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Abstract
We extend the preconditioning approach of Glowinski and Pironneau, and of Peisker
to the case of mixed finite element general fourth-order elliptic problems. We show
thatH−1/2-preconditioning on the boundary leads to mesh-independent performance of
iterative solvers of Krylov subspace type. In particular, we show that the field of values
of the boundary Schur complement preconditioned by a discreteH−1/2 boundary norm
is bounded independently of the discretization.

Keywords: H−1/2-preconditioning, Schur complements, biharmonic and fourth-order ellip-
tic problems, field of values.

1 Problem description

Let Ω ∈ R2 denote an open set with boundaryΓ. Given a functionf , we are interested in the
solution of the general fourth-order elliptic problem{

∆2u−∇ · (a∇u) + (~b · ∇)u + cu = f in Ω,
u = ∂u/∂ν = 0 onΓ.

(1)

where, for the moment, we assume that the coefficients~b, c, as well as the entries in the
symmetric positive definite2× 2 matrixa areC∞(Ω) functions.
Settingv = −∆u we obtain the following equivalent system of PDE in variablesu, v −∆v −∇ · (a∇u) + (~b · ∇)u + cu = f in Ω,

v + ∆u = 0 in Ω,
u = ∂u/∂ν = 0 onΓ.

(2)
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This system of equations arises for example as the streamfunction-vorticity formulation of
time-dependent linearized problems in oceanography [20], [22], [15]. More common, how-
ever, is the case whena,~b, c are all zero, which corresponds to the standard biharmonic
problem 

−∆v = f in Ω,
v + ∆u = 0 in Ω,

u = ∂u/∂ν = 0 onΓ.
(3)

This latter problem has been extensively considered in the literature from an approximation
viewpoint [14], [9], [11], [4], [5], [8] etc. Moreover, the related issue of efficient solution
algorithms for the discretization of (3) has also received considerable attention [16], [3],
[19]. However, we single out the now classic approach to solving (3) provided by Glowinski
and Pironneau [9], combined with the optimal preconditioning technique of Peisker [16].
The method is essentially a boundary Schur complement technique for solving the linear
system arising from the standard mixed finite element formulation of (3). It is shown in
[9] that the Schur complement is a symmetric and positive operator, which isH−1/2(Γ)-
elliptic. Moreover, if the Schur complement is available, system (3) decouples into two
smaller Poisson problems. For this reason, the authors of [9] construct and factorize the
boundary Schur complement. To circumvent this rather inefficient approach, an optimal
Schur complement preconditioner was subsequently constructed by Peisker, who showed
spectral equivalence with a discreteH−1/2(Γ)-norm. This discrete norm is a direct sum
of small but full matrices (one-dimensional square-root-laplacians), corresponding to each
segment of the boundary of the computational domain.

In this paper we provide the generalization of the method in [9],[16] to (2). Our approach
also requires the solution of a linear system involving a boundary Schur complement oper-
ator. For this operator we show that the same discreteH−1/2(Γ) norm is a useful precondi-
tioner. In particular, we show that the field of values of the preconditioned Schur complement
is in the right-half plane, bounded independently of the size of the problem. Standard Krylov
theory implies therefore convergence in a constant number of iterations. On the other hand,
unlike the case of the biharmonic problem, the general system (2) does not decouple into
smaller problems with Dirichlet boundary conditions (interior problems). For this reason,
we will also consider the issue of ‘interior’ preconditioners.

The outline of the paper is as follows. In the next section we review the approach of
Glowinski and Pironneau together with the boundary preconditioner introduced by Peisker
[16]. In section 3 we present the generalization of these results to mixed formulations of
fourth-order elliptic problems. In particular, we show that in the general case also, the
‘vorticity’ boundary operator for (2) is continuous andH−1/2(Γ)-elliptic. Hence, discrete
H−1/2-norms are ideal candidates as preconditioners for the boundary Schur complement.
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In section 4 we introduce and prove optimality of an ‘interior’ preconditioner, that allows
the decoupling of our problem into smaller easy-to-invert sub-problems. Finally, section 5
validates the analysis on numerical experiments drawn from oceanographic applications .

