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Abstract

This paper analysesa family of parameterised Quadratic Eigenvalue Problems from Acous-
tics in the framework of Homotopic Deviation theory. Our speci�c application is the acoustic
wave equation (in 1D and 2D) where the boundary conditions are partly pressurerelease(ho-
mogeneousDiric hlet) and partly impedance, with a complex impedance parameter � , where
t = 1

� is the classical homotopy parameter. Therefore the limit jt j ! 1 (equivalent to � ! 0)
receives the physical interpretation that the impedancecondition is transformed into a pres-
sure releasecondition. This physical interpretation enablesus to give the kernel points (a key
notion in Homotopic Deviation theory) in closed form as eigenvalues of the discrete Diric h-
let problem. Finally , we prove the existence, amongst the kernel points, of critical points
which can never never correspond to a resonancefrequency, irrespective of the value of the
impedance.

Keyw ords: Acoustic wave equation, pressurerelease,impeding boundary, impedance,Homotopic
Deviation, critical point, kernel point, quadratic eigenproblem.

1 In tro duction

The variation of the spectrum of linear operators and matrices under the in
uence of oneor several
parametershaslong beenan active domain of research, giving rise to the elegant analytic/algebraic
spectral theory initiated by Puiseux. Amongst many other in
uen tial references,one can cite
Aupetit [4], Baumg•artel [5], Kato [22], and more speci�cally about matrices Arnold [3], Gohberg
et al. [19], Lancaster and Tismenetsky [23], Lidskii [24], and Moro et al. [25]. The particular case
of a linear dependenceon a parameter t 2 C, of the form A (t) = A + tE has beenstudied by one
of us [7, 8, 9]. Seealso [1, 2, 27].

In the 1990's, there has been a renewed interest for the topic amongst Numerical Analysts,
coming form the widespreadavailabilit y of graphical tools, as exempli�ed by Trefethen [29], Si-
moncini [27], and Chaitin-Chatelin and co-workers[13, 14, 15, 16]. In particular, the easyaccessto
plots of parameterisedcomputed spectra of matrices made it possibleto explore computationally
the spectral maps t ! � (t) 2 � (A (t)), the spectrum of A (t), that is the set of eigenvaluesof A (t).
They are the singularities of the resolvent �eld z ! R (t; z) = (A + tE � zI ) � 1 [7, 8, 9, 13, 17].

For any t 2 C, R (t; z) is de�ned for all z in the resolvent set re(A ) = Cn� (A ), as long
as z is not an eigenvalue of A (t) = A + tE. The analyticit y of t ! R (t; z) is guaranteed for
jt j < 1=� (E(A � zI ) � 1), where � (:) denotesthe spectral radius [7, 8, 9]. What can be said beyond,
for jt j � 1=� (E(A � zI ) � 1)?

We exclude the degeneratecasewhere � (A (t)) = � (A ) 8t 2 C. Then there are at most n
di�eren t matrices A (t i ); i = 1; � � � ; n; such that z 2 � (A (t i )) for any z in re(A ) : R (t; z) exists for
almost all t 2 C. The connection betweenz and t which makes R (t; z) singular is central in our
investigation.

� Univ ersit �e Toulouse I and CERFACS, 42 Av. G. Coriolis, F-31057 Toulouse cedex 1, France, E-mail:
chatelin@cerfacs.fr
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When E is regular, lim j t j!1 R (t; z) = 0 and for all n eigenvalues� (t) of A (t); j� (t)j ! 1 . How-
ever, when E has rank r , 1 � r < n, two new phenomenaoccur. Firstly , when lim j t j!1 R (t; z) =
R (1 ; z) exists, it is nonzero and computablein closed form. Secondly, certain eigenvalues� (t) may
remain at �nite distance in the limit of jt j ! 1 . Among the points in re(A ) where R (1 ; z) does
not exist, there are �nitely many kernel points which are the limit of � (t) as jt j ! 1 . Moreover,
it is possible that among these kernel points there exist critic al ones for which z cannot be an
eigenvalue of A (t) for any �nite t. At a critical point, the resolvent R (t; z) is a polynomial in t of
degree� � r . Points z in re(A ) which are not eigenvaluesof A (t) for any t 2 C have beenstudied
in [2, 4] from the perspective of algebraic geometry, using � (E(A � zI ) � 1) = 0. A point z that is
critical satis�es this condition and in addition z = lim j t j!1 � (t).

The properties of R (t; z) and of � (A (t)) in the limit jt j ! 1 depend on the Jordan and Frobe-
nius structures of 0 2 � (E). An account of the complete theory of Homotopic Deviation is beyond
the scope of this paper, and the interested reader is referred to [10, 11, 12, 24, 25]. Here we focus
on the casewhere 0 2 � (E) is semi-simple.

Our main goal is to present an examplewhich arisesin Computational Acoustics and to discuss
its physical signi�cance. The homotopy parameter t is taken to be t = 1=� , where � is the complex
impedanceof the impeding boundary.

The paper is divided into two parts. Part A gives the necessarytheoretical background. The
simple version of the Homotopic Deviation theory that is presented in Section 2 is valid under the
assumption(�) that 0 2 � (E) is semi-simple(no Jordan blocks of size� 2). It is su�cien t to cover
our application, including the existenceof critical points (Corollary 2.5). In Section 3, we show
how Quadratic Eigenproblemsof order n, depending linearly on a parameter t, are amenableinto
the form A (t) = A + tE of order 2n = N , where E has rank r; r � N=2 = n < N .

Part B is devoted to the discretewaveequation with an impeding boundary condition controlled
by the impedance� [30]. The condition becomesNeumann(resp. Dirichlet) as� ! 1 (resp 0) [26].
The Homotopic Deviation theory, combined with the properties of the continuous wave equation
allows us to give the kernel points in closed form as eigenvaluesof the discrete Dirichlet problem.
We also specify which of them are critic al. We are able to prove that the degree� of the polyno-
mial R (t; z) is � = 1 for the critical points. Ample numerical illustrations are provided in Section6.

Our topic of research is a specialized version of more general problems in Matrix and Linear
Operator Theory, usually analysedby analytic spectral theory [5, 22], which often puts a limit to
jt jkEk, or by algebraic geometry on the spectral variety (t; z) ! det(A + tE � zI ) = 0, where (t; z)
describe C2 [4]. A third approach for such problems, stimulated by linear systemstheory, consists
of the theory of (nonmonic) matrix polynomials [19, 23].

In Homotopic Deviation theory, we speci�cally look beyond analyticit y in t, for jt j large enough.
Our tools are elementary linear algebra, based on the Jordan structure of 0 2 � (E). The rank
de�cient matrix E is called deviation, and the term "p erturbation" covers the casewhere jt jkEk is
limited, E beingpossiblyof full rank. Our work providesan elementary analysisfor z; t 2 �C = C[ 1
of singular perturbation theory for matrices, sinceE singular is the caseof interest. To the best of
our knowledge,the study of R (t; z) and � (t) asjt j ! 1 hasbeen,sofar, scatteredin the literature.
And we believe that the notion of kernel/critical points is new [10, 11, 12].

