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Abstract
We extend the preconditioning approach of Glowinski and Pironneau, and of Peisker
to the case of mixed finite element general fourth-order elliptic problems. We show
that H —'/2-preconditioning on the boundary leads to mesh-independent performance of
iterative solvers of Krylov subspace type. In particular, we show that the field of values
of the boundary Schur complement preconditioned by a diséfeté? boundary norm
is bounded independently of the discretization.

Keywords: H~'/2-preconditioning, Schur complements, biharmonic and fourth-order ellip-

tic problems, field of values.

1 Problem description

Let 2 € R? denote an open set with bounddtyGiven a functionf, we are interested in the
solution of the general fourth-order elliptic problem
A2 —V - (aVu)+ (b-VIu+cu =f in €, 1)
u=0ufdv =0 onl.
where, for the moment, we assume that the coefficiéntsas well as the entries in the
symmetric positive definitg x 2 matrixa areC'*(£2) functions.
Settingv = —Awu we obtain the following equivalent system of PDE in variahles

—Av—V-(aVu)+ (b -Vutcu =f in Q,
v+Au =0 in Q, 2)
u=0u/dv =0 onl.
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This system of equations arises for example as the streamfunction-vorticity formulation of
time-dependent linearized problems in oceanography [20], [22], [15]. More common, how-
ever, is the case whea b, ¢ are all zero, which corresponds to the standard biharmonic
problem

—Av = f in §Q,
v+Au =0 in €, 3)
u=0ou/ov =0 onl.

This latter problem has been extensively considered in the literature from an approximation
viewpoint [14], [9], [11], [4], [5], [8] etc. Moreover, the related issue of efficient solution
algorithms for the discretization of (3) has also received considerable attention [16], [3],
[19]. However, we single out the now classic approach to solving (3) provided by Glowinski
and Pironneau [9], combined with the optimal preconditioning technique of Peisker [16].
The method is essentially a boundary Schur complement technique for solving the linear
system arising from the standard mixed finite element formulation of (3). It is shown in
[9] that the Schur complement is a symmetric and positive operator, whigi1€*(T')-

elliptic. Moreover, if the Schur complement is available, system (3) decouples into two
smaller Poisson problems. For this reason, the authors of [9] construct and factorize the
boundary Schur complement. To circumvent this rather inefficient approach, an optimal
Schur complement preconditioner was subsequently constructed by Peisker, who showed
spectral equivalence with a discret&!/2(I')-norm. This discrete norm is a direct sum

of small but full matrices (one-dimensional square-root-laplacians), corresponding to each
segment of the boundary of the computational domain.

In this paper we provide the generalization of the method in [9],[16] to (2). Our approach
also requires the solution of a linear system involving a boundary Schur complement oper-
ator. For this operator we show that the same discket&?(T") norm is a useful precondi-
tioner. In particular, we show that the field of values of the preconditioned Schur complement
is in the right-half plane, bounded independently of the size of the problem. Standard Krylov
theory implies therefore convergence in a constant number of iterations. On the other hand,
unlike the case of the biharmonic problem, the general system (2) does not decouple into
smaller problems with Dirichlet boundary conditions (interior problems). For this reason,
we will also consider the issue of ‘interior’ preconditioners.

The outline of the paper is as follows. In the next section we review the approach of
Glowinski and Pironneau together with the boundary preconditioner introduced by Peisker
[16]. In section 3 we present the generalization of these results to mixed formulations of
fourth-order elliptic problems. In particular, we show that in the general case also, the
‘vorticity’ boundary operator for (2) is continuous aréi~'/2(I")-elliptic. Hence, discrete
H~'2-norms are ideal candidates as preconditioners for the boundary Schur complement.



In section 4 we introduce and prove optimality of an ‘interior’ preconditioner, that allows
the decoupling of our problem into smaller easy-to-invert sub-problems. Finally, section 5
validates the analysis on numerical experiments drawn from oceanographic applications .

2 Preliminaries: the biharmonic problem

In this section we review a solution method first introduced by Glowinski and Pironneau [9].
We also show that the method can be interpreted as a Schur complement method for the lin-
ear system arising from standard mixed finite element discretizations of the streamfunction-
vorticity formulation of the biharmonic problem. Finally, we describe the optimal boundary
preconditioner introduced by Peisker [16].