2 Preliminaries: the biharmonic problem

In this section we review a solution method first introduced by Glowinski and Pironneau [9].
We also show that the method can be interpreted as a Schur complement method for the lin-
ear system arising from standard mixed finite element discretizations of the streamfunction-
vorticity formulation of the biharmonic problem. Finally, we describe the optimal boundary
preconditioner introduced by Peisker [16].

Throughout the paper we will use the following notation and standard results.Ω is an
open simply-connected bounded domain inR2 with boundaryΓ and exterior unit normal
vector~ν = ~ν(x, y). We denote byLp(Ω) the usual Lebesgue spaces ofp-integrable functions
and byHm(Ω) the usual Sobolev space of orderm equipped with norm‖ · ‖m,Ω and semi-
norm | · |m,Ω, with H0(Ω) = L2(Ω). We denote by〈·, ·〉 theL2(Ω) inner-product. Given a
positive weightω we also define the norms and semi-norms

‖v‖ω,m,Ω =

 ∑
|α|≤m

〈ωDαv, Dαv〉

1/2

, |v|ω,m,Ω =

 ∑
|α|=m

〈ωDαv, Dαv〉

1/2

;

by default, we write‖ · ‖1,m,Ω = ‖ · ‖m,Ω. We also define trace operatorsγ0, γ1 : H1(Ω) →
L2(Γ) via

γ0v = v|Γ, γ1u = γ0∂v/∂ν = ~ν · ∇v.

It is known that ifv ∈ H2(Ω), γ1 : H2(Ω) → H1/2(Γ) is bounded [1]

‖γ1v‖1/2,Γ ≤ c(γ1)‖v‖2,Ω. (4)

We writeH1
0 (Ω) for the subspace ofH1(Ω) of functionsu for whichγ0u = 0.

2.1 The method of Glowinski and Pironneau

Consider the standard biharmonic problem{
∆2u = f in Ω,

u = ∂u/∂ν = 0 onΓ,
(5)
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and letv = −∆u. If λ = v|Γ is known, we can compute the solution of (5) as the solution of
two Poisson problems{

−∆v = f in Ω,
v = λ onΓ,

{
−∆u = v in Ω,

u = 0 onΓ,
(6)

Thus, for anyλ one can define a linear operatorλ 7→ −∂u/∂ν|Γ, whereu is obtained solving
(6). We denote this operator byS. It is shown in [9] thatS is an isomorphism fromH−1/2(Γ)
ontoH1/2(Γ) and that it induces a symmetric, continuous,H−1/2(Γ)-elliptic bilinear form
via

s(λ, µ) = 〈Sλ, µ〉 = −
∫

Γ

∂u

∂ν
µ dΓ (7)

for all µ ∈ H−1/2(Γ). Moreover, if we denote by(uλ, vλ) the solution of (6) then

s(λ, µ) = −
∫

Γ

∂uλ

∂ν
µ dΓ = −

∫
Ω

∆uλµ̃ dΩ−
∫

Ω

∇uλ·∇µ̃ dΩ =

∫
Ω

vλµ̃ dΩ−
∫

Ω

∇uλ·∇µ̃ dΩ

whereµ̃ is the extension toΩ of µ. Then solving foru, v is equivalent to solving the following
problems (see [9]){

−∆v0 = f in Ω,
v0 = 0 onΓ,

{
−∆u0 = v0 in Ω,

u0 = 0 onΓ,
(8)

Sλ = ∂u0/∂ν onΓ, (9){
−∆v1 = 0 in Ω,

v1 = λ onΓ,

{
−∆u1 = v1 in Ω,

u1 = 0 onΓ,
(10)

the final solution being(u, v) = (u0+u1, v0+v1). Note that equation (9) essentially enforces
the second boundary condition in (5) since, givenλ in (10) and the definition ofS, equation
(9) is equivalent to

−∂u1/∂ν = ∂u0/∂ν.

The advantage of this approach is obvious – except for one equation, it only requires solu-
tions of Poisson problems. The apparent drawback is in the discretization and solution of (9).
However, as discussed below, this issue has been successfully investigated in the literature
[16].