In the vast literature concernedwith analytic/algebraic spectral theory, the recent papers [1, 2]
deserve special mention. Alam and Bora study the map t ! � (A (t)) for any t in C (but not in
the limit jt j ! 1 ), with sophisticated tools from algebraicgeometry and advancedspectral theory,
which are not easily related to the structure of 0 2 � (E). Following [4] they alsostudy in [2] points
which cannot belong to any � (A (t)) for t 2 C from their abstract perspective. The eclectic reader
will enjoy the complementary viewpoints on � (A (t)) which stem from [1, 2, 4] and from this paper,
seeSection2, and in particular paragraphs2.7 to 2.10. The morepedestrianapproach of Homotopic
Deviation is driven by algorithmic considerationsarising from the Sherman-Morrisonformula [20].
The key role of the structure of 0 2 � (E) emergesnaturally from the computational perspective; see
[11] for an application to Arnoldi's algorithm, where E doesnot satisfy (�). Homotopic Deviation
tries to make the best useof the extreme simplicit y of the matrix setting to present results which
are speci�c to the l inear coupling A (t) = A + tE, leading to computational insight for Numerical
Software.
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Part A: Homotopic Deviation theory

2 A simple version of the Homotopic Deviation theory

We �rst review the caserank E = n, which o�ers no striking features. When E is singular, we
assumethroughout the paper that 0 2 � (E) is semi-simple: this is the assumption (�).

2.1 Preliminaries

A and E are given matrices in Cn � n , which are coupled by the complex parameter t to form
A (t) = A + tE. We study two maps:

t 2 C ! R (t; z) = (A (t) � zI ) � 1;

for z given in re(A ), and
t 2 C ! � (A (t)) :

We set
F z = � E(A � zI ) � 1; z 2 re(A ):

Formally
R (t; z) = R (0; z)( I � tF z )� 1

exists for t 6= 1=� z ; � z 2 � (F z ) and is computable as

R (t; z) = R (0; z)
1X

k=0

(tF z )k for jt j < 1=� (F z); � (F z ) = max j� z j:

2.2 E is regular.

When rank E = n, 0 62� (F z ), and the eigenvaluesof F z aredenotedby � iz ; i = 1; � � � ; n. Therefore
R (t; z) is de�ned for almost all t 2 C, t 6= t i , with t i = 1=� iz ; i = 1; � � � ; n. Consequently z is an
eigenvalue of the n matrices A (t i ); i = 1; � � � n. What happensin the limit when t ! 1 ?

We set s = 1=t; t 6= 0:
I � tF z = (sF � 1

z � I )tF z ;

and
(I � tF z )� 1 = � sF � 1

z (I � sF � 1
z )� 1 ! 0 as s ! 0:

Therefore
lim

j t j!1
R (t; z) = 0:

Similarly

A (t) = A + tE = t(sA + E) =
1
s

(E + sA ):

An eigenvalue � (t) of A (t) is such that

� (t) =
� (s)

s
with � (s) 2 � (E + sA ):

Clearly, by continuit y,
� (s) ! � 2 � (E) as s ! 0;

and � 6= 0 implies j� (t)j ! 1 . In order to get a richer situation, we assumefrom now on that E
is rank de�cient , r = rank E < n.
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2.3 E = UV H with U ; V 2 Cn� r of rank r; 1 � r < n:

Any singular matrix E of rank r can be written under the form

E = UV H ; with U ; V 2 Cn � r of rank r; 1 � r < n:

where U ; V of rank r represent a basis for I m E, I m EH respectively [20]. F z has now rank r , so
that at most r eigenvalues� iz ; i = 1; � � � ; r are nonzero. They are the r eigenvaluesof

M z = � V H (A � zI ) � 1U 2 Cr � r ; z 2 re(A ):

By applying the Sherman-Morrison formula [20] we have that

R (t; z) = R (0; z)[I n � tU (I r � tM z )� 1V H R (0; z)] (2.1)

exists for t 6= 1=� z ; � z 2 � (M z ).

2.4 The limit of R(t; z) when jtj ! 1 , for z 2 re(A ).

We supposethat jt j > 1=min j� z j; 0 6= � z 2 � (M z ).

Prop osition 2.1 For 1 � r < n, z given in re(A ) such that rank M z = r , lim j t j!1 R (t; z) exists
and is given by

R (1 ; z) = R (0; z)[I n + UM � 1
z V H R (0; z)]

Pro of By assumption, M � 1
z exists. I r � tM z = (sM � 1

z � I r )tM z ,

(I r � tM z )� 1 = � sM � 1
z (I r � sM � 1

z )� 1;

� tU (I r � tM z )� 1 = UM � 1
z (I r � sM � 1

z )� 1 ! UM � 1
z :

The rest follows from (2.1).

4
When M � 1

z exists, the asymptotic resolvent R (1 ; z) exists and is computable in closed from.
This shows the dual role played by the two quantities jt1 j = 1=max j� z j = 1=� (M z) and jt r j =
1=min j� z j = � (M � 1

z ). jt1j de�nes the largest analyticit y disk (in t) for R (t; z), whereasjt r j de�nes
the smallest value of jt j beyond which R (t; z) is analytic in s = 1=t. jt1j rules the initial analytic
behaviour of R (t; z) for small enoughjtj (computable by meansof

P 1
k=0 (tM z )k ), and jt r j rules the

asymptotic behaviour for large enoughjtj, (computable by meansof M � 1
z

P 1
k=0 (sM � 1

z )k ; s = 1=t).
In general, lim z! � � (M z ) = 1 for � 2 � (A ). However, it is possiblethat the limit is �nite for

special E (seeparagraph 2.6). Similarly, in general � (M � 1
z ) is �nite. The characterisation of z in

re(A ) such that 0 2 � (M z ) is given below under (�).

2.5 lim j t j!1 � (A (t)) when 0 2 � (E) is semi-simple

The following characterisation is straightforward:

(�) , 0 2 � (E) is semi� simple , Cn = I mE � K er E , G = V H U has rank r ,

0 has (algebraic = geometric) multiplicit y g = n � r :

Sincewe assumethat (�) holds, the invariant subspacefor E associated with 0 is the eigenspace
K er E. The associated spectral projection is P = I � UG � 1V H ; P projects onto K er E along
I m E.

Prop osition 2.2 Under the assumption(�) , there exist g eigenvalues� (t) suchthat lim j t j!1 � (t) =
� , with � 2 � (� ) where � is the r � r matrix representingPAP restr icted to K er E.
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Pro of We recall that � (t) = � (s)
s , where � (s) 2 � (E + sA ). By assumption, � = 0 is semi-

simple. Therefore the seriesexpansion� (s) = � s+ O(s� ); � > 1 is valid around � = 0 of multiplicit y
g for s small enough. There exist g eigenvalues� i (t) = � i (s)

s ! � i as s ! 0; i = 1; � � � ; g: The fact
that � i 2 � (� ) is standard in perturbation theory for the semi-simpleeigenvalue � = 0 ([8], p. 106,
[22], p. 402). 4

Amongst the n eigenvaluesof A (t), r escape to in�nit y, while g = n � r remain at �nite distance
as jt j ! 1 . Their limits are the g Ritz valuesfor A , associated with the projection P on K er E.

