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Abstract

We have undertak en experiments to determine the comparativ e quality of sparsematrix partition-
ers. A large selection of test matrices are partitioned and then permuted so that the resulting form
exhibits a block structure. This form is useful for implementing sparsematrix-v ector multiplication in
a parallel computing environment where each block-row strip will be assignedto a single computing
node.
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1 Intro duction

Most modern iterative methods for solving a sparselinear system have as their key computational step
the computation
y = AX 1)

where A is a sparsematrix, and x and y are input and output vectors, respectively. For large-scalecom-
puting, the calculation of (1) is very time comsumingwhen computed without paying particular attention
to data structure and computer architecture. However, the elapsedcomputational time can be greatly re-
ducedon a parallel computer by partitioning the original problem into blocks and then distributing them
to dierent processorsand performing the computation in parallel. A good partitioner should partition
the vectors x and y and the nonzeroertries of A sothat eadh block contains almost the samenumber of
ertries and is asindependert as possiblefrom other blocks sothat, when the blocks are distributed, com-
munication betweenthem is low. Usually, matrix partitioning is formulated as graph partitioning [4]. In
this note, we considergraph partitioners that implemert multilev el recursive algorithms [5] and test them
with someapplication-derived matrices from the Rutherford-Boeing Collection [1]. In the next section,
we intro duce graph partitioners and the algorithms they usefor partitioning. In Section 3, we describe
the proceduresfor manipulating matrices, which are partitioned by di erent partitioners, to form block
structures. Section 4 gives experimental results and a model for the communication cost. Finally, we
draw someconclusionsin Section 5.

2 Matrix Partitioning Programs

For a survey on graph partitioning and softwarewith application in sciertic computing, the referenceg12,
13] should be consulted. In our experimerts, we tested only four graph partitioners: PaToH [17, 18, 14,
16, 15], hMeTiS [9, 10, 8, 7], Mondriaan [19], and Monet [6] as detailed below.

2.1 PaToH and hMeTiS

These partitioners usethe hypergraph model to partition a graph. We rst introduce the basic idea of

are partitioned into K setssothat the number of entries in ead set obeys a load balance criterion and
the number of cut nets, i.e. the nets that have at least one entry in two setsor more, is minimized. This
is important becausecommunication betweenprocessords proportional to the sizeof the cut nets. Both
PaToH and hMeTiS usea multilev el hypergraph partitioning algorithm which consistsof three phases.
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1. Coarsening Phase
The original hypergraph is coarsenedinto a sequenceof smaller hypergraphsby grouping together
vertices. This phaseterminates whenthe sizeof the coarsenechypergraphis below a predetermined
number. Then it can be partitioned by a heuristic method basedon the Kernighan-Lin (KL) [11]
algorithm.

2. Initial Partitioning Phase
In this phase,the coarsenedhypergraph with a small number of verticesis bipartitioned by heuristic
methods based on the Kernighan-Lin algorithm. The hMeTiS padkage uses multilevel random
bisectionusing KL followed by the Fiduccia-Matheyses(FM) [3] algorithm while PaToH usesGreedy
Hypergraph Growing (GHG) [18].

3. Uncoarsening and Re nemen t Phase
The coarsesthypergraph that is partitioned will be successiely projected to the next level ner
hypergraph. hMeTiS usesalgorithms basedon FM while PaToH implemernts algorithms basedon
Kernighan-Lin and Fiduccia-Matheyses(KLFM).

The hypergraph partitioners mentioned above can be usedto partition the nonzeroertries of a sparse
matrix, wherethe columns of the matrix are viewed as vertices of the hypergraph and the rows are nets
or hyperedges.Both PaToH and hMeTiS can partition hypergraphswith weights at vertices and/or nets
but in this work, vertices are given equal weight, i.e. weight one, and only the nets have weights that
are equal to the number of nonzeroertries in that row of the sparsematrix. As shown in Figure 1, the
sparsematrix on the left will have the assaiated hypergraph on the right, in which we have, for example,
hyperedge(or net) ny, corresponding to row 1, with entries in columns 1, 3, and 4.
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Figure 1. Sparsematrix and its hypergraph model.

By inspecting the hypergraph of this simple example, we can equally partition it into two parts and
ead has three vertices, as shovn on the right of Figure 2. Thesetwo parts are independert from eadh
other. Partitioning the hypergraph amourts to partitioning the columns of the corresponding matrix
accordingly. Socolumn 1, 3, and 4 are assignedthe samepartition number, for example 0, while columns
2,5, and 6 are assignednumber 1.
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Figure 2: Partitioning of the hypergraph and its sparsematrix.