Consider now the following standard mixed finite element method for (3). LetSh ⊂
H1(Ω) be a finite-dimensional space of functions defined on some triangulationTh of Ω into
simplicesT of maximum diameterh. In particular, we will be interested in the choice

Sh = Sh,k =
{
w ∈ C0(Ω) : w|T ∈ Pk ∀T ∈ Th

}
,
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wherePk is the space of degreek polynomials in two variables. LetSh
I , Sh

B ⊂ Sh satisfy
Sh

I ⊕ SH
B ≡ Sh whereSh

I =
{
w ∈ Sh : w|Γ = 0

}
. The discrete weak formulation is then

Find (uh, vh) ∈ Sh
I × Sh such that∀(wh, zh) ∈ Sh

I × Sh

l(vh, wh) = 〈f, wh〉 (11a)

l(uh, zh)−m(vh, zh) = 0 (11b)

where
l(z, w) := 〈∇z,∇w〉 , m(z, w) := 〈z, w〉 .

As described in [9], (11) is equivalent to the discrete versions of (8–10) given by the follow-
ing three weak formulations

I. Find (u0h, v0h) ∈ Sh
I × Sh

I such that∀(wh, zh) ∈ Sh
I × Sh

I

l(v0h, wh) = 〈f, wh〉 (12a)

l(u0h, zh)−m(v0h, zh) = 0 (12b)

II. Find λh ∈ Sh
B such that∀µh ∈ Sh

B

s(λh, µh) = −s(λ0h, µh) (13a)

III. Find (u1h, v1h) ∈ Sh
I × Sh, v1h − λh ∈ Sh

I , such that∀(wh, zh) ∈ Sh
I × Sh

l(v1h, wh) = 0 (14a)

l(u1h, zh)−m(v1h, zh) = 0 (14b)

Let now span{Ψi}1≤i≤n = Sh so thatwh ∈ Sh, zh ∈ Sh
I can be written

wh =
n∑

i=1

wiΨi, zh =

nI∑
i=1

ziΨi

wheren = |Sh|, nI = |Sh
I |. Problem (11) is then equivalent to the following linear system

of equations  0 LII LIB

LII −MII −MIB

LT
IB −MT

IB −MBB

 uI

vI

vB

 =

f
0
0

 (15)

where
(LII)ij = l(Ψj, Ψi), (LIB)ik = l(Ψk, Ψi),
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and
(MII)ij = m(Ψj, Ψi), (MIB)ik = m(Ψk, Ψi), (MBB)kl = m(Ψl, Ψk)

for 1 ≤ i, j,≤ m, 1 ≤ k, l ≤ n− nI . We also write (15) in the more compact form(
L Z
ZT −MBB

) (
x
vB

)
=

(
g
0

)
(16)

where

L =

(
0 LII

LII −MII

)
, Z =

(
LIB

−MIB

)
, x =

(
uI

vI

)
.

The Schur complement associated withL in the matrix of (16) is then

S = −MBB − ZT L−1Z

and the corresponding Schur complement approach reads
(i) SolveLx0 = g
(ii) SolveSvB = −Zx0

(iii) Solve Lx1 = −ZTvB,
with final solution(x,vB) = (x0 + x1,vB). We note here that (ii) can be interpreted as
(ii’) ‘Solve’ for vB

ZTx1 −MBBvB = −ZTx0

wherex1 is the solution of (3).
It is now somewhat evident that the method of Glowinski-Pironneau is, in matrix terms,

a boundary Schur complement approach, as the following result shows.

Lemma 2.1 The Schur complement approach(i–iii) is equivalent to solving the mixed finite
element problems(I–III) .