Remark 2.1 The matrix � plays the role of the Galerkin approximation of A with P . Computing the
r Ritz valuesin � (� ) is therefore a problem which is well understood in the context of Krylo v-t ypemethods.

Becausethe relation t� z = 1 holds for z 2 re(A ) which is an eigenvalue of A (t), we expect that
jt j ! 1 , j� z j ! 0. Are the limit points � in re(A ) for the eigenvalues � (t) such that M � has
rank <r?

De�nition 2.1 The kernel points of (A ; E) are the eigenvaluesof � � PAP which are not eigen-
valuesof A .

Prop osition 2.3 Let � 2 re(A ) be a kernel point. The geometric multiplicity of � in � (� ) and of
0 in � (M � ) are both equal to 
 � min(r; g).

Pro of Let (� ; u) be an eigenpair for PAP . The residual vector v = (A � � I )u 2 I mE is
nonzerosince� 62� (A ). It de�nes a unique a 2 Cr , a 6= 0, by v = Ua , or a = G � 1V H v 6= 0. The
vector a satis�es

� M � a = V H (A � � I ) � 1Ua = V H (A � � I ) � 1v = V H u = 0 :

a is an eigenvector for M � associated with 0 2 � (M � ). There is a 1 to 1 correspondencebetween
K er(� � � I ) and K erM � , and g � dim K er(� � � I ) = 
 = dim K erM � � r . The conclusion
follows.

4
Proposition 2.3 shows that a kernel point is a limit point for � (t) in re(A ) for which M z has

rank <r . What can be said when lim t !1 � (t) is an eigenvalue � 0 of A ?

2.6 � 0 = (lim t !1 � (t)) 2 � (A ).

We distinguish whether the eigenvector u for PAP associated in K erE with � 0 is an eigenvector
for A or not.
i) u is an eigenvector for A , then v = (A � � 0I )u = 0 and A (t)u = (A + tE)u = Au = � 0u.
Therefore � = � 0 = � (t) for any t: � is invariant under tE and u 2 K er(A (t) � � I ).
ii) u is not an eigenvector for A , then v = (A � � 0I )u 6= 0, and � 0 can be di�eren t from � (0) = � .
Moreover, � (t) 6= � for almost all t 6= 0 and � evolves with t in re(A ).

This raisesthe question of the existenceof lim z! � 0 M z . Using the Laurent expansionof R (0; z)
around � 0, we get

M z = � V H (
� P � 0

z � � 0 �
a� 1X

k=1

D k
� 0

(z � � 0)k+1 +
1X

k=0

(z � � 0)k Sk+1
� 0 )U ;

where P � 0; D � 0; S� 0 denote respectively the spectral projection, nilpotent, reducedresolvent for � 0

eigenvalue of A of ascent a, see[8], chapter 2, p. 59. We concludereadily that
1) if � = � (t) = � 0 is invariant, either M � does not exist and lim z! � � (M z ) = 1 , or M � exists
with M � = � V H S� U which is not necessarilysingular,
2) if z = � (t) evolves from � (0) = � to � 0, the convergence� r z ! � r � 0 = 0 forces lim z! � 0 M z to
exist, equal to M � 0 = � V H S� 0U which is singular. As a consequence,lim z! � 0 � (M z ) < 1 . � 0

is not seenas an eigenvalue by the Homotopic Deviation process(A ; E). Observe that � = � 0 is
possible.
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2.7 In varian t and evolving eigenvalues

In view of the above discussion,it is natural to intro ducethe distinction in � (A ) betweeninvariant
eigenvalues(� (t) = � for any t) and evolvingeigenvalues(� (t) 6= � for almost all t 6= 0) [12]. Observe
that this de�nition treats each eigenvalue � (t) individually . This viewpoint is di�eren t from the
one presented by Alam-Bora [1, 2] where they consider � as a group according to its algebraic
multiplicit y. They intro duce in [1], De�nition 4.1, p. 205, the notion of (�nitely/in�nitely) stable
versusunstable eigenvalues. A characterisation by meansof � (M z ) (appropriately extended into
� (A )) is given in [1] Theorem 4.2, p. 206. Note that stable eigenvalues� are necessarilyinvariant
� such that M � exists.

We exemplify the di�erences of viewpoint on two examples:

Example 2.11

A = diag(A 1; A 1) with

A 1 =
�

1 1
0 1

�

and E = uu T with u = (1; 1; 1; 1)T and uT u = 4; � (A ) = f (12)2g. We get P = I � 1
4 uu T ,

PAP =
1
8

0

B
B
@

5 3 � 3 � 5
� 1 5 � 1 � 3
� 3 � 5 5 3
� 1 � 3 � 1 5

1

C
C
A :

E is rank 1, so is F z , with � z = 4z� 2
(z� 1) 2 . The Alam-Bora de�nition declares� = 1 unstable, since

lim z! 1 j� z j = 1 .
Now � (� ) = f (12); 1=2g: one of the 4 eigenvaluesof A tends to in�nit y, two remain invariant

at � = 1 and one eigenvalue tends to the kernel point 1/2. Therefore � (A ) consistsof the same
multiple eigenvalue � = 1, which represents invariant and evolving individual eigenvalues.

Example 2.2

A =

0

B
B
B
B
B
B
@

2 1 0 0 0 0
0 2 0 0 0 0
0 0 � 1 1 0 0
0 0 0 4 0 0
0 0 0 0 3 0
0 0 0 0 0 1

1

C
C
C
C
C
C
A

E =

0

B
B
B
B
B
B
@

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 1
0 0 0 0 1 1

1

C
C
C
C
C
C
A

This is Example 1.1 [1], p. 191. As jt j ! 1 , the evolving eigenvalue � (t) = 2+ t �
p

(1 + t2) tends
to 2. According to Alam-Bora, -1, 4 (resp. 2) are �nitely (resp. in�nitely) stable for t 2 C. By
our de�nition, these 3 eigenvaluesare invariant. Our viewpoint adds that 2 is not only a double
invariant eigenvalue, but also an inexact eigenvalue for A with backward error jt j = 1 , because
� (t) originating from 1 tends to 2 as jt j ! 1 . We observe that E of rank 2 doesnot satisfy (�).
As a result,

M z =
� 2z� 4

(1 � z)(3 � z) 0
0 0

�

is singular for all z 2 C, z 6= 1; 3, and R (1 ; z) never exists.

We end this paragraph by an illustration of an earlier remark in Section 2.6 that the two prop-
erties (� invariant) and (� (M z ) = � (F z ) < 1 ) need not be related. In Example 2.1 two copies
of the eigenvalue � = 1 are invariant even though lim z! 1 j� z j = lim z! 1 � (F z ) = 1 . The two
examplesgiven above show that the initial information (jt j small) contained in z ! � (F z ) may
not be su�cien t for predicting the fate of the eigenvalues� (t) as t ! 1 . An easycharacterisation
under (�) is provided by the asymptotic information delivered by � . � is invariant under (resp.