Throughout the paper we will use the following notation and standard resulis.an
open simply-connected bounded domairiRif with boundaryl’ and exterior unit normal
vectory = v/(z,y). We denote by ?(2) the usual Lebesgue spacegsdhtegrable functions
and by H™(2) the usual Sobolev space of orderequipped with nornj| - ||,,.o and semi-
norm| - |,..0, with H°(Q) = L?(Q2). We denote by, -) the L*(Q2) inner-product. Given a
positive weightv we also define the norms and semi-norms

1/2 1/2
HUHw,m,Q = Z <WDQU7 Dav> ) ’U|w,m,§2 = Z <WDavv Dav> )
la|<m |a|=m
by default, we writd]| - ||1.m.0 = || - |lma. We also define trace operators v, : H'(Q2) —

L*(T) via
Yov = vlr, YU = Y0ov/dv =1 V.

It is known that ifv € H?(Q), v, : H(2) — HY?(T") is bounded [1]
[nollizr < etn)lvl2e- (4)

We write H} () for the subspace aoff () of functionsu for which you = 0.

2.1 The method of Glowinski and Pironneau

Consider the standard biharmonic problem

Ay = f in Q,
0

u = 0u/dv onl, ®)

w



and letv = —Auw. If A = v|r is known, we can compute the solution of (5) as the solution of
two Poisson problems

—Av =f in Q, —Au =w in §,
v A onl, u =0 onl,

(6)

Thus, for any\ one can define a linear operator— —du/dv|r, whereu is obtained solving
(6). We denote this operator I8 It is shown in [9] thatS is an isomorphism fronk/ —'/2(T")
onto /'/%(T") and that it induces a symmetric, continuodi, */?(I")-elliptic bilinear form
via

ou
S(A p) = (SA, p) = v

for all x € H=/2(T"). Moreover, if we denote bfu,, v,) the solution of (6) then

/%u dr = —/Aum dQ—/ Vuy-Vii dQ:/wz dQ—/ Vuy-Vii dQ
Q Q Q Q

whereji is the extension t@ of ;. Then solving for, v is equivalent to solving the following
problems (see [9])

——pdl (7)

—AUQ f in Q, —AUO = Vo in Q, (8)
vg =0 onTl’, ug =0 onTl’,

SN = Oug/Ov onl, (9)
—AUl =0 in Q, —Au1 =1 in Q,

{ v = A onTl, { u; =10 onTl, (10)

the final solution beingu, v) = (uo+u1, vo+v;). Note that equation (9) essentially enforces
the second boundary condition in (5) since, givein (10) and the definition of, equation
(9) is equivalent to

—0uy /Ov = Oug/0v.

The advantage of this approach is obvious — except for one equation, it only requires solu-
tions of Poisson problems. The apparent drawback is in the discretization and solution of (9).
However, as discussed below, this issue has been successfully investigated in the literature
[16].

Consider now the following standard mixed finite element method for (3). Stetc
H'(Q) be a finite-dimensional space of functions defined on some triangufgtioh(? into
simplicesT” of maximum diameteh. In particular, we will be interested in the choice

St =Mk = Ly e C%Q) s wlp € P, VT € Th}
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where P, is the space of degreepolynomials in two variables. Let? S% c S" satisfy
St o SH = S"whereS} = {w € " : w|r = 0}. The discrete weak formulation is then

Find (up, v,) € ST x S" such that/(wy, 2;,) € St x Sh

lvn, wp) = (f,wn) (11a)
Wun, zn) —m(vn, 2n) = 0 (11b)

where
l(z,w) :=(Vz,Vw), m(z,w):= (z,w).

As described in [9], (11) is equivalent to the discrete versions of (8—10) given by the follow-
ing three weak formulations

l. Find (ugp, vor) € St x Sh such that'(wy, 2;,) € SF x Sh

l(von, wn) = (f,wn) (12a)
I(uon, zn) — m(von, zn) = 0 (12b)

Il. Find \, € S% such that/y,, € S
$(Ans ) = —5(Aon pn) (13a)
. Find (ulh,vlh) € S}L X Sh, Vip — Ap € Sh, such thaﬁ(’LU}”Zh) € S? x Sh

(v wn) = 0 (14a)
l(un, zn) — m(vin, z) = 0 (14b)