Proof Step (i) above requires the solution of

LIIv0
I = f

LIIu0
I = MIIv0

I

which is the matrix representation of I (12). Similarly, step (iii) is equivalent to solving
III (14)

LIIv1
I = −LIBvB

LIIu1
I = MIIv1

I + MIBvB.
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Finally,
s(λh, µh) = −s(λ0h, µh)

can be written as (cf. (7))

m(v1h, µ̃h)− l(u1h, µ̃h) = l(u0h, µ̃h)−m(v0h, µ̃h)

for v1h, µ̃h ∈ Sh, u0h, u1h, v0h ∈ Sh
I . Choosingµ̃h = Ψk, nI + 1 ≤ k ≤ n, we obtain

the following(n− nI)× (n− nI) system of equations forvB

MT
IBv1

I + MBBvB − LT
IBu1

I = LT
IBu0

I −MT
IBv0

I

which is (ii’). �

2.2 A boundary preconditioner

TheH−1/2(Γ)-ellipticity of the bilinear forms(·, ·) introduced above was used to advantage
by Peisker [16] to construct a boundary preconditioner for the biharmonic problem. In par-
ticular, for uniform meshes of sizeh, he showed that the ellipticity holds also in a discrete
sense, i.e.,

c1‖γ0λh‖2
−1/2,Γ ≤ s(λh, λh) ≤ c2‖γ0λh‖2

−1/2,Γ

whereλh ∈ Sh
B. Moreover, he provided the following discrete interpretation of theH−1/2(Γ)

for the case where piecewise linear basis functionsΨi are employed in the mixed formulation
(11). LetΓ =

⋃
1≤k≤r Γk consist of a finite number of straight lines. Let alsoΦi = Ψi|Γ, nI +

1 ≤ i ≤ n, denote the piecewise linear functions obtained by restricting the basis functions
Ψi to the boundaryΓ. We note here that{Φi}nI+1≤i≤n span a subspaceV h of H1(Γ) of
dimensionn − nI . Let nowMk, Lk denote the mass and Laplacian matrices assembled on
the interior nodes of each boundary segmentΓk

(Mk)ij = 〈〈Φj, Φi〉〉Γk
, (Lk)ij = h

〈〈
Φ′

j, Φ
′
i

〉〉
Γk

.

Define
Hk = MkL

−1/2
k Mk

and let

H =



H1

h2

H2

h2

...
Hr

h2


(17)
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Theorem 2.2 ([16]) There exist constantsc3, c4 such that

c3‖γ0λh‖2
−1/2,Γ ≤ ‖λ‖H ≤ c4‖γ0λh‖2

−1/2,Γ (18)

whereλ is the vector of coefficients of any nonzeroλh|Γ expanded in the basis{Φi}

λh|Γ =
n∑

i=nI+1

λiΦi.

The immediate consequence is that

c1

c4

≤ λT Sλ

λT Hλ
≤ c2

c3

.

Thus, the eigenvalues of the Schur complement preconditioned byH are real, positive and
bounded independently ofh.

In the following section we consider the generalization of these ideas. In particular, we
define the Schur complement in a similar fashion and show that the resulting bilinear form is
also continuous andH−1/2(Γ)-elliptic. Since in the general case the Schur complement is not
symmetric, the resulting preconditioned system will in general have complex eigenvalues.
In this case, a useful alternative for convergence analysis may be the field of values of the
preconditioned matrix. In our case, we will make use of theH-field of values of a matrixM ,
defined via [10]

WH(M) =

{
x ∈ C \ {0} :

x∗HMx

x∗Hx

}
; (19)

clearly, the setWH(M) contains the eigenvalues ofM . We also define the following param-
eters

θ = min
z∈WH(M)

rez = min
x∈Rn{0}

xtHMx

xtHx
, Θ = max

z∈WH(M)
|z| .

Then the GMRES residuals satisfy [7], [18, Thm 6.7]

‖rk‖H/‖r0‖H ≤
(
1− θ2/Θ2

)k/2
. (20)

In the next section we show that theH-field of values, and therefore the eigenvalues ofS
preconditioned byH are in the right half-plane in a region bounded independently of the
meshsize. Therefore, the above estimates for convergence of GMRES apply with constant
parametersθ, Θ and guarantee convergence in a number of iterations bounded by a constant.

We end this section with some remarks concerning the solution of (16). First, we are not
interested in solving the Schur complement problem. The main reason for this is the fact that
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the Schur complement is expensive to construct. A suitable approach is to precondition the
Schur complement implicitly; this is achieved, for instance, by using block triangular left or
right preconditioners of the form

PL =

(
L Z
0 H

)
, PR =

(
L 0
ZT H

)
.