1Example kindly provided by one of the referees.
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evolving with) t 6= 0 i� � (t) convergesto a Ritz value corresponding to a zero residual for A (resp.
escapesto in�nit y, or convergesto a Ritz value with a nonzero residual).

2.8 Critical poin ts

It is well known that if M z is nilpotent (M �
z = 0 with M � � 1

z 6= 0; 1 � � � r ), then

(I � tM z )� 1 =
� � 1X

k=0

(tM z )k

for any t 2 C, and R (t; z) is a polynomial in t of degree� : the responseto any right hand side
can be computed for any t in � steps. � is the size of the largest Jordan block (ascent or index)
of 0 2 � (M z ) [8, 9, 23]. It is therefore algorithmically justi�ed to look at the question of whether
M z can be nilpotent for somez 2 re(A ).

De�nition 2.2 A point z in re(A ) suchthat � (M z ) = 0 is a nilpotency point for (A ; E). A kernel
point z such that � (M z ) = 0 is critic al.

Remark 2.2 The de�nition comes from the fact that the singularities of the subharmonic map
z ! � (M z ) correspond to z such that � is either + 1 or 0 [6, 10].

If M z is nilpotent, � iz = 0; i = 1; � � � ; r : 0 2 � (M z ) has algebraic multiplicit y r , and
jt1j = jt r j = 1 . We assumefor the time being that M z is not nilpotent everywhere in re(A ).

In the absenceof (�), a nilpotency point z in re(A ) neednot be the limit of � (t) as jt j ! 1 ,
[12]: critical points are special nilpotency points which expressa limit property for � (t) as jt j ! 1
which doesnot hold in generalat an arbitrary z such that � (M z ) = 0.

However, under (�) the two notions coalesce.In addition, when r = 1, the notion of kernel and
critical points coalesce.There are at most g = n � 1 critical points. What can be said about the
existenceof critical points for 2 � r < n? We use proposition 2.3 and distinguish whether r � g
or r > g.

Prop osition 2.4 At a critic al point � , the degree � of the polynomial t ! R (t; � ) satis�es
i) 1 � � � r when r � [ n

2 ],
ii) 2 � � � r when r > [ n

2 ].

Pro of For � critical, � (M � ) = f 0g and the geometric multiplicit y of 0 is 
 � min(r; g) by
Proposition 2.3. Given 
 , the largest value for � , the degreeof nilpotency of M � , is obtained when
there is a unique Jordan block, that is � = r � 
 + 1. Now the upper bound for 
 gives a lower
bound for � :
i) r � g , r � [ N

2 ], implies 1 � � � r ,
ii) r > g , r > [ N

2 ] implies 2 � � � r .
In casei) � = 1 is possible,in which caseM � = 0 is semi-simple. However, in caseii) M z is always
defective. 4

Corollary 2.5 If r � [ n
2 ] and � 2 re(A ) is a kernel point with geometric multiplicity 
 = r , then

� is a critic al point with � = 1.

Pro of Simple consequenceof Proposition 2.4. 
 = r implies � = 1 in casei). We remark
that R (t; � ) = R (0; � )[I � tER (0; � )] = R (0; � )[I � tF � ] is a polynomial in t of degree1 which is
computable from E and R (0; � ) only. 4
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2.9 The exceptional case � (A (t)) = � (A ) for t 2 C.

In the genericcasewhereM z is not nilpotent everywherein re(A ), that is, when there exists t such
that � (A (t)) 6= � (A ) , the maximum number of kernel/critical points is �nite. If z ! � (M z ) = 0
for any z 2 re(A ), then clearly all points in re(A ) are nilpotency points. This is equivalent to
� (A (t)) = � (A ) for t 2 C.

Using the setting of algebraic geometry, Alam and Bora prove in [2] the theorem 4.1, p.338,
which bounds N , the number of nilpotency points by N � min (degV; n � 1) 1 or N = 1 . Our
computational approach is concernedwith the number K of kernel points and we get N � K �
g = n � r under (�). The value n � 1 can be achieved for r = 1 if � (� ) \ � (A ) = ; . This is indeed
the casefor Example 4.1 [2], p. 338. E has rank 1 and the critical points are the 2 eigenvalues
2 � i of the matrix � derived from

PAP =

0

@
0 0 0

� 1 2 1
2 � 1 2

1

A ;

with P = I � E being the spectral projection associated with 0 2 � (E), on K erE = l in (e2; e3).
Clearly � (� ) \ � (A ) = ; .

2.10 Visualisation to ols

In the version of the Homotopic Deviation theory presented (under (�)), the r � r matrix M z =
� V H (A � zI ) � 1U plays a prominent role.

Of special interest are the quantities � (M z ) = 1=jt1j and � (M � 1
z ) = jt r j, when they exist. As

we saw in the intro duction, jt1j 6= 0 rules the analyticit y in t of R (t; z) and jt r j < 1 rules the
existenceof R (1 ; z). It is therefore natural to plot the two maps:

� 1 : z 2 C ! � (M z ) = � (F z );

� 2 : z 2 C ! � (M � 1
z ):

The �rst map � 1 de�nes the (homotopic) spectral portr ait of (A ; E). It is a subharmonic function
of z in re(A ), and possibly at certain eigenvaluesof A . Its peaksat + 1 (resp. wells at 0) indicate
(some of) the eigenvalues of A (resp. the critical points plus possibly some eigenvalues of A ).
Spectral portraits are shown in Part B.

For r = 1; E2 6= 0 then p(z) = � (M z )� (M � 1
z ) = 1 for any z not critical in re(A ) and � 2 doesnot

carry more information than � 1: the kernel points are critical. For r > 1; p(z) 6= 1 in generaland
� 2 carries additional information about those kernel points which are not critical. The complete
analysis of � 2 is beyond the scope of this paper. The reader is referred to [12] where it is shown
how the two maps � 1 and � 2 give the localisation in C of the 3 types of remarkable z we have
encountered: eigenvaluesof A , critical and kernel points of (A ; E).

However, we saw in the Examples 2.1 and 2.2 that certain interesting properties of the eigen-
valuesof A (t) are not captured by such global tools as � 1 and � 2. One way to get to this detailed
information is to plot the n spectral maps t ! � i (t) 2 � (A (t)) ; i = 1; � � � ; n. We decomposeeach
map t ! � (t) into two maps R+ ! C associated with t = jt jei� = Rei� in the following way:
i) the parameter R = jtj 2 R+ de�nes the spectral ray �( � ), corresponding to t = Rei� for a �xed
� in [0; 2� [,
ii) the parameter � 2 [0; 2� [ de�nes the spectral orbit �( R), corresponding to t = Rei� for a �xed
R in R+ .
Thesetwo families of curvesform an orthogonal set of lines (rays) and closedcurves(orbits). Many
illustrations are given in [16, 17] where the colour is usedas a parameter to quantify the variation
of R or � in R+ .