Let now spaq¥;},_,, = S" so thatw, € S", z, € St can be written

n nr
Wp = E w;U;, 2, = E z,V;
i=1

i=1

wheren = |S"|, n; = |S"|. Problem (11) is then equivalent to the following linear system

of equations
0 L[[ L[B uys f
( Ly —Mpr —Mip ) (VI) = (0> (15)
L?B —M}FB _MBB \2:] 0

(LII)’Zj = l<\p]7 \Ijl)a (LIB>ik‘ = l(\:[lk?a \Ill)a

where
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and
(MH)ij = m(\Ifj, \I’i), (MIB>ik = m(‘l’k, ‘I’i), (MBB)kl = m(qjh ‘I’k)

forl1 <i,5,<m, 1 <k,l <n—n;. We also write (15) in the more compact form

L A X g
(7 ) ()= () a9
_ 0 Ly _( L _(ur
L_(LH —MH)’ Z_(—MIB>’ X_<V1)'

The Schur complement associated witim the matrix of (16) is then

where

S=—Mgg—2Z'L7'Z

and the corresponding Schur complement approach reads
(i) Solve Lx" = g
(ii) Solve Svp = —Zx"
(i) Solve Lx! = —ZTvp,
with final solution(x, vg) = (x° + x!, v). We note here that (ii) can be interpreted as
(i) ‘Solve’ for v
ZTX1 — MBBVB = —ZTXO

wherex! is the solution of (3).
It is now somewhat evident that the method of Glowinski-Pironneau is, in matrix terms,
a boundary Schur complement approach, as the following result shows.

Lemma 2.1 The Schur complement approaghiii) is equivalent to solving the mixed finite
element problem@-Ill) .

Proof Step (i) above requires the solution of

LHV(I) = f

0 0
L[[ll] = M[]VI

which is the matrix representation of | (12). Similarly, step (iii) is equivalent to solving
[ (14)

1
Lijvi = —Lipvg

1 1
L[[uI = M[[VI—‘FM[BVB.



Finally,
$(An, ttn) = —5(Aon, ftn)
can be written as (cf. (7))
m(vin, fin) — L(wan, fin) = L(uon, fin) — m(von, fin)
for vip, fu, € S™, uon, urp, vor, € S¥. Choosingiy, = Vi, ny + 1 < k < n, we obtain

the following (n — ny) x (n — ny) system of equations forp

T 1 T .1 T .0 T .0

which is (ii’). O

2.2 A boundary preconditioner

The H~'/2(I)-ellipticity of the bilinear forms(-, -) introduced above was used to advantage
by Peisker [16] to construct a boundary preconditioner for the biharmonic problem. In par-
ticular, for uniform meshes of sizg, he showed that the ellipticity holds also in a discrete
sense, i.e.,

Cl|’70>‘h’|2—1/2,1" < s(An, An) < C2|’70>\h“2—1/2,1“

where), € S%. Moreover, he provided the following discrete interpretation offitie/?(I")

for the case where piecewise linear basis functibpare employed in the mixed formulation
(11). Letl’ = {J, ., I'x consist of a finite number of straight lines. Let also= V;|p, n;+

1 < i < n, denote the piecewise linear functions obtained by restricting the basis functions
¥; to the boundary’. We note here thaf®;}, ..., span a subspadé” of H'(T') of
dimensionn — n;. Let now M,, L, denote the mass and Laplacian matrices assembled on
the interior nodes of each boundary segmiégnt

(Mi)ij = (@5, @a))r, » (Li)ig = h (@5, )., -
Define
Hy = ML M,
and let
H,
h2
Hy
H= h? (17)

h2



Theorem 2.2 ([16]) There exist constants, ¢, such that

C3||V0>‘h‘|2—1/2,1“ < | Al[a < C4||70)‘h||2—1/2,1“ (18)
whereA is the vector of coefficients of any nonzeydr expanded in the basisb; }
)\h|f‘ — Z Alq)z
t=nr+1
The immediate consequence is that

C1 ATS)\ Co
— < < —=.
ca ~ ANTHMN ~ o

Thus, the eigenvalues of the Schur complement preconditiondd ase real, positive and
bounded independently af