2.2 Mondriaan

Mondriaan is especially designedto partition sparsematrix-v ector multiplication for parallel computing.
It partitions both the matrix A and the vectors x and y. To minimize the communication volume



betweenprocessorsand to distribute nonzeroertries evenly over the processorst usesa two-dimensional
partitioning, i.e. it partitions both the rows and the columns of the matrix. Mondriaan implemernts a
recursive bipartitioning algorithm. From the user's point of view, it is easyto useto partition equation
(1) becauseit only requiresthe ertries of A to be stored in coordinate format and provides as output a
partitioning of both the matrix and the vectors.

2.3 Monet

Monet is usedto partition and reorder an unsymmetric matrix into singly bordered blocked diagonal
(SBBD) form and is commonly usedwith direct methods [2]. It implements a multilev el recursive bisec-
tion algorithm and the Kernighan-Lin re nement method. The partitioned matrix can also be usedin
computing equation (1) for parallel matrix-v ector multiplication.

After partitioning by PaToH, hMeTiS, Mondriaan, and Monet, we needto reorder rows and columns of
the matrix to exhibit the block structures as described in the next section.

3 Permuting Partitioned Entries into Blo ck Structures

Having partitioned a matrix we needto do row and column permutations in order to collect together the
ertries into blocks. This is conveniert to facilitate courting data and messagepassingbetweenprocessors
and to perform (1) in parallel.

3.1 PaToH and hMeTiS

Both input and output les of PaToH and hMeTiS look almost the sameand socan be described together.
We usethe matrix in Figure 1 asthe illustrating example. The input is in the hypergraph format and
the output le contains partition numbers that indicate to which processorthe columns or vertices are
assigned.These numbers will be usedto compute the column permutation in the following way:

readin partition numbersfrom output to P(1), P(2), :::, P(n), whereP (i) is the processomumber
to which column i is assigned,as shown in Figure 3a.

sort P in ascendingorder and permute the columns accordingly, seeFigure 3b.

For row permutations, we have no explicit partition number, sowe needto determineit at our convenience
with the goal of moving most ertries into blocks as described by the following steps:

Let n; be the number of columns assignedto processori asshawn in Figure 3b, we want to nd n;
rows sothat most nonzeroentries of the matrix lie within the n; columnsin question. This makes
the diagonal blocks squarealthough the o -diagonal blocks maybe rectangular.

We already know the n; columns from Figure 2b and we now determine the n; rows. We do this
by sorting all the rowsj > ny + n, + :::+ n; ; sothat the row with minimum number of entries
lying within the n; columnscomes rst and the row with maximum number of entries lying within
the n;j columns comeslast. The last n; of the newly sorted rows are chosento be the n; rows in
guestion. Finally, we obtain a block-structure matrix as shown in Figure 3c.

a b c

Figure 3. A block structure for the matrix of Figure 1 partitioned by PaToH and hMeTiS.



3.2 Mondriaan

Becausethe output of Mondriaan corntains partition numbersof nonzeroentries and input/output vectors,
it is easyto form diagonal blocks:

read in partition numbersof input vectorto P (1), P(2), :::, P(n) and output vectorto Q(1), Q(2),
11, Q(n), whereP (i) and Q(i) arethe processomumbersto which columni and row i, respectively,
are assigned,as shawn in Figure 4a.

sort P and Q in ascendingorder and permute columns and rows of the matrix accordingly, giving
the block structure shown in Figure 4b.

a b
Figure 4. Block structure of the matrix partitioned by Mondriaan

3.3 Monet

The Monet output le contains ready-to-use column and row permutations, and the singly bordered
blocked diagonal form can be directly obtained. In this examplewe have ordered-indexsetf 1; 3; 4; 6; 2; 59
for the column permutation and f 1; 3; 6; 2; 4; 5g for the row permutation; so after applying the permuta-
tions to the matrix in Figure 1, we obtain the nal matrix asshown in Figure 5.

Figure 5. Block structure of the matrix partitioned by Monet

4 Exp erimen tal Results

The matrices used for testing are from the Rutherford-Boeing Collection [1]. These matrices are parti-
tioned and then permuted into block structures. Then the messageand data communications between
processorsare computed. Computing was done on a 168 MHz Sparc Ultra2 Sun machine with memory
size 512 megalytes running SunOS.