1degV denotes the degree of the algebraic variet y V (A ; E) which is the algebraic curve in
� 2 de�ned by (t; z) !

det(A + tE � zI ) = 0.
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Below we show how this works for the two Examples2.1 and 2.2. Figure 2.1 givesfor Example
2.1 four spectral rays � i (� ); i = 1; � � � ; 4 for � �xed at 2:9322< � and R varying in ]0; 1]. The two
evolving eigenvaluesoriginating from 2 are clearly visible.

-0.5 0 0.5 1 1.5
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
Spectral rays, Example 2.1

Figure 2.1: Example 2.1, Spectral rays, '*' eigenvalue, 'o' limit as R ! 1 ; � = 2:9322
.

Figure 2.2 is concernedwith Example 2.2, taken from Alam and Bora [1]. It displays the orbits
�( Rj ), j = 1; � � � ; 4 according to R1 = 0:5; R2 = 0:75; R3 = 1; R4 = 1:3333, and the six spectral
rays �( � ) for � = � =3 We seethat 4 (respectively � 1) is double for a t such that R = jtj � 0:75
(respectively � 1:3333). The exact valuesare respectively t = 3=4 and t = � 4=3 [1]. The eigenvalue
2 remains double for any �nite R but becomestriple as R ! 1 . We observe that for R = 1, that
is t = � i , the two nontrivial orbits touch at the two imaginary points 2 � i ; they are not circles.
For R > 1, they split into an exterior orbit which escapesto 1 , and an interior orbit which tends
to 2. The two nontrivial rays for � = � =3 clearly show the convergenceof one of the rays to 2, the
other escapesto 1 .

We end this paragraph by taking a look at the level curvesfor � 1 and � 2. It is clear that when
r = 1 (under (�)), the orbits are the 1=R-level curves for � 1 (or, equivalently the R-level curves
for � 2). When r > 1 the orbits di�er from the level curves which therefore loosethe invariance
properties carried by the orbits [10, 16, 17, 18]. As a consequence,the level curvesfor � 1, (or � 2)
are not the most informativ e tools, when r > 1, to study the collective behaviour of the spectrum
� (A (t)) as t varies in C [16, 17].

At this point, our graphical approach should be comparedwith that in [1]. The di�cult y with
level curves for � 1 is addressedby Alam and Bora in Sections1 and 2 of [1] without considering
the role of the algebraic structure of 0 2 �( E). They circumvent the di�cult y in [1] by meansof
the maximal subharmonic extension ^� 1 of � 1 into � (A ).

We chooseanother route basedon computation for z in re(A ). We look for the singularities in
re(A ) of the two maps � 1 and � 2, derived from M z of order r; 1 < r < n. Thesesingularities are
points in re(A ) where � 1 and � 2 take the singular values0 or + 1 [6, 10, 12, 18]. The role of � 2

is to give the kernel points which are mostly missedby � 1 for r > 1.
The orbits and the rays give, under a di�eren t form, the information about eigenvalues dis-

played by ^� 1. But they also give information about the limit of � (t) as jt j ! 1 . Example 2.2,
where 2 is an eigenvalue and a limit point, provides an illustration. Figure 2.2 is to be compared
with Figure 4 in [1], p. 208. The discontinuit y at 1 of the multiplicit y for 2 appears clearly in
subplot 6 of Figure 2.2 for the six rays, four of which are degenerateinto three distinct points
which are the three invariant eigenvaluesf� 1; 2; 4g. Such an information is not given by ^� 1.
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Figure 2.2: Example 2.2, Spectral orbits and rays, '*' eigenvalue, 'o' limit as R ! 1
.

Remark 2.2 Associated with � 1 , one can also consider the level sets, for � > 0 [15, 27]:

R � (A ; E) = f z 2 r e(A ); � (F z ) �
1
�

g:

For a given � > 0, how is the set R � (A ; E) � r e(A ) related to S� (A ; E) = f z 2 � (A (t)) ; jt j � � g \ r e(A )
with jt j = � (M � 1

z )? For r = 1, the two sets are identical. However, for r > 1, one has the inclusion
R � (A ; E) � S� (A ; E), unless the two sets are empty, [10, 16, 17]. This shows another aspect of the key
role of r ank E in Homotopic Deviation. By comparison, in a nor mwise analysis with k � k2 , the identit y

10



for � > 0

f z 2 r e(A ); k(A � zI ) � 1k �
1
�

g = f z 2 � (A + E); kEk � � g \ r e(A )

is always valid and the sets cannot be empty [13, 29].

3 Quadratic eigenproblems depending on a parameter

Quadratic eigenproblemsof the form

(� 2M + � B + K )p = 0; (3.1)

where M ; B ; K 2 Cn � n , arise in a large variety of applications related to stabilit y issues. For a
thorough review, see[28], and also[8, 9, 23]. If, for example,the matrix B dependson a parameter
t, such that B (t) = tC; t 2 C, the equation (3.1) becomes

(� 2M + � (tC) + K )p = 0: (3.2)

This family of quadratic eigenproblemscan be transformed easily into the Homotopic Deviation

form A (t) = A + tE of order N = 2n. For example, if we set v =
�

� p
p

�
and assumeM to be

regular, then �
� tC � K

I 0

�
v = �

�
M 0
0 I

�
v ; (3.3)

which in turn can be transformed into the standard form
�

� tM � 1C � M � 1K
I 0

�
v = � v : (3.4)

If we set

A =
�

0 � M � 1K
I 0

�
and E =

�
� M � 1C 0

0 0

�
(3.5)

the eigenproblem(3.4) is that of the family A (t) = A + tE, where A ; E are matrices of order 2n.
The associated linear system of equations depending on z and t

(z2M + z(tC) + K )p = b: (3.6)

can be brought in the framework of Homotopic Deviation in a similar way. If we assumeM to be

regular, we can set q =
�

zp
p

�
and c =

�
� M � 1b

0

�
, then

�
� tM � 1C � M � 1K

I 0

�
q � zq = c: (3.7)

Substituting (3.5) yields a linear system of the family (A + tE � zI )q = c. This system can be
solved as long as z is not an eigenvalue of A (t) = A + tE. Then q =

�
zp p

� T
= R (t; z)c,

where p satis�es (3.6).

The matrix E is of rank r � n < 2n: it is rank de�cient. Therefore, a parametric study for
quadratic eigenproblemscan lend itself quite naturally to the Homotopic Deviation framework,
(A ; E) of order N = 2n, where the rank of the deviation matrix E is not greater than N

2 = n.
The signi�cance of this fact comesfrom Proposition 2.4; Corollary 2.5 will be illustrated by the
acoustic example that we proceedto describe.
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Part B: An example in Acoustics

4 The Acoustic Wave Equation.

4.1 Form ulation of the problem

An acoustic medium with constant density and with space-varying sound speedc(x) occupiesthe
volume 
, boundedby the boundary � = � 1 [ � 2 [ � 3. The wave equation for the acousticpressure
p(x; t) (with x spatial coordinates, and t time) in such a medium is:

1
c2

@2p
@t2 � � p = s(x; t) in 
 : (4.1)

Remark 4.1 In the formulation of the acoustic wave equation we use, as is conventional, t to indicate
time, and not the homotopy parameter.