In the following section we consider the generalization of these ideas. In particular, we
define the Schur complement in a similar fashion and show that the resulting bilinear formis
also continuous and ~/2(I")-elliptic. Since in the general case the Schur complement is not
symmetric, the resulting preconditioned system will in general have complex eigenvalues.
In this case, a useful alternative for convergence analysis may be the field of values of the
preconditioned matrix. In our case, we will make use ofh#ield of values of a matrix/,
defined via [10]
; (19)

x*HMx
clearly, the seWWy (M) contains the eigenvalues df. We also define the following param-

eters

: . xX'HMx
0= min rez= min , ©= max |z|.
2EWg (M) xeRr{0} x*Hx 2EWg (M)

Then the GMRES residuals satisfy [7], [18, Thm 6.7]
I /I < (1= 62/0%)". (20)

In the next section we show that tlié-field of values, and therefore the eigenvaluessof
preconditioned by are in the right half-plane in a region bounded independently of the
meshsize. Therefore, the above estimates for convergence of GMRES apply with constant
parameterg, © and guarantee convergence in a number of iterations bounded by a constant.
We end this section with some remarks concerning the solution of (16). First, we are not
interested in solving the Schur complement problem. The main reason for this is the fact that
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the Schur complement is expensive to construct. A suitable approach is to precondition the
Schur complement implicitly; this is achieved, for instance, by using block triangular left or
right preconditioners of the form

L 7 L 0
PL—(O H)’PR_(ZT H)

The resulting preconditioned systems are

_ I L7 'Z _ I 0
PLIK:(O H—ls)a KPRIZ(ZTL—l SH—l) (21)

and the convergence will depend entirely on the distribution of eigenvalugé/of. We
remark here that this approach requires the solution of a system invakyingz, and thus,

the solution of systems witlh and H. While H is small, the solution of thé x 2 block
matrix L may be expensive. In the case of the biharmonic problem, this can be achieved by
inverting two discrete Laplacians. In general, we may have to provide an efficient algorithm
to achieve this goal. This issue is addressed again in section 4.

3 Boundary preconditioners for fourth order elliptic prob-
lems

In this section we present the generalization of the preconditioning technique described in
the previous section for the biharmonic problem.
Consider again our general problem

—Av—V-(aVu)+ (b -Vutcu =f in €,
v+Au =0 in Q, (22)
u=0u/dv =0 onl.

The generalization of the Glowinski-Pironneau method is straightforward. As before, we
define an operatof via

SA = —0u/ov|r
whereuw is the solution of (22). Then solving far, v is equivalent to solving the following
three problems

—Avg — V- (aVug) + (b- V)ug + cug = f in 0,
v+ Aug =0 in Q,

ug =0 onT, (23)
v =0 onTl’,



S\ = 0uy/0v onl, (24)

—Av, — V- (aVuy) + (b-Vuy +cu; =0 in €,
U1 + Aul =0 in Q
’ 2
up =20 onTl, (25)
v = A onT,

the final solution beingu, v) = (uy + w1, v + v1). We remark here that unlike in the case
of the biharmonic problem, systems (23), (25) do not decouple into two scalar problems for

u andv.
As before, we define the bilinear form induced by the operétoia

for A\, u € H=Y2(T),

Before we prove our first result fe(-, -), we first note that problem (25) represents an el-
liptic system of order 2 in the sense of Agmon, Douglis and Nirenberg [2]. As a consequence
the following two results hold fou,, v, € H?(2)

IMr=1/20 < Ci(JJua]lrs2,0 + [Jv1llr+2.0), (27)
u1]lrs2.0 + [[V1]lr42.0 < Cal[Al[r-1/2,r- (28)

for r > 0 and for some constants;, C; which depend on the coefficienehsg, c and the
domain{2. In particular, (27) is a consequence of the continuity of the matrix operator in
(25) and (28) is obtained as an application of the general regularity result contained in [2].
Moreover, if(uy, v1) is the solution of (25) then the following norm equivalence holds.