The resulting preconditioned systems are

P−1
L K =

(
I L−1Z
0 H−1S

)
, KP−1

R =

(
I 0

ZT L−1 SH−1

)
(21)

and the convergence will depend entirely on the distribution of eigenvalues ofSH−1. We
remark here that this approach requires the solution of a system involvingPL, PR, and thus,
the solution of systems withL andH. While H is small, the solution of the2 × 2 block
matrix L may be expensive. In the case of the biharmonic problem, this can be achieved by
inverting two discrete Laplacians. In general, we may have to provide an efficient algorithm
to achieve this goal. This issue is addressed again in section 4.

3 Boundary preconditioners for fourth order elliptic prob-
lems

In this section we present the generalization of the preconditioning technique described in
the previous section for the biharmonic problem.

Consider again our general problem −∆v −∇ · (a∇u) + (~b · ∇)u + cu = f in Ω,
v + ∆u = 0 in Ω,

u = ∂u/∂ν = 0 onΓ.

(22)

The generalization of the Glowinski-Pironneau method is straightforward. As before, we
define an operatorS via

Sλ = −∂u/∂ν|Γ
whereu is the solution of (22). Then solving foru, v is equivalent to solving the following
three problems

−∆v0 −∇ · (a∇u0) + (~b · ∇)u0 + cu0 = f in Ω,
v0 + ∆u0 = 0 in Ω,

u0 = 0 onΓ,
v0 = 0 onΓ,

(23)
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Sλ = ∂u0/∂ν onΓ, (24)
−∆v1 −∇ · (a∇u1) + (~b · ∇)u1 + cu1 = 0 in Ω,

v1 + ∆u1 = 0 in Ω,
u1 = 0 onΓ,
v1 = λ onΓ,

(25)

the final solution being(u, v) = (u0 + u1, v0 + v1). We remark here that unlike in the case
of the biharmonic problem, systems (23), (25) do not decouple into two scalar problems for
u andv.

As before, we define the bilinear form induced by the operatorS via

s(λ, µ) = 〈Sλ, µ〉 = −
∫

Γ

∂u1

∂ν
µ dΓ (26)

for λ, µ ∈ H−1/2(Γ).
Before we prove our first result fors(·, ·), we first note that problem (25) represents an el-

liptic system of order 2 in the sense of Agmon, Douglis and Nirenberg [2]. As a consequence
the following two results hold foru1, v1 ∈ H2(Ω)

‖λ‖r−1/2,Γ ≤ C1(‖u1‖r+2,Ω + ‖v1‖r+2,Ω), (27)

‖u1‖r+2,Ω + ‖v1‖r+2,Ω ≤ C2‖λ‖r−1/2,Γ. (28)

for r ≥ 0 and for some constantsC1, C2 which depend on the coefficientsa,~b, c and the
domainΩ. In particular, (27) is a consequence of the continuity of the matrix operator in
(25) and (28) is obtained as an application of the general regularity result contained in [2].
Moreover, if(u1, v1) is the solution of (25) then the following norm equivalence holds.

Lemma 3.1 Let λ ∈ H−1/2(Γ) and let (u1, v1) be the solution of (25). Then there exist
constantsC3, C4 such that

C3(‖u1‖2
1,Ω + ‖v1‖2

0,Ω) ≤ ‖u1‖2
2,Ω + ‖v1‖2

2,Ω ≤ C4(‖u1‖2
1,Ω + ‖v1‖2

0,Ω) (29)

Proof The lower bound is a simple consequence of the definitions of Sobolev norms
(with C3 = 1). For the upper bound, we first note that for bounded, convexΩ ∈ R2,
‖v1‖2,Ω ≤ ‖∆v1‖0,Ω [6]. Similarly, ‖u1‖2,Ω ≤ ‖∆u1‖0,Ω = ‖v1‖0,Ω (cf. second
equation of (25)). Then using the first equation of (25) we get