In our experiments for hMeTiS and PaToH, we chosein the coarseningphasea matching scheme for
grouping together graph verticesin sud a way that hMeTiS usesthe hybrid rst-c hoice (HFC) scheme[9],
where vertices are grouped together if they are presern in multiple hyperedgesand this grouping is biased
towards a quick reduction in the number of hyperedgesand PaToH usesa heavy connectivity scheme[18],
wherea vertex, for examplev, hasmaximum connectivity value equalto the number of hyperedgesshared
betweenit and another vertex. In the re nement phase,PaToH usesa tight balance boundary FM [18]
while hMeTiS usesan early-exit FM scheme [9], i.e. the FM processis aborted if the quality of the



solution doesnot improve after moving a relatively small number of vertices. In addition, both PaToH
and hMeTiS use V-cycle re nement in their partitionings. We use these parametersfor partitioning all
the matrices. In the caseof Monet and Mondriaan, we use default parametersin all phases.

To analysethe experimental results, we model the communication cost as

tc= +n (2)

where and arethe latency and bandwidth, respectively, of the network and n is the length of messages
exchanged. The number of messagesnd the amourt of data excdhangedin parallel computation must be
small to reducethe latency cost and communication through bandwidth, respectively.

As shown in Figure 6, PaToH is the fastest partitioner for all the matrices and all the partition
numbers although it usesthe samehypergraph model for partitioning ashMeTiS which usesmuch more
CPU time. If we look at matrices ex11.rb, olafu.rb, raefsky03.rb, and raefsky04.rb, we seethat their
CPU times di er by an order of magnitude. Mondriaan also usesas much CPU time as hMeTiS when
partitioning while the CPU time of Monet is rather good.

The total number of received-sert message®y all processords shown in Figure 7. For any processor,
the number of received-sert messageamourt to how many times it exchangesdata with other processors.
The maximum number of received-set message®f one processorover the others is showvn in Figure 8.
The number of messagesert betweenprocessordirectly in uences the costthrough the latency, i.e. the
time neededto initialize the processof the communication through the network. The more messageshat
are sert or received, the higher the number of initializations, and consequetly the communication costis
high. We nd in the gures in the caseof 2 partitions, matrices ex19.rb partitioned by PaToH, hMeTiS,
and Monet and matrix ex35.rb partitioned by hMeTiS can exhibit completely block diagonal.

The total number of received-sen data by all processords shown in Figure 9. This indicates the cost
assciated with the bandwidth of the network. For any bandwidth size,the more data is exchanged,
the higher the communication cost. We notice in this gure that the total amount of received and sert
data for matrices partitioned by Monet and hMeTiS is rather high while those partitioned by PaToH and
Mondriaan are somewhatbetter.

These gur es are complementel by tablesin the appendix.

Figures 10 to 13 illustrate block structures of matrix ex35.rb when partitioned by PaToH, hMeTiS,
Mondriaan, and Monet, respectively.

NOTE 1. From our experiments on running hMeTiS to partition sparsematriceswe had di erent results
when run more than oncewith the sameparameterswhile PaToH with xed random seed,Mondriaan,
and Monet gave the same consistert results. For example, when used v e times to partition matrix
add20.rb into 8 partitions hMeTiS gave the results shown in Table 1.

hMeTiS
total #msg | total #data | max #msg
80 2908 13
90 2470 13
78 2397 13
84 2540 13
78 2638 13

Table 1: Five runs of hMeTiS on matrix add20.rb

NOTE 2. From Figures 6 to 9 we nd that matrix raefsky03.rbis problematic both in term of CPU
time and messagexcangewhenit waspartitioned by partitioners with the parametersmertioned above.
We thus patrtitioned it with hMeTiS and changed scemesfor coarsening,re nement, and uncoarsening.
We found that the re nement schemeshave the greateste ect on the partitioning results. Anyway, this
scheme dominates only for small numbers of partitions. When the number of partitioning increases.all
schemesgive very similar results.



5 Conclusion

From the experiments, we seethat PaToH is the fastest partitioner. The quality of the partitioning by
PaToH in terms of messageand data exchange between processorsis still good when comparedto the
other three partitioners. Monet is quite fast but its data exchange is high, which makesit inferior to
PaToH. For the other two, they are rather slow partitioners and mostly give high messageand data
exdhange.
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2 partitions 4 partitions

8 partitions 32 partitions

64 partitions 128 partitions

Figure 6: CPU times for di erent numbers of partitions.