Lemma 3.1 Let A\ € H~Y*() and let(u;,v;) be the solution of (25). Then there exist
constants’s;, C'; such that

Cs(lurlie + lvilfe) < luilso + lvillze < Callualio + lloilga) (29)

Proof The lower bound is a simple consequence of the definitions of Sobolev norms
(with C5 = 1). For the upper bound, we first note that for bounded, coivex R?,
”"U1||27Q < ||Av1||079 [6] Slmllarly, ||U1H27Q < HAulHO,Q = ||'U1H()’Q (Cf second

equation of (25)). Then using the first equation of (25) we get
lvil3e < A3
IV - @Vu)lfg o + 116 - Vurll§ o + lleur 5 o

a3 ollAurllg o + 1816 olu1lf o + el allulld o

INIA

= JalZ allvilld o + 1618 alutf o + llelld ollullf o-
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Hence

A

lul3o + llvill3o < lloillg.o + vl o

IN N

Calllullf o + o1l 0)

2
00"

for Cy = max {1+ |ja|Z, g, |53 g, llc

We are now able to prove the following

(1 + llallZ @) lvlld o + 1615 aluli o + lellg olluil

2
0,2

Theorem 3.2 The bilinear forms(-, -) is coercive and continuous ai—/2(T") x H~'/2(T"),

i.e., there exist constantsC' such that for all\, u € H~1/%(T)

< CH)‘HH*U?(F)HﬂHH—lm(F)
s = M

Proof The continuity ofs(-,-) follows directly from (28) withr = 0, and the trace

inequality (4)

(30)
(31)

s(A 1) < lmullyzrllpl-iz2r < ctn)llullzollpll-12,r < () CalM—1j2pllwl-1/2,0-

In order to derive the lower bound we note that

O =- [ %I:/l/\dF.

Now, multiplying the second equation of (25) bywe get

0
_ %Adl“ = — (Vuy, Voi) + [[v1][§ o
T 1%

and multiplying the first equation of (25) hy we get
—(Vuy, Vo) = (cur,u1) + (aVug, Vuy)

so that
s = [l o + lulZo0 + lula 10
Hence, using Lemma (3.1) and (27) with= 0 we get

C5 C5

AN > 2 2\ S 2 2 Vs B y2 :
s 2 a5 (Il + ) = & (e + lnlfe) = 5o Ny

wherecs = min {1, min,cq omin(a(x))}, wheres(a) denotes an eigenvalue af [
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The above result holds also in a discrete sense. Assuming the notation introduced in the
previous section, the weak formulation corresponding to (22) reads

Find (uh,vh) € S? x S" such thatV(wh, Zh) S S? x Sh

a(up, wp) + Uvp,wp) = (f,wn) (32a)
Uup, 2n) —m(vp, 2n) = 0 (32b)

wherea(-,-) : S? x S% is defined as
a(up, wy) := (aVuy, Vwy) + <l; Vuy, + cup, wh> .
The Schur complement approach is described by the following three problems:
. Find (ugp, vor) € SP x S% such that(wy, 2;,) € SF x Sh

a(uon, wn) + L(von, wr) = (f,wn) (33a)
[(uon, zn) — m(von, zn) = 0 (33b)

Il. Find )\, € S such that/yu, € S%,
$(Ans tin) = —s(Aons Hn) (34a)
. Find (uyp, v1,) € ST x S™, vy, — A, € ST, such that/(wy,, z;,) € S? x Sh

a(uip, wp) + (v, wp) = 0 (35a)
l(uip, zn) — m(vip, zn) = 0 (35b)

As in the case of the biharmonic problem, the bilinear faim-) can also be expressed in
terms of integrals over the dom&il) given an extensiof, to 2 of u;,, we have

S(An, pin) = m(vip, fin) — Uun, fin);

in particular, we note that ifuy,, van), (wun, v.,) are solutions of (35) for respective bound-
ary data\,, i, then

S(Anspin) = m(Van, Uun) — L(an, Upn)

= m(vxn, Vun) + a(Uun, ury)

) [ s 4y
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Moreover, it is clear that the symmetry &f, -) is decided by that oi(-, ).

In the following, we will also need a standard a priori estimate as derived for the bihar-
monic problem in [11],[5] etc. Let, v be the solution of (2) with-Au = v € H*2(Q),
and let(uy,v,) C SP x Sh, Sh = Shk | be the corresponding finite element solution using
the mixed formulation (32). We assume that the following (sub-optimal) estimate holds

lu = unlle + [lv = vnllon < Csh*[[v]lis2n  Vh > L. (36)

Remark 3.1 Optimal a priori estimates were provided by [1i2] for the case of regular
rectangular meshes and for= 0. In fact, the proof if12] can be easily modified to hold
for nonzerob, provided