‖v1‖2
2,Ω ≤ ‖∆v1‖2

0,Ω

≤ ‖∇ · (a∇u1)‖2
0,Ω + ‖~b · ∇u1‖2

0,Ω + ‖cu1‖2
0,Ω

≤ ‖a‖2
∞,Ω‖∆u1‖2

0,Ω + ‖~b‖2
0,Ω|u1|21,Ω + ‖c‖2

0,Ω‖u1‖2
0,Ω

= ‖a‖2
∞,Ω‖v1‖2

0,Ω + ‖~b‖2
0,Ω|u1|21,Ω + ‖c‖2

0,Ω‖u1‖2
0,Ω.
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Hence

‖u1‖2
2,Ω + ‖v1‖2

2,Ω ≤ ‖v1‖2
0,Ω + ‖v1‖2

2,Ω

≤ (1 + ‖a‖2
∞,Ω)‖v1‖2

0,Ω + ‖~b‖2
0,Ω|u1|21,Ω + ‖c‖2

0,Ω‖u1‖2
0,Ω

≤ C4(‖u1‖2
1,Ω + ‖v1‖2

0,Ω)

for C4 = max
{

1 + ‖a‖2
∞,Ω, ‖~b‖2

0,Ω, ‖c‖2
0,Ω

}
. �

We are now able to prove the following

Theorem 3.2 The bilinear forms(·, ·) is coercive and continuous onH−1/2(Γ)×H−1/2(Γ),
i.e., there exist constantsc, C such that for allλ, µ ∈ H−1/2(Γ)

s(λ, µ) ≤ C‖λ‖H−1/2(Γ)‖µ‖H−1/2(Γ) (30)

s(λ, λ) ≥ c‖λ‖2
H−1/2(Γ) (31)

Proof The continuity ofs(·, ·) follows directly from (28) withr = 0, and the trace
inequality (4)

s(λ, µ) ≤ ‖γ1u‖1/2,Γ‖µ‖−1/2,Γ ≤ c(γ1)‖u‖2,Ω‖µ‖−1/2,Γ ≤ c(γ1)C2‖λ‖−1/2,Γ‖µ‖−1/2,Γ.

In order to derive the lower bound we note that

s(λ, λ) = −
∫

Γ

∂u1

∂ν
λdΓ.

Now, multiplying the second equation of (25) byv1 we get

−
∫

Γ

∂u1

∂ν
λdΓ = −〈∇u1,∇v1〉+ ‖v1‖2

0,Ω

and multiplying the first equation of (25) byu1 we get

−〈∇u1,∇v1〉 = 〈cu1, u1〉+ 〈a∇u1,∇u1〉

so that
s(λ, λ) = ‖v1‖2

0,Ω + |u1|2c,0,Ω + |u1|2a,1,Ω.

Hence, using Lemma (3.1) and (27) withr = 0 we get

s(λ, λ) ≥ c5

(
‖v1‖2

0,Ω + ‖u1‖2
1,Ω

)
≥ c5

C4

(
‖v1‖2

2,Ω + ‖u1‖2
2,Ω

)
≥ c5

C1C4
‖λ‖2

−1/2,Γ,

wherec5 = min {1,minx∈Ω σmin(a(x))}, whereσ(a) denotes an eigenvalue ofa. �
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The above result holds also in a discrete sense. Assuming the notation introduced in the
previous section, the weak formulation corresponding to (22) reads

Find (uh, vh) ∈ Sh
I × Sh such that∀(wh, zh) ∈ Sh

I × Sh

a(uh, wh) + l(vh, wh) = 〈f, wh〉 (32a)

l(uh, zh)−m(vh, zh) = 0 (32b)

wherea(·, ·) : Sh
I × Sh

I is defined as

a(uh, wh) := 〈a∇uh,∇wh〉+
〈
~b · ∇uh + cuh, wh

〉
.

