU(k) the FROB preconditioner with a rank-k spectral update. In both
cases,t can be obsened that the more eigervaluesare shifted, the better the convergenceis.

The gain in iteration number is even larger if a restart is usedfor GMRES. This behaviour
is illustrated in Figure 4.

Using thesetechnique, for a complete monostatic radar crosssection calculation enablesus
to save alarge number of iterations. In Figure 5, we depict the number of full GMRES iterations
for ead of the right-hand side assaiated with the various anglesof the illuminating wave. It
can be obsened that the saving is signi cativ e.

In the experiments reported in this paper the eigervalues calculation were performed in
a preprocessingphase using Arpack [25]. The extra cost of this preprocessingis negligible.
The complete solution time on 32 processorCompaq Alpha sener (EV 6.8, 1 Ghz) took 46
hours using the FROB preconditioner and reduced to 20 hours when using the spectral low

11



190 b 190 b
180 b 180

170 b 170

160 q 160

150 b 50

140 b 40

130 b

average of the iterations on the range
I
S
T
.
average of the iterations on the range
B e oR R B o
©x o B BE R &
8 8 8858 8 8

~
=)

@
3

o
S
T
L

40 L L L L L L L L L L L L L L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50 55 60 0 5 10 15 20 25 30 35 40 45 50 56 60
dimension of the low rank correction dimension of the low rank correction

(a) \easy" right-hand side (b) \di cult” right-hand side

IS
S

Figure 3: Convergencehistory of full GMRES varying the number of shifted eigervalues

10 T T

5 Frob 10
o SpuU (20) 10
14 —&— Frob 30

O SpuU (20) 30
- Frob 50
V- SpU (20) 50
— Frob inf

SpU(20) inf

Normwise backward error

N
o,
®

3 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
# iterations

107

Figure 4. Convergencehistory varying the restart on a \di cult” right-hand side

rank correction (including the eigencalculation). Similar gain have beenobsened on other test
problems [13].

We shall mention that those preconditioning techniques are still e ective when used for
acceleratingthe corvergenceof Krylov solvers designedfor handling multiple rigth-hand sides.
Sudh Krylov solvers are for instance Block-GMRES or Seed-GMRES,we refer to [22] for details
and illustration of this claim.

5 Concluding remarks

In this paper, we presern the parallel scalability and the numerical scalability of the solver for
solving large problemswith up-to a few million unknowns. We discusstwo techniquesto intro-
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duce multi-lev el medanismsfor improving its robustnessand its scalability. The rst approad
is basedon inner-outer iterations with variable accuracy in the fast multip ole calculation [8].
The inner Krylov iterations, preconditioned with the approximate inversetechnique, implemert

a lessaccurate but faster multip ole approximation and enable some global information about
the overall solution to be recovered in few iterations. This approximate solution is then used
to precondition the outer FGMRES iterations. The robustnessof the resulting solver is demon-
strated on large problems arising both from academicand from industrial applications such as
thoseinvolved in aircraft design. In particular, on objects discretized using more than a million

unknowns, this new schemereducesthe elapsedtime to solve a problem on a sphereby almost
one order of magnitude, and enablesus to compute the solution on an aircraft while classical
approades fail. The secondapproad is basedon low-rank update of the preconditioner [6]
similar in structure to the one studied in domain decomposition [9]. Here the idea is to exploit
information related to the smallesteigervaluesto make a low-rank update of the preconditioner.
This update enablesus to shift the smallest eigervalues of the original preconditioned system
closeto one and results in faster corvergenceof the Krylov solvers. The resulting precondi-
tioner hasbeensuccessfullyapplied to signi cantly speed-upvarious Krylo v solvers. For solving
symmetric non-Hermitian systems,suc asthose involved in certain BEM formulations in elec-
tromagnetism, we also derive a symmetric versionthat is particularly e cient on our problems.
We shaw that the extra computation for this spectral information can becomequickly unim-
portant if many linear systemswith the samecoe cien t matrix but di erent right-hand sides
have to be solved [4, 13]. We have shavn numerical experiments on parallel distributed mem-
ory computersto highlight the e ciency of the implementation aswell asthe e ciency of the
resulting numerical schemesfor solving large industrial test problems.

Finally we mention that more details canbefound in somerecert PhD manuscript [4, 22, 32].
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