2 partitions 4 partitions

8 partitions 32 partitions

64 partitions 128 partitions

Figure 7: Total number of received and sert messagedor di erent numbers of partitions.
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2 partitions 4 partitions

8 partitions 32 partitions

64 partitions 128 partitions

Figure 8: Maximum number of received and sert messagedgor di erent numbers of partitions.
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2 partitions

8 partitions

64 partitions

4 partitions

32 partitions

128 partitions

Figure 9: Total amount of received and sert data for di erent numbers of partitions.
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2 partitions 4 partitions

8 partitions 32 partitions

64 partitions 128 partitions

Figure 10: matrix ex35.rb partitioned by PaToH for di erent numbers of partitions.
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2 partitions 4 partitions

8 partitions 32 partitions

64 partitions 128 partitions

Figure 11: matrix ex35.rb partitioned by hMeTiS for di erent numbers of partitions.
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2 partitions 4 partitions

8 partitions 32 partitions

64 partitions 128 partitions

Figure 12: matrix ex35.rb partitioned by Mondriaan for di erent numbers of partitions.
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2 partitions 4 partitions

8 partitions 32 partitions

64 partitions 128 partitions

Figure 13: matrix ex35.rb partitioned by Monet for di erent numbers of partitions.
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LT

PaToH hMeTiS Mondriaan Monet

total total max CPU total total max CPU total total max CPU total total max CPU

matrix K #msg #data #msg | time(sec) #msg #data #msg | time(sec) #msg #data #msg | time(sec) #msg #data #msg | time(sec)
bayer02.rb 2 4 106 2 141 4 96 2 25.14 4 632 2 8.08 4 88 2 6.85
4 16 293 5 3.05 18 214 5 52.57 24 957 6 14.92 12 526 4 11.76
8 40 721 7 4.53 32 552 7 80.96 70 1738 12 22.23 28 2230 8 16.76

16 106 1480 14 5.72 80 1197 9 117.19 140 3235 13 32.17 60 8736 16 23.62

32 218 3082 19 7.67 176 2554 11 168.25 292 5502 16 41.44 186 23346 25 36.63

64 498 6337 37 9.36 300 4944 15 232.77 498 7835 17 55.94 444 31346 17 55.19

128 1190 12830 42 10.58 1074 11854 32 216.48 1288 15483 22 70.93 1138 39080 53 77.71
bayer0O4.rb 2 4 911 2 3.63 4 245 2 27.60 4 569 2 19.12 4 490 2 12.79
4 22 3049 6 5.83 20 553 5 65.26 24 1376 6 34.83 12 1578 4 23.94

8 80 4483 12 7.97 62 1338 10 105.83 92 3628 14 49.62 28 4694 8 34.43

16 200 7431 20 9.82 128 2122 13 176.78 246 5115 21 67.04 60 14082 16 44.25

32 502 9382 30 12.05 262 3792 19 224.18 426 9057 25 86.01 224 33990 29 57.42

64 968 14535 53 15.35 468 7126 20 291.10 642 13350 21 112.52 634 44554 38 79.51
128 2272 25266 75 18.23 1164 14758 32 287.91 1568 23364 31 138.79 1506 52928 88 114.91
bayer10.rb 2 4 287 2 1.97 4 184 2 17.04 4 608 2 11.06 4 324 2 10.31
4 22 603 6 3.26 16 354 5 45.64 24 1052 6 19.49 12 1138 4 19.11

8 48 901 10 5.16 42 700 7 72.91 76 2020 11 28.37 28 3762 8 26.51

16 106 2038 15 6.43 86 1571 9 109.26 152 3817 15 39.69 60 11344 16 33.41

32 272 4413 23 8.79 202 3119 16 148.52 282 5155 15 52.25 236 25492 29 44.73
64 578 8359 20 10.66 396 5589 20 208.42 490 8354 17 68.09 630 31214 40 65.44

128 1480 15400 30 12.63 1110 12799 27 194.23 1306 17550 25 85.67 1484 37426 53 97.19

epbl.rb 2 4 545 2 1.57 4 542 2 40.60 4 677 2 13.91 4 620 2 6.32
4 22 1145 6 2.69 20 1119 6 73.92 20 1607 5 27.55 12 3138 4 11.48

8 70 2265 12 3.95 54 1996 10 120.49 56 2826 10 43.93 28 10128 8 16.73

16 182 3934 18 5.22 162 3324 14 160.54 132 4483 12 60.16 80 24710 13 22.91

32 460 6613 31 6.59 328 5137 23 194.36 292 6552 16 74.50 240 32574 20 30.77
64 1052 9812 32 7.91 726 7983 36 274.44 648 9686 16 94.15 720 37544 27 42.44

128 2374 15336 73 9.06 2404 14687 55 267.57 1346 13802 16 102.64 2060 42432 40 60.45
epb2.rb 2 4 1394 2 4.03 4 979 2 96.29 4 1587 2 23.88 4 1266 2 12.36
4 24 3124 6 6.26 20 2158 6 164.94 20 3099 6 43.89 12 6752 4 23.16