—

(i) c(z,y) — V - b(x,y) > ¢, for somecy, > 0 and for all (z,y) €
(ii) if w is prescribed only ol C I' we requireri - b|p\r,, > 0.
The resulting improved estimate is

[ = unll10 + lv = vnlloo < Csh* Hvllso0  VE > 1. (37)

We shall also assume that, given a quasi-uniform subdivisién tife following two inverse
inequalities hold [1, p. 38]

Ivovnllor < Csh™"2[|vallo (38)
for all v, € S and for all\, € S} [17, p. 48]
[V0Anll1/2,0 < C7h_1/2||70)\h”0$- (39)
Theorem 3.3 Let \y,, i, € S%. Then there exist constants C” such that for all\, u,
oAl 1 or < s(hn, An)

and
$(Ans tn) < C'l[voMnll=1y2,0llvornl|—1/2.0-

Proof Let ), € S% and denote byu,,,vys) the corresponding solution of (35). Let
also\ = v\, € H-Y2(T'), and letuy, vy denote the corresponding solutions of (25).
Since

$(Ans An) = [luanla + [wnlzon + luanlaia = e (lvanllga + luanllia)

we find using Lemma (3.1), (27) with= 0 and (36) withk = 1

Vv

5(An, An) o5 (Iluallg.a + lualli @) = es (Ilox — vanll§ o + lua — wanllio)

C5 2 2,2 2
C1Cy ||)‘||—1/2,F —csC5h7|uall30

Y
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Now using (28) withr = 1 we find||vy |30 < C2||All;/2,r- Thus, using (39),

Cs
G622 = esCaCECRRIN -

€5
S(Ahv)‘h) > mH)\H2_1/27F_0502052h2H)‘H%/Q,F Z

Since we also have by using (38)

Cs
$(Ans An) > eslloanllgo > @hH)\ o.r
6

we finally get
_ Cs
(L4 ¢)s(An, An) > C1C, |’A||31/2,F’

whereé = C3(C5CsC7)%. For the upper bound we proceed in a similar way. Let
1= youn € HY2(T), wherey, € S% and let(u,n,v,.) be the corresponding
solution of (35). We have

s(An, tn) = m(Van, Vun) + alun, uan)
[oarllo.ellvunllog + (16

Hluunlla,ollusnllan,o + 1w lleo.0llwan]
c(lloanllo,e + lluanllre)(lvunllog + luwmll0)

0,0

lo.elunl1allwr, |

IN

¢,0,Q2

IN

and the result follows from the norm-equivalence (29) and the regularity result (28).

It follows immediately that we can use the preconditioning strategy suggested in [16]. Let
denote the representation«df, -) in the basig®;}, .., (cf. Thm 2.2) and let{ denote

the matrix representation (17) of th&=/2(I")-norm.

Theorem 3.4 The H-field of values (and thus spectrum)i@f 1S is bounded independently
of h.

Proof We include here the proof for completeness. For general results see [21], [13].
Using Thms 2.2, 3.3 we get for a\, u € R"~ ™!

“SATHA T ATHA
Thus, a lower bound on thH -field of values ist. Since theH-norm pf a matrix is an
upper bound on it/ -field of values [10], the upper bound we seeK’is

AESx ATH(HISA ATsp

, <C.
(A e [l el 2

H-1 T
|H~1S|| s = max | Sl _ max A Sp < Ra.

20 Al Ao [l e
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4 Block preconditioners for the interior

While the results in the previous section ensure that we have an optimal preconditioner on the
boundary, the discussion at the endsdfhighlighted the fact that a block-preconditioning
approach of type (21) requires also an efficient algorithm for the solution of the problem
involving the operator acting in the interior of the domain (the 1-1 block;inPx). This we
aim to provide here.

Let us write the discretization of (32) as

Arr Lir Lip uy f
Lir —Mi —Mp vi|] =10 (40)
L?B _MJTB _MBB VB 0

where, in the notation dj2,

(A]I)ij = a(‘l’jy ‘I’z‘),

with 1 <4, j < m. We recall here the definition af -, -)
a(up, wp) = (aVuyp, Vwy) + <l; Vuy, + cup, wh> .
We are interested in preconditioning
AII LH
A= ,
( Ly —Mj;

and we are going to investigate the suitability of the following candidate

Ly Lp
P = :
( Ly —Mip )
The advantage of using such a preconditioner is that its inverse can be written as
Pfl . L[_IIMIIQil Qil
B Q™ Q7!