The Schur complement approach is described by the following three problems:

I. Find (u0h, v0h) ∈ Sh
I × Sh

I such that∀(wh, zh) ∈ Sh
I × Sh

I

a(u0h, wh) + l(v0h, wh) = 〈f, wh〉 (33a)

l(u0h, zh)−m(v0h, zh) = 0 (33b)

II. Find λh ∈ Sh
B such that∀µh ∈ Sh

B

s(λh, µh) = −s(λ0h, µh) (34a)

III. Find (u1h, v1h) ∈ Sh
I × Sh, v1h − λh ∈ Sh

I , such that∀(wh, zh) ∈ Sh
I × Sh

a(u1h, wh) + l(v1h, wh) = 0 (35a)

l(u1h, zh)−m(v1h, zh) = 0 (35b)

As in the case of the biharmonic problem, the bilinear forms(·, ·) can also be expressed in
terms of integrals over the domainΩ; given an extensioñµh to Ω of µh, we have

s(λh, µh) = m(v1h, µ̃h)− l(u1h, µ̃h);

in particular, we note that if(uλh, vλh), (uµh, vµh) are solutions of (35) for respective bound-
ary dataλh, µh, then

s(λh, µh) = m(vλh, vµh)− l(uλh, vµh)

= m(vλh, vµh) + a(uµh, uλh)

and thus

s(λh, λh) = ‖vλh‖2
0,Ω + |uλh|2c,0,Ω + |uλh|2a,1,Ω.
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Moreover, it is clear that the symmetry ofs(·, ·) is decided by that ofa(·, ·).
In the following, we will also need a standard a priori estimate as derived for the bihar-

monic problem in [11],[5] etc. Letu, v be the solution of (2) with−∆u = v ∈ Hk+2(Ω),
and let(uh, vh) ⊂ Sh

I × Sh, Sh = Sh,k, be the corresponding finite element solution using
the mixed formulation (32). We assume that the following (sub-optimal) estimate holds

‖u− uh‖1,Ω + ‖v − vh‖0,Ω ≤ C5h
k‖v‖k+2,Ω ∀k ≥ 1. (36)

Remark 3.1 Optimal a priori estimates were provided by Li[12] for the case of regular
rectangular meshes and for~b = 0. In fact, the proof in[12] can be easily modified to hold
for nonzero~b, provided
(i) c(x, y)−∇ ·~b(x, y) ≥ c0 for somec0 > 0 and for all (x, y) ∈ Ω

(ii) if u is prescribed only onΓD ⊂ Γ we require~n ·~b|Γ\ΓD
≥ 0.

The resulting improved estimate is

‖u− uh‖1,Ω + ‖v − vh‖0,Ω ≤ C ′
5h

k+1‖v‖k+2,Ω ∀k ≥ 1. (37)

We shall also assume that, given a quasi-uniform subdivision ofΩ, the following two inverse
inequalities hold [1, p. 38]

‖γ0vh‖0,Γ ≤ C6h
−1/2‖vh‖0,Ω (38)

for all vh ∈ Sh and for allλh ∈ Sh
B [17, p. 48]

‖γ0λh‖1/2,Γ ≤ C7h
−1/2‖γ0λh‖0,Γ. (39)

Theorem 3.3 Letλh, µh ∈ Sh
B. Then there exist constantsc′, C ′ such that for allλh, µh

c′‖γ0λh‖2
−1/2,Γ ≤ s(λh, λh)

and
s(λh, µh) ≤ C ′‖γ0λh‖−1/2,Γ‖γ0µh‖−1/2,Γ.

Proof Let λh ∈ Sh
B and denote by(uλh, vλh) the corresponding solution of (35). Let

alsoλ = γ0λh ∈ H−1/2(Γ), and letuλ, vλ denote the corresponding solutions of (25).
Since

s(λh, λh) = ‖vλh‖2
0,Ω + |uλh|2c,0,Ω + |uλh|2a,1,Ω ≥ c5

(
‖vλh‖2

0,Ω + ‖uλh‖2
1,Ω

)
we find using Lemma (3.1), (27) withr = 0 and (36) withk = 1

s(λh, λh) ≥ c5

(
‖vλ‖2

0,Ω + ‖uλ‖2
1,Ω

)
− c5

(
‖vλ − vλh‖2

0,Ω + ‖uλ − uλh‖2
1,Ω

)
≥ c5

C1C4
‖λ‖2

−1/2,Γ − c5C
2
5h2‖vλ‖2

3,Ω

13



Now using (28) withr = 1 we find‖vλ‖3,Ω ≤ C2‖λ‖1/2,Γ. Thus, using (39),

s(λh, λh) ≥ c5

C1C4
‖λ‖2

−1/2,Γ−c5C2C
2
5h2‖λ‖2

1/2,Γ ≥
c5

C1C4
‖λ‖2

−1/2,Γ−c5C2C
2
5C2

7h‖λ‖2
0,Γ.