Realistic conditions on the physical boundariesof an acoustic medium can be:
i) re
ecting boundaries,which are described by the homogeneousNeumann condition

@p
@n

= 0 on � 1; (4.2)

ii) pressurereleaseboundaries,which are described by the homogeneousDirichlet condition

p = 0 on � 2; (4.3)

and iii) impeding boundaries,which are described by the impedancecondition

@p
@n

= �
1
�

@p
@t

on � 3; (4.4)

in which � is the (possiblycomplex) impedance.The real part of the impedanceis calledresistance,
the imaginary part r eactanceand its inverse1=� is called admittance . The impedancecondition is
equivalent to the Neumann condition (4.2) if j� j ! 1 and to the Dirichlet condition (4.3) if � ! 0
(seee.g. [26]).

We will consider two casesfor the right-hand side function s(x; t):

- s = 0, the homogeneouscase,and

- s = ae2� if t � (x � xs): a harmonic point source,located at x s, transmits a signal with ampli-
tude a and frequency f .

4.2 The homogeneous wave equation.

In the important casewhere the wave equation is homogeneous,this is if the sourceterm is equal
to zero, the problem (4.1 - 4.4) can be transformed into an (analytical) eigenproblemby assuming
that the solution has the factored form

p(x; t) = p̂(x)e�̂ t : (4.5)

Here, �̂ is the eigenvalue and p̂(x) the eigenfunction for the problem derived by substituting (4.5)
into (4.1), this is of

�̂ 2

c2 p̂ = � p̂: (4.6)

Substituting (4.5) into the boundary conditions yields

i)
@̂p
@n

= 0 on � 1; (4.7)

ii) p̂ = 0 on � 2; and (4.8)

iii)
@̂p
@n

= �
�̂
�

p̂ on � 3: (4.9)
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4.3 The inhomogeneous wave equation.

If the sourceterm is harmonic, then the pressure�eld has the factored form

p(x; t) = p̂(x)e2� if t : (4.10)

Substitution of (4.10) into (4:1) yields the so called Helmholtz equation

� (2� f )2

c2 p̂ � � p̂ = a� (x � x s) in 
 : (4.11)

The corresponding boundary conditions are given by (4.7), (4.8) and

@̂p
@n

= �
2� if

�
p̂ on � 3: (4.12)

The frequency f is called a resonancefrequency if 2� if = �̂ , with �̂ any eigenvalue of (4.6- 4.9).

5 Discretisation of the acoustic wave equation.

The equation (4.6) and boundary conditions can be solved numerically with (for example) the
Finite Element Method. A detailed description of the discretisation of this problem with the Finite
Element Method can be found in [30]. The procedureresults in the following matrix equation:

� 2Mp +
�
�

Cp + Kp = 0: (5.1)

This equation represents a family of eigenproblemsof the form (3.2). The matrices M , C, and K ,
are square,sparseand real. The eigenvector p contains the numerical approximations of the nodal
valuesof the eigenfunction p̂; � is the numerical approximation of the analytical eigenvalue �̂ . K ,
often called sti�ness matrix, is a discrete Laplace operator and is symmetric positive de�nite. M ,
the massmatrix, is a discrete versionof the identit y operator. This matrix is (for the exampleswe
consider) diagonal, positive de�nite and of full rank. C, the damping matrix, is diagonal and has
low rank.

The discretisation of equation (4.11) and boundary conditions with the Finite Element Method
is for exampledescribed in [21]. The resulting matrix equation is:

(� (2� f )2M +
2� if

�
C + K )p = b (5.2)

This equation represents a family of linear systemsof the form (3.6). The linear system (5.2) is
regular as long as the frequencyf doesnot correspond to a resonancefrequencyf r = 1

2� i � (� ) with
� (� ) any of the eigenvaluesof the quadratic eigenvalue problem (5.1).

We study the dependenceof the solution of (4.6) and of (4.11) and boundary conditions on the
impedance� . For simplicit y we assumethat c = 1. In particular we look at the limit as � ! 0. We
will also study the question of whether for each frequencyf there exists an impedancethat makes
the system resonate. Or, could it be possiblethat there exist frequenciesthat can never make the
system resonate,irrespective of the value of the impedance?

This parametric study will be performedcomputationally on the discretisedequations(5.1) and
(5.2). It is clear from Section 3 that (5.1) and (5.2) can be written in the form of a Homotopic
Deviation with the admittance as homotopy parameter, i.e. with t = 1

�
1. The corresponding

theory givesan appropriate framework to perform our study.

1No ambiguit y is to be feared anymore, since the time variable has been eliminated in (5.1) and (5.2).
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6 The numerical appro ximation of the acoustic wave equa-
tion as � ! 0.

In this Section we successively consider a 1D and a 2D discretised acoustic wave equation. The
deviation matrix E for the 1D problem is of rank r = 1 and for the 2D problem of r = 5. We keep
the mesh for both examplescoarseenough to ensurethat the observed phenomenaare the result
of the numerical truncation (discretisation), and are not due to round o�.

The calculations have beenperformed with MATLAB 6.

6.1 Theoretical predictions

We expect the following behaviour for the eigenvalues� (t) of A + tE of order N = 2n as jt j ! 1 ,
or � ! 0, when E has rank r , with I mE \ K er E = f 0g:

- g = N � r eigenvaluesremain at �nite distance, they either convergeto the kernel points, or
to certain eigenvaluesof A ,

- r eigenvaluesescape to in�nit y,

- kernel points with geometric multiplicit y equal to r are critical.

Translated into an acoustic setting a critical point can receive a physical interpretation. At a
critical point z = 2� if , equation (5.2) is alwaysinvertible, for any value of t in C, or equivalently
for any value of the impedance� in C� . Hencein that casef can never be a resonancefrequency.
We know that critical points may exist if r � [ N

2 ] with � = 1, and if r = 1, like in the 1D-example,
they do exist.

6.2 1D-example

We study (4.6) on the domain [0,1]. On the left boundary x = 0 we imposethe Dirichlet condi-
tion (4.8) and on the right boundary x = 1 the impedancecondition (4.9). The Finite Element
discretisation with linear elements and meshsizeh yields the following matrices K , C, and M of
order n = 1

h :

K =
1
h

0

B
B
B
B
B
@

2 � 1
� 1 2 � 1

. . .
. . .

. . .
� 1 2 � 1

� 1 1

1

C
C
C
C
C
A

C =

0

B
B
B
B
B
B
@

0
.. .

. . .
0

1

1

C
C
C
C
C
C
A

= en eT
n

M = h

0

B
B
B
B
B
B
@

1
.. .