8 104 5419 14 8.52 56 3958 10 234.77 82 5541 14 68.17 28 17710 8 32.12

16 248 8171 25 10.74 182 5618 16 278.44 202 7974 20 95.24 82 41204 17 41.63

32 716 11784 41 13.18 392 8949 25 352.86 514 11718 26 124.89 248 55140 25 52.25

64 1420 16963 50 15.54 814 12490 30 444.03 1076 16673 38 153.66 726 63346 33 66.07

128 3160 24580 69 18.00 2560 23126 71 416.20 2040 22072 39 183.34 2226 72326 49 85.77
ex1l.rb 2 4 2641 2 31.23 4 2542 2 271.36 4 2022 2 273.09 4 2022 2 53.24
4 14 5771 5 53.06 14 5254 5 592.39 12 5234 4 535.30 12 12414 4 103.91
8 54 12966 9 75.59 50 12228 11 810.16 36 12847 6 809.14 44 35704 8 157.96
16 150 22731 15 96.93 154 20230 17 976.20 102 22928 10 1074.99 126 47224 11 209.78
32 534 39950 30 104.53 536 38018 33 1069.97 348 41883 17 1322.40 368 64466 18 265.18
64 1654 68463 51 113.71 1382 61093 46 1226.24 1230 67600 31 1561.89 1182 87144 26 329.65
128 4080 | 109485 83 113.89 5780 | 157229 82 1075.60 3014 | 105767 41 1805.73 4304 | 157438 49 414.55

ex19.rb 2 0 0 0 2.46 0 0 0 78.53 4 570 2 29.40 0 0 0 9.95
4 10 601 4 6.55 4 327 2 166.84 16 1362 6 60.08 10 1050 3 17.06
8 38 1824 9 9.40 36 1844 7 252.87 44 2808 8 89.74 28 6212 8 25.36
16 110 5204 14 12.55 66 3672 8 329.27 84 6176 8 125.73 102 23756 17 34.44

32 336 11223 17 15.64 220 8331 14 396.53 266 10496 15 167.01 300 31800 25 45.05

64 890 20729 29 18.51 630 13937 20 492.97 568 18279 19 215.54 788 40158 27 61.97

128 2266 33325 50 20.48 2404 36725 44 447.33 1816 35730 25 246.66 2748 55160 44 99.50
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PaToH hMeTiS Mondriaan Monet

total total max CPU total total max CPU total total max CPU total total max CPU

matrix K #msg | #data #msg | time(sec) #msg | #data #msg | time(sec) #msg | #data #msg | time(sec) #msg | #data #msg | time(sec)
ex35.rb 2 4 276 2 2.75 0 0 0 57.25 4 264 2 19.51 4 120 2 8.89
4 12 438 4 4.60 4 176 2 104.17 16 960 6 38.88 12 1160 4 15.13
8 38 1046 7 6.89 26 849 5 191.76 40 2075 6 57.69 28 3798 8 21.30
16 80 2666 10 8.89 54 1971 7 251.23 60 3349 8 86.82 60 17340 16 28.58
32 162 5099 15 11.74 152 4828 11 312.83 220 6952 12 121.72 196 | 38678 18 37.49
64 514 8666 23 13.74 512 7829 19 418.06 486 11754 14 155.94 522 45468 19 50.54