where = L;; + M;;. Thus an application of the preconditioner requires solutions of
problems with eithef.;; or L;; + M;; as coefficient matrices, for which optimal solvers are
available. Moreover,

APl — ( SaS;t (A — Li)Q™! )
0 I
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where
Sa= A+ LM 'Ly, Sy =L+ LitM; Ly

are the Schur complements ef)/;; in A and P, respectively. Thus, the eigenvalue dis-
tribution of interest for convergence is that $§5;, I — we will see that the coercivity and
continuity ofa(-, -) are sufficient for these eigenvalues and hence the eigenvalug? dfto
be bounded independently of the meshsize. We now derive some properties for the matrices
involved in our problem.

First, it is straightforward to show that the bilinear fouf, -) is continuous and coercive
with respect to the nori |, o, i.e., for allvy,, w, € S"

CsHUhHiQ < a(vn,vn),  alvn, wn) < cslvnliolwnlie

with ¢ = Smax{||a||OO7Q,C(Q)||5HOO,Q, ||c||OO7QCQ(Q)}, where(C((?) is Poincaé’s con-
stant. Moreover,

1
5 (a(vp, wp) — alwp,vp)) < cr|lwpliolvnl0 (41)
wherec; = ||5||0079. It follows that the following discrete relations hold for all w €
R\ {0}
VTA[[V WTA][V <
C1 > s S Co.
VTLUV HW”LIIHVHLII

Let H;;, N;; denote the symmetric and skew-symmetric partsgf Then (41) yields the

bound
WTN[[V

Wl 1Vl

Define nowSy = H;; +LHM;11LH. Then bothSy, S;, are symmetric and positive-definite

< Cr. (42)

matrices, which induce equivalent norms ||s,,, || - |ls,, with the following constants of
equivalence
. VTSLV
min {1,1/¢s} < TSy <max{l,1/c5}. (43)

We are now ready to prove the following result.

Theorem 4.1 The S; -field-of-values (and thus, spectrum) $f'S, is bounded indepen-
dently ofh.

Proof The lower bound follows from the above norm-equivalence

vISL(S. Sa)v  vISyv

vI'Siv - vISpv

> min{1l,c5}.
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For the upper bound we proceed as before and conside§ fhreorm ofS;lsA. We
have, using (43), (42)

wl's
IS 1SAHS = maxX ————F——
L 2 vow#0 [wls, [[vls,
Tg
< max MmaX{l,C%}
vow0 |wl| sy, |1V,
T
N
< {1} (1*'Inax “]IIV>
v,w#0 || W]l s, Vs,
= max{1,c§} <1+ max WINY [l |Vl ”WHSLHVHSL)
w0 Wiz, Iz [Wis Vs, [WlsllVis,
N,
< max {1, 06} <1+ P W”Vmax{l,ch}>
v,w#0 HWHLHHVHLH

< max{l,cg} (1 + crmax{1,c;?})

where we used the fact thipt||;,, < ||v]|s,, forall v € R™. O

The bounds on the field of values derived separately for the boundary and interior precondi-
tioned matrices do not lead to bounds on the field of values of the globally preconditioned
matrix. They do however provide bounds on its eigenvalues — this motivates our use of these
preconditioners in the next section.

5 Experiments

In this section we present the results obtained for our general elliptic problem

—Av—V-(aVu)+ (b -Vu+cu =f in €,
v+ Au =0 in Q, (44)
u=0u/dv =0 onT.

where we chosea = vl,, ¢ = 0 and wherev took a range of values. The choice lof

was motivated by applications from oceanography [20]; we first tested the symmetric case
(b = (0,0)) and the nonsymmetric case with= (1,0). The weak formulation of (44) was
discretized on uniform triangular meshes. For the solution of the linear system we used full
GMRES with stopping tolerance)~° and preconditioner

(P Z
&_(0 &)'
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whereZ is as defined in section 2. With first employed the chadtge= A, in order to test

the parameter independence of #&?(I")-norm preconditioner®s = H). We compared

this choice with the case where we used no boundary preconditibyet (/). The results

are presented for the symmetric and nonsymmetric cases in Tables 1 and 2, respectively.
We see indeed that mesh-independence is achieved in for both examples, while the expected
mesh-dependent asymptotic behaviour for the unpreconditioned case is rather noticeable
(experimentally of orde© (log h)).