. . .
1

1
2

1

C
C
C
C
C
C
A

= h(I �
1
2

en eT
n ) (6.1)

The problem has been discretised with a mesh size h = 1
6 . The matrices A and E, are of

order N = 2n = 12. The deviation matrix E is of rank one: E = � 2
h e6eT

6 with 2
h = 12 and

g = N � r = 12� 1 = 11. On the basisof proposition 2.2 we can expect at most 11 kernel points,
which are critic al becauser = 1.

To illustrate how the spectrum evolvesfor increasingly large jt j = R we have plotted in Figure
6.1 the spectral orbits for valuesof R ranging from 0.2 to 1.8. The eigenvaluesof A are denotedby
'*' and the critical points by 'o'. For R small enoughthe orbits enclosethe eigenvaluesof A . For
R large enough one orbit escapes to in�nit y The other 11 orbits enclosethe critical points more
and more closely.
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Figure 6.1: 1D-example: spectral orbits.

To view the evolution of the orbits from closerwe have plotted in Figure 6.2 the 6 orbits in the
upper half of the complex plane for R = 0:913. Three orbits enclosecritical points and one orbit
enclosesan eigenvalue. One orbit escapesto in�nit y. The sixth orbit is in transition from one that
enclosesan eigenvalue of A to one that enclosesa critical point.

Figure 6.3 shows the spectral rays for 9 di�eren t valuesof � in 9 subplots. R rangesfrom 0.2
to 3. Since the values � and ~� = 1

2 � � � yield plots of the spectral rays that are symmetric with
respect to the imaginary axis, we only show plots for valuesof � ranging from 1

2 � to 3
2 � . As was

predicted, one ray extends to in�nit y while the other rays evolve from an eigenvalue of A to a
critical point.

Figure 6.4 shows a side view of log10(� (E(A � zI ) � 1)), the homotopic spectral portrait. The
homotopic spectral portrait has beencalculated for z = x + iy with � 10 � x � 10 and 0 � y � 20
and with a grid spacing of 0.1. The 12 positive peakscorrespond to the 12 eigenvaluesof A and
the 11 negative peaksto the 11 critical points.

The question that we addressnow is the following: can a physical interpretation be given to
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Figure 6.2: 1D-example: spectral orbits for R = 0:913, upper half complex plane.

the critical points that we have computed? We �rst look at what happensin the continuouscaseif
� ! 0. The impedancecondition (4.4) becomesequivalent to the homogeneousDirichlet condition
(4.3). Discretisation of the wave equation with Dirichlet conditions imposedon both x = 0 and
x = 1 yields the samematrices K , C and M asin (6.1) with the last row and column (corresponding
to the right boundary point) removed. The matrices are of order m = 1

h � 1 = n � 1. Due to
the simple form of the matrices (K has constant main diagonal 2

h and nonzerosub-diagonals � 1
h ,

C = 0 and M = hI ) we can determine an explicit expressionfor the eigenvalues of this Discrete
Dirichlet problem:

� p = �
2i
h

sin(
p�

2(m + 1)
); p = 1; :::; m: (6.2)

For m = 5 we get 10 simple eigenvalues, consisting of 5 complex conjugate pairs. SeeTable 6.1,
secondcolumn.

By �rst discretising the acoustic wave equation with the impedancecondition and then taking
the limit � ! 0 , jt j ! 1 , we approximate the samephysical problem. How do the 11 critical
points relate to the 10 eigenvalues of the Discrete Dirichlet problem? In order to answer this
question we have computed the critical points using proposition 2.2. The numerical and exact
values are tabulated in Table 6.1. We �nd that � (� ) and � (A ) do not overlap. Therefore there
are indeed 11 critical points. By inspection we concludethat the exact nonzerocritical points are
the eigenvaluesof the Discrete Dirichlet problem.

The existenceof the 11th critical point at the origin results from the fact that A + tE is invertible
for any t. The inverseof the matrix is given by:

(A + tE) � 1 = K � 1M
�

0 M � 1K
� I � tM � 1C

�
: (6.3)

This fact canalsobegivena physical interpretation. A critical point at 0 correspondsto a frequency
0 and henceto a stationar y problem (cf. (4.10)). A stationary system can never resonate.
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Figure 6.3: 1D-example: spectral rays.

Kernel points Eigenvalues Multiplicit y Critical point
calculated value Dirichlet problem

0 - 1 Yes
3:105828i 12i sin( 1

12 � ) 1 Yes
6:000000i 12i sin( 1

6 � ) = 6i 1 Yes
8:485281i 12i sin( 1

4 � ) 1 Yes
10:392305i 12i sin( 1

3 � ) 1 Yes
11:591110i 12i sin( 5

12 � ) 1 Yes

Table 6.1: 1D-example: the critical (kernel) points, nonnegative imaginary part.

6.3 2D-example

For the 2D-example we consider the wave equation on the unit square [0; 1] � [0; 1]. On the left
boundary x = 0, the lower boundary y = 0, and the upper boundary y = 1 we imposethe Dirich-
let conditions (4.8) and on the right boundary x = 1 the impedancecondition (4.9). The Finite
Element discretisation with linear triangular elements and with meshsizeh yields the matrices K ,
C, and M that are given in equations (6.4), (6.5) and (6.6).

The matrix K represents a discretised form of the 2D-Laplace operator. It can be written in
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Figure 6.4: 1D-example: homotopic spectral portrait, side view along the imaginary axis.

block form with submatricesD and S of order 1
h (corresponding to the number of free grid points

in x-direction). The number of submatrices D is equal to m = 1
h � 1 and corresponds to the

number of free grid points in the y-direction. The order of K is hencem=h = (1=h � 1)1=h = n.

K =

0

B
B
B
B
B
@

D S
S D S

.. .
. . .

. . .
S D S

S D

1

C
C
C
C
C
A

D =

0

B
B
B
B
B
@

4 � 1
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The damping matrix C has the block structure shown below. Each submatrix F has only one
nonzeroentry ,Fm +1 ;m +1 which corresponds to a grid point on the right boundary.

C = h
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0
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0
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C
C
C
A

= em +1 eT
m +1 (6.5)

The massmatrix is given below. Apart from the entries that correspond to the right boundary,
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the massmatrix is equal to the identit y matrix scaledwith the meshsizeh2.

M = h2
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1

C
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= I �
1
2

em +1 eT
m +1 (6.6)

The above problem has beendiscretisedwith the meshsizeh = 1
6 . The sizeof the matrices is

n = 1
h ( 1

h � 1) = 30. The matrices A and E are of order N = 2n = 60. The deviation matrix E is
of rank �v e: it is diagonal, with only �v e nonzero entries that correspond to the right boundary.
Therefore E satis�es (�) and the geometric multiplicit y of 0 2 � (E) is g = N � r = 60� 5 = 55.
Hencewe can expect a total of 55 kernel points.

Figure 6.5 shows the spectral orbits for R ranging from 0.3 to 2.7. The spectral rays for values
of � from 1

2 � to 3
2 � are shown in Figure 6.6. In theseplots R varies from 0.1 to 3. The eigenvalues

of A are denoted by '*' and the kernel points by 'o'.
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Figure 6.5: 2D-example: spectral orbits.