128 1218 14557 22 16.27 1152 13306 25 413.06 1174 18934 18 189.04 1404 51236 24 73.47
garon02.rb 2 4 1528 2 5.32 4 1243 2 70.35 4 1774 2 58.50 4 1924 2 13.52
4 24 3828 6 9.32 20 3642 6 156.04 20 3838 6 113.63 12 8806 4 22.90
8 82 7445 13 13.80 60 5955 11 238.80 56 6796 12 168.33 44 | 25854 10 32.76
16 304 14630 27 17.06 158 8823 19 328.40 126 11400 16 222.95 192 38144 21 41.86
32 648 | 21873 41 19.87 384 | 14050 31 450.68 312 | 18139 16 276.58 780 | 49898 43 54.43
64 1688 | 35496 56 22.70 856 | 21936 42 499.88 742 | 28584 17 335.93 2612 | 65096 78 71.54
128 3622 54415 101 25.38 5002 60285 91 452.20 1746 43504 20 399.12 8192 86912 121 96.84
Ihr10c.rb 2 4 793 2 4.11 4 222 2 36.41 4 642 2 31.02 4 286 2 15.17
4 16 1382 5 7.79 14 732 5 71.87 16 1307 4 55.94 12 1806 4 27.83
8 50 2003 10 11.11 40 1456 7 124.90 56 3159 13 80.67 28 6976 8 40.95
16 126 3676 15 14.38 100 2608 12 174.21 126 6544 15 107.33 96 | 20082 15 60.52
32 290 7991 21 18.60 182 4740 19 213.26 316 12101 17 141.95 282 27532 21 87.55
64 638 15120 35 21.86 552 12524 24 260.45 716 21343 19 171.79 764 36502 24 165.89
128 1444 24043 33 24.00 1374 21123 34 237.32 2256 38835 37 191.24 1928 53498 33 229.98
Ihr10.rb 2 4 793 2 4.16 4 222 2 34.48 4 642 2 30.83 4 286 2 15.05
4 16 1382 5 7.75 12 594 4 70.75 16 1307 4 55.83 12 1806 4 27.94
8 50 2003 10 11.13 40 1246 7 113.46 56 3159 13 80.79 28 6976 8 41.15
16 126 3676 15 14.39 86 2712 11 175.91 126 6544 15 107.52 96 20082 15 60.28
32 290 7991 21 18.64 214 5388 15 218.64 316 | 12101 17 141.60 282 | 27532 21 87.20
64 638 15120 35 22.02 534 12507 29 253.98 716 21343 19 172.10 764 36502 24 165.53
128 1444 | 24043 33 24.33 1432 | 21857 29 238.93 2256 | 38835 37 191.05 1928 | 53498 33 229.98
lhrilc.rb 2 4 1186 2 6.20 4 297 2 28.43 4 518 2 29.35 4 574 2 14.76
4 22 1621 6 10.20 18 735 5 74.05 16 1613 4 54.32 12 2174 4 27.69
8 52 2689 10 13.03 40 1508 7 116.02 68 3981 10 82.42 28 7050 8 40.54
16 134 3779 15 16.79 92 2471 12 169.44 184 8450 18 109.36 88 18602 14 56.09

32 324 8258 21 20.19 218 5468 16 202.56 270 11249 16 143.81 274 26954 21 94,22
64 684 15589 31 24.04 600 13541 23 250.03 736 21024 24 173.23 686 35448 32 158.46
128 1462 | 24018 28 25.91 1332 | 20386 33 231.20 2338 | 39038 35 191.42 1828 | 53854 43 219.51
lhril.rb 2 4 1186 2 6.16 4 365 2 25.39 4 518 2 29.19 4 574 2 14.61
4 22 1621 6 10.08 14 727 5 75.20 16 1613 4 54.30 12 2174 4 27.71
8 52 2689 10 13.07 38 1242 7 118.87 68 3981 10 82.53 28 7050 8 40.65
16 134 3779 15 16.66 90 2674 9 164.45 184 8450 18 109.81 88 | 18602 14 55.90
32 324 8258 21 20.13 232 5215 23 211.50 270 11249 16 143.86 274 26954 21 94.40
64 684 | 15589 31 23.75 528 | 12563 22 253.43 736 | 21024 24 173.00 686 | 35448 32 158.86
128 1462 24018 28 25.72 1342 20706 36 231.36 2338 39038 35 191.35 1828 53854 43 219.64
Ihrl4c.rb 2 4 1062 2 8.16 4 288 2 47.75 4 648 2 38.93 4 298 2 17.61
4 20 1252 6 12.33 12 629 4 92.36 20 1644 6 72.16 12 1870 4 34.06
8 56 1686 10 17.53 44 1580 7 144.59 62 2813 11 107.55 28 6898 8 50.74
16 124 4387 13 21.69 94 2787 11 220.29 148 7396 14 146.17 80 21434 16 70.51
32 294 7965 19 27.22 208 5150 15 278.92 294 12588 17 183.18 264 32532 21 100.18
64 724 | 14916 33 30.77 444 | 10998 26 329.83 606 | 19100 19 222.16 660 | 41176 30 151.25
128 1704 | 24418 41 35.29 1236 | 21108 37 311.65 1870 | 39924 31 256.74 1594 | 53818 39 253.11
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lhri4.rb 2 4 1062 2 8.24 4 288 2 47.05 4 648 2 38.73 4 298 2 17.60
4 20 1252 6 12.12 16 758 5 104.46 20 1644 6 72.01 12 1870 4 33.87