Remark 5.1 The implementation dff given in (17) was simplified in the following manner.
We recall thatH is the direct sum of{, = MkL;1/2Mk, where M, are one-dimensional
mass matrices which on a uniform mesh scale like Thus, the application off, ! can be
taken to be simply a multiplication bg/,lf/zh—% which is spectrally equivalent to the original
choice.

The same behaviour is noticed when we repl&ge= A with P4, = v L, for which the
theoretical result of Thm 4.1 holds. Combined wRh = H, the resulting preconditioner is
stillmesh-independent —in fact, Table 3 reveals that the performance is only slightly affected,
compared to the case whelfg = 1.

We tested our preconditioner for the case of quasi-uniform meshes and also non-constant
b, but found the convergence to be very similar; we chose not to include the results here.
Instead we include a numerical study of the dependend?e @iven that the motivation of

v=1,102 1 1072|102 1 1072
n=8712| 14 13 14| 38 40 41
33,800 | 14 14 14 |51 50 53
133,128 | 15 14 14 | 63 59 62

Iable 1: GMRES iterations forPy, = A, with Ps = H and Ps = [. symmetric case
b= (0,0).
v=,10> 1 1072]102 1 10?2
n=28712| 18 18 18 | 45 46 47
33,800 19 19 19 | 57 56 57
133,128 | 18 16 16 | 70 64 68

Iable 2: GMRES iterations for?y = A, with Ps = H and Ps = [: nonsymmetric case
b= (1,0).

18



v=1{10> 1 107210 1 1072
n=28,72|20 20 20| 68 68 68
33,800 21 20 20| 85 84 84
133,128 | 21 18 17 | 104 99 99

Iable 3: GMRES iterations fo’y, = v L, with Ps = H and Ps = I. nonsymmetric case
b= (1,0).

this work came from oceanographic problems, where large vaILl?weffrequent, we tested
our preconditioner also on a range of values of constant, horizigrdéithe formb = (3,0).
The results are displayed in Table 4. We find as expected the independence of the size of the
problem, though there is a dependencesomhich is relatively mild (a difference of about
17 iterations for a variation of of five orders of magnitude, cf. Table 2).

Finally, we include the results for the more practical chaite= v L, which requires
only the inversion of either a laplacian or a reaction-diffusion discrete operator. While this
choice is practical from an implementation point of view, preconditioning a problem with a
large skew-symmetric part with its symmetric part may not lead to an optimal preconditioner.
This can be seen in Table 5, where the number of iterations grows considerably. Vi
the other hand, as expected given our theoretical results, the mesh-independence is preserved,
maintaining the usefulness of the choiee = H given our preconditioning context.

v=1,4=10® 10* 10°|10® 10* 10°
n=28,712|22 27 34|50 49 42
33,800 | 22 27 34|61 63 53
133,128 | 22 27 33|73 79 70

Table 4:GMRES iterations fo’y, = A, with Ps = H and Ps = 1.

v=1,8=|10® 10* 10° | 103 10* 10°
n=28,712| 33 56 130 113 143 206
33,800 | 31 56 132|136 163 207
133,128 | 30 55 132|145 164 223

Table 5:GMRES iterations fo’4 = v L, with P = H and Ps = 1.
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6 Summary

We extended the preconditioning approach in [9], [16] to the case of general fourth-order
elliptic problems. The resulting preconditioners require the solution of a discrete boundary
operator, which needs to be assembled in a piecewise fashion on the boundary segments.
Both theory and results were presented for the case of quasi-uniform meshes. Our analysis
showed that the field of values of the preconditioned boundary Schur complement is bounded
independently of the size of the problem. Theoretical bounds on the convergence of GMRES
guarantee mesh-independent convergence, which we verified numerically. We also provided
and analyzed suitable candidates for preconditioning in the interior of the domain. The
resulting method is an optimal block algorithm which requires only the solution of smaller
problems, involving the discretization of either laplacian or reaction-diffusion operators. We
expect future work to consider the generalization of these ideas to the case of multiply-
connected domains which arise in some large-scale applications such as oceanography.

Acknowledgmentsl thank Martin van Gijzen for suggesting this topic, for the subsequent
useful discussions and for his comments on the manuscript.
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