For R large enough �v e orbits escape to in�nit y and �v e enclosethe origin. Five rays extend
to in�nit y and �v e rays convergeto the origin.

The (log10 of the) homotopic spectral portrait is plotted in Figure 6.7. The (positive) peaks
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Figure 6.6: 2D-example: spectral rays.

correspond to eigenvalues. There are also three clearly visible wells (negative peaks), which make
us suspect the existenceof 3 critical points.

To analyse the wells in the homotopic spectral portrait we have plotted the spectral rays for
� = 3

4 � in more detail around the point 10i . One can seethat �v e spectral rays converge to the
point 12i , indicating a kernel point of algebraic multiplicit y 5, which is critical becauseit is semi-
simple (geometric multiplicit y = 5). Furthermore we can seethree double kernel points (two rays
convergeto thesepoints) and a simple kernel point.

Like for the 1D problem we can relate the kernel points to the (2D) Discrete Dirichlet problem.
This problem yields the samematrices K , C and M with the rows and columns that correspond
to grid points on the impeding boundary removed. The matrices are of size ( 1

h � 1)2 = m2. Due
to the simple form of the matrices (the main diagonals of K is 4 everywhere, the four nonzero
subdiagonals-1, C = 0 and M = h2I ) we can explicitly determine the eigenvaluesfor the Discrete
Dirichlet problem. They are given by

� pq = �
2i
h

(sin2(
p�

2(m + 1)
) + sin2(

q�
2(m + 1)

))
1
2 ; p;q = 1; :::; m (6.7)

For m = 5, we get 26 di�eren t eigenvalues, consisting of 13 conjugate pairs. The eigenvalues
with nonnegative imaginary parts are listed with their multiplicit y in Table 6.2. The 50 eigenvalues
of the Discrete Dirichlet problem coincide again with the nonzero kernel points. The two kernel
points � 12i have (cf. Figure 6.8) geometric multiplicit y 5 and are therefore critical points. The
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Figure 6.7: 2D-example: homotopic spectral portrait, 3D view
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Figure 6.8: 2D-example: a closer look at spectral rays.

origin is also a critical point (geometric multiplicit y �v e). The existenceof the 3 critical points at
� 12i; 0 is con�rmed by Corollary 2.5 yielding � = 1.
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Kernel points Eigenvaluesof Multiplicit y Critical point
Calculated value Dirichlet problem

0 - 5 Yes
4:392305i 12i (2 sin2( 1

12 � ))
1
2 1 No

6:756195i 12i (sin2( 1
12 � ) + sin2( 1

6 � ))
1
2 2 No

8:485281i 12i (2 sin2( 1
6 � ))

1
2 1 No

9:0358270i 12i (sin2( 1
4 � ) + sin2( 1

12 � ))
1
2 2 No

10:392305i 12i (sin2( 1
4 � ) + sin2( 1

6 � ))
1
2 2 No

10:846481i 12i (sin2( 1
3 � ) + sin2( 1

12 � ))
1
2 2 No

12:000000i 12i (2 sin2( 1
4 � ))

1
2 = 12i 5 Yes

13:051966i 12i (sin2( 5
12 � ) + sin2( 1

6 � ))
1
2 2 No

13:416407i 12i (sin2( 1
3 � ) + sin2( 1

4 � ))
1
2 2 No

14:365021i 12i (sin2( 5
12 � ) + sin2( 1

4 � ))
1
2 2 No

14:696938i 12i (2 sin2( 1
3 � ))

1
2 1 No

15:567717i 12i (sin2( 1
3 � ) + sin2( 5

12 � ))
1
2 2 No

16:392304i 12i (2 sin2( 5
12 � ))

1
2 1 No

Table 6.2: 2D-example: the kernel points with nonnegative imaginary part

6.4 Final remarks

The comparison between the 1D and 2D examplesshows the e�ect of the increaseof the rank of
the deviation matrix from r = 1 to r = 5. If r = 1 the existenceof critical points can be predicted.
The existenceof the (nonzero) critical points in the 2D examplecan only be justi�ed a posteriori.
Moreover, it is easy to seethat they exist for any positive value of m = 1=h � 1. The equation
(6.7) can be rewritten as:

� pq = �
2i
h

(sin2(
p�

2(m + 1)
) + cos2(

(m + 1 � q)�
2(m + 1)

))
1
2 ; p;q = 1; :::; m (6.8)

There are exactly m combinations of p and q for which

sin2(
p�

2(m + 1)
) + cos2(

(m + 1 � q)�
2(m + 1)

) = 1; (6.9)

corresponding to p + q = m + 1. There are m = r pairs p;q yielding the common values

�
2i
h

= � pq: (6.10)

Becausethesekernel points have geometricmultiplicit y m, equal to the rank of E, they are critical,
and � = 1 according to Corollary 2.5. These critical points, however, do not converge to a �nite
value if the mesh is inde�nitely re�ned: they tend to in�nit y if h ! 0.

On the other hand, the critical point at the origin is always at the center of the spectrum
under meshre�nement and stays invariant as h ! 0. The plots shown in Figure 6.1 and 6.5 reveal
that the convergenceof the orbits around the origin is slowest. A more detailed analysis of the
convergenceof the spectral orbits for this example,given in [18], shows that the rate of convergence
of an orbit towards a kernel point � is of the type �

R , as R ! 1 . This con�rms that the kernel
points are semi-simpleeigenvalues.

7 Conclusions

In this paper we have applied the theory of Homotopic Deviation to study how the spectrum of
the discretised acoustic wave equation depends on an impedanceboundary condition. Hereto we
have regardedthe admittance (which is the inverseof the impedance)as the homotopy parameter.
Three questionshave beenstudied:
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a) What happens to the eigenvalueswhen the impedance� tends to zero?

b) Can any given frequencybe a resonancefrequency?

c) Can we give a physical interpretation to the limit of the spectrum when � ! 0?

Our answers are:

a) If an impedancecondition is imposedon r grid points then N � r eigenvalueswill converge
to the kernel points and r escape to in�nit y. The origin is a kernel point with multiplicit y r .

b) There may exist frequenciesfor which there do not exist nonzero values of the impedance
parameter that make them resonancefrequencies. Such frequenciescorrespond to critic al points.
The origin is always a critical point.

c) The nonzerokernel points coincide with the eigenvaluesof the discrete acoustic wave equa-
tion with the impedancecondition replacedby a Dirichlet condition. The kernel point at the origin
is always critical becausea zero frequencycorresponds to a stationary problem.

Graphical tools such as the spectral portrait or the spectral rays and orbits have been instru-
mental to carry out the analysis of the 2D example, where no a priori prediction can be made
about critical points using Homotopic Deviation theory. However, to us, the most striking feature
of this acousticexampleis the the fact that the physical interpretation associated with the discrete
Dirichlet problem, in the limit � ! 0, leads to the correct prediction which seemedat �rst to
escape the mathematical theory.
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