8 56 1686 10 17.66 48 1337 10 160.42 62 2813 11 107.76 28 6898 8 50.38

16 124 4387 13 21.62 106 2975 12 230.42 148 7396 14 145.75 80 21434 16 70.69
32 294 7965 19 27.42 214 5580 19 263.74 294 | 12588 17 183.62 264 32532 21 100.07
64 724 14916 33 31.19 444 10819 18 329.56 606 19100 19 222.38 660 41176 30 151.38

128 1704 24418 41 35.42 1178 20621 32 321.84 1870 39924 31 256.43 1594 53818 39 252.79

Ihrl7c.rb 2 4 1486 2 11.73 4 568 2 42.31 4 1448 2 48.29 4 594 2 24.25
4 20 1750 5 17.86 14 920 5 102.90 24 2711 6 88.91 12 2454 4 45.02

8 68 2878 13 24.17 42 2047 9 166.63 66 4042 12 131.73 28 8630 8 64.11

16 150 4885 15 29.51 106 3400 12 250.03 172 8193 15 174.00 84 26108 17 87.32
32 282 8062 18 35.07 218 5695 21 334.88 296 13024 21 224.29 252 38072 21 120.64
64 634 | 15276 23 40.10 478 10525 25 404.69 600 | 21615 21 278.35 608 48102 26 181.74

128 1456 29433 34 45.47 1268 26041 34 388.37 1622 40955 31 320.64 1538 66640 38 328.52

Ihrl7.rb 2 4 1486 2 11.79 4 475 2 43.30 4 1448 2 48.23 4 594 2 24.22
4 20 1750 5 17.86 12 858 4 105.33 24 2711 6 88.73 12 2454 4 44.89

8 68 2878 13 24.26 48 1970 8 176.60 66 4042 12 131.72 28 8630 8 64.07

16 150 4885 15 29.58 110 2932 13 261.35 172 8193 15 173.59 84 26108 17 86.91
32 282 8062 18 35.22 242 5667 15 333.73 296 13024 21 224.43 252 38072 21 120.58
64 634 | 15276 23 39.67 432 10279 29 405.48 600 | 21615 21 276.85 608 48102 26 182.83
128 1456 29433 34 45.55 1290 26551 32 395.30 1622 40955 31 319.83 1538 66640 38 328.56
memplus.rb 2 4 8112 2 4.92 4 7130 2 47.89 4 12376 2 36.88 4 15904 2 46.07
4 22 | 14904 6 6.16 20 23555 6 105.28 24 | 20440 6 68.08 16 39300 5 87.58

8 98 24094 14 7.38 76 25072 14 195.88 112 33151 14 94.09 62 54084 11 99.87
16 360 | 30787 27 8.66 352 29296 30 241.91 470 | 46241 30 116.58 226 65186 22 108.99
32 1146 | 39775 52 9.64 902 29309 62 430.10 1824 | 52397 62 132.63 808 75728 a4 115.98

64 3164 47585 103 10.83 2368 34450 96 1150.45 6054 65278 120 152.88 3034 86942 86 122.79

128 8536 | 59691 201 11.92 || 10412 65625 211 184.68 || 17382 | 83567 220 171.13 8702 99004 157 129.58

olafu.rb 2 4 1788 2 16.41 4 1554 2 167.78 4 2136 2 223.39 4 2460 2 41.26
4 16 3041 6 34.16 18 3720 6 328.65 22 4580 6 431.38 12 10548 4 73.32
8 58 6742 10 48.73 64 6542 13 468.04 58 8113 10 644.42 38 29106 9 103.51
16 154 12035 20 64.03 196 16140 21 537.75 132 15094 15 874.78 124 40206 13 133.41
32 404 | 20153 34 78.18 664 40349 39 654.60 286 | 24711 18 1065.62 350 50712 21 165.85
64 940 35452 49 83.77 1454 66363 66 990.18 720 40400 17 1278.87 1122 70598 34 232.35

128 2394 | 63984 68 91.23 8694 | 348779 162 652.78 1630 | 66254 22 1449.94 3122 | 120604 42 313.58
perrel.rb 2 4 1200 2 9.04 4 1200 2 112.39 4 1800 2 73.71 4 1800 2 13.34
4 22 2646 6 13.85 20 2365 6 203.63 20 3625 6 133.74 12 8346 4 21.07
8 64 5185 11 20.18 60 4415 12 277.98 56 6645 10 201.45 28 24218 8 29.44

16 172 8704 19 24.41 158 7055 16 371.75 138 10753 14 277.48 104 41994 15 39.56

32 438 13614 31 30.72 354 10720 24 451.94 304 15103 15 353.09 316 50484 22 52.06

64 1000 | 21952 44 34.17 754 16230 35 510.56 672 | 23792 15 430.68 1030 60446 32 69.64