Since we also have by using (38)

s(λh, λh) ≥ c5‖vλh‖2
0,Ω ≥ c5

C2
6

h‖λ‖2
0,Γ

we finally get

(1 + c̃)s(λh, λh) ≥ c5

C1C4
‖λ‖2

−1/2,Γ,

where c̃ = C2(C5C6C7)2. For the upper bound we proceed in a similar way. Let
µ = γ0µh ∈ H−1/2(Γ), whereµh ∈ Sh

B and let(uµh, vµh) be the corresponding
solution of (35). We have

s(λh, µh) = m(vλh, vµh) + a(uµh, uλh)

≤ ‖vλh‖0,Ω‖vµh‖0,Ω + ‖~b‖0,Ω|uµh|1,Ω‖uλh
‖0,Ω

+‖uµh‖a,1,Ω‖uλh‖a,1,Ω + ‖uµh‖c,0,Ω‖uλh‖c,0,Ω

≤ ĉ(‖vλh‖0,Ω + ‖uλh‖1,Ω)(‖vµh‖0,Ω + ‖uµh‖1,Ω)

and the result follows from the norm-equivalence (29) and the regularity result (28).�

It follows immediately that we can use the preconditioning strategy suggested in [16]. LetS
denote the representation ofs(·, ·) in the basis{Φi}nI+1≤i≤n (cf. Thm 2.2) and letH denote
the matrix representation (17) of theH−1/2(Γ)-norm.

Theorem 3.4 TheH-field of values (and thus spectrum) ofH−1S is bounded independently
of h.

Proof We include here the proof for completeness. For general results see [21], [13].
Using Thms 2.2, 3.3 we get for allλ,µ ∈ Rn−nI

c̃ ≤ λT Sλ

λT Hλ
=

λT H(H−1S)λ
λT Hλ

,
λT Sµ

‖λ‖H‖µ‖H
≤ C̃.

Thus, a lower bound on theH-field of values is̃c. Since theH-norm of a matrix is an
upper bound on itsH-field of values [10], the upper bound we seek isC̃

‖H−1S‖H = max
λ6=0

‖H−1Sλ‖H

‖λ‖H
= max

λ,µ 6=0

λT Sµ

‖λ‖H‖µ‖H
≤ κ̃2.

�
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4 Block preconditioners for the interior

While the results in the previous section ensure that we have an optimal preconditioner on the
boundary, the discussion at the end of§2 highlighted the fact that a block-preconditioning
approach of type (21) requires also an efficient algorithm for the solution of the problem
involving the operator acting in the interior of the domain (the 1-1 block inPL, PR). This we
aim to provide here.

Let us write the discretization of (32) as AII LII LIB

LII −MII −MIB

LT
IB −MT

IB −MBB

 uI

vI

vB

 =

f
0
0

 (40)

where, in the notation of§2,
(AII)ij = a(Ψj, Ψi),

with 1 ≤ i, j ≤ m. We recall here the definition ofa(·, ·)

a(uh, wh) := 〈a∇uh,∇wh〉+
〈
~b · ∇uh + cuh, wh

〉
.

We are interested in preconditioning

A =

(
AII LII

LII −MII

)
,

and we are going to investigate the suitability of the following candidate

P =

(
LII LII

LII −MII

)
.

The advantage of using such a preconditioner is that its inverse can be written as

P−1 =

(
L−1

II MIIQ
−1 Q−1

Q−1 −Q−1

)
whereQ = LII + MII . Thus an application of the preconditioner requires solutions of
problems with eitherLII or LII + MII as coefficient matrices, for which optimal solvers are
available. Moreover,

AP−1 =

(
SAS−1

L (AII − LII)