128 2104 34336 56 37.86 1574 25695 36 487.64 1454 36122 17 516.97 3464 72952 45 97.60
poli_large.rb 2 4 7310 2 0.50 4 3136 2 8.09 4 2158 2 7.52 4 924 2 63.75
4 16 | 12038 6 0.72 16 4403 5 19.28 22 2837 6 13.81 12 2718 4 117.65
8 62 15465 13 1.03 64 5762 12 25.66 100 3890 14 20.13 28 5570 8 149.80
16 218 18565 25 1.29 160 7331 20 35.43 284 4768 25 24.79 60 11770 16 160.83
32 696 20988 48 1.60 458 8834 41 51.38 560 6333 32 32.07 214 22680 34 172.60
64 2044 | 23168 88 2.06 1030 10355 82 69.41 952 7020 31 38.63 748 31436 65 180.56

128 4860 | 24829 152 2.58 2694 12655 140 61.35 1532 8381 31 46.03 1890 35944 83 186.52
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raefsky03.rb 2 4 2896 2 23.44 4 17339 2 231.63 4 2480 2 270.94 4 2704 2 30.95
4 22 4860 6 47.92 24 44196 6 366.18 16 5360 4 513.83 12 11296 4 45.34

8 62 7300 11 72.78 112 114303 14 448.66 68 9992 10 760.99 38 32480 9 59.85

16 154 11752 16 102.24 480 210107 30 508.65 152 16392 14 1028.72 128 47616 16 74.73

32 360 20020 23 113.07 1300 70444 51 1689.69 380 26456 16 1290.18 400 58016 22 92.37

64 858 33600 42 132.64 2994 95454 84 3334.64 804 42784 16 1585.13 1380 71424 35 115.77

128 2170 61024 42 141.68 28532 | 1011961 244 406.90 1690 69601 22 1853.86 3140 | 137344 38 177.02

raefsky04.rb 2 4 2895 2 23.73 4 2208 2 279.73 4 2964 2 310.89 4 3096 2 46.63
4 22 7686 6 48.34 16 6844 6 529.09 16 7224 6 615.70 12 10994 4 79.67

8 78 15021 11 66.26 68 20294 12 780.40 62 14184 11 902.41 36 38226 8 117.10
16 208 24694 18 88.46 186 27159 22 1131.28 144 24382 14 1225.32 136 52476 14 158.44

32 518 39247 33 103.91 762 61309 42 1029.13 360 42515 18 1541.71 412 71694 20 206.61

64 1626 69227 61 113.95 2016 105949 80 1356.53 890 70037 24 1825.73 1280 | 101586 32 275.99

128 3952 | 111318 76 118.90 10226 335212 152 1112.38 2702 | 110729 35 2068.88 3540 | 175396 38 345.25

wang3.rb 2 4 3062 2 5.88 4 2642 2 78.35 4 4492 2 44.42 4 5220 2 16.60
4 24 6365 6 10.41 24 5690 6 150.12 24 9171 6 85.07 12 19734 4 29.78

8 96 10020 14 13.74 88 9102 14 265.92 84 13324 14 114.94 42 43902 9 44.64

16 256 14965 21 17.49 232 13717 26 366.03 240 17447 28 150.74 148 60030 18 60.38

32 694 21964 38 20.18 592 20350 38 462.74 576 24976 32 175.08 512 68882 33 79.47
64 1704 30962 61 22.71 1408 28226 50 589.98 1306 34309 35 205.46 1832 78114 56 103.54

128 3838 42494 71 25.78 3456 40136 75 554.45 2974 45594 43 231.85 4686 88530 66 133.38

wang4.rb 2 4 3031 2 4.09 4 2669 2 114.40 4 5220 2 40.31 4 5220 2 15.88
4 24 6118 6 8.51 24 5865 6 191.45 24 7972 6 79.65 12 19630 4 28.56

8 94 9720 14 12.53 84 9048 14 277.66 84 12962 13 114.67 44 47202 10 43.42

16 264 14672 25 15.35 228 13659 21 355.09 242 17734 26 144.83 170 62824 20 59.38

32 704 21854 38 19.28 644 20132 40 482.51 564 24488 36 176.66 594 72602 39 77.29

64 1704 30103 55 21.47 1506 28483 51 593.85 1352 32741 35 205.99 2132 81448 67 101.02

128 3608 41675 68 23.71 3542 40146 77 564.78 2876 43652 36 232.85 5298 92574 86 128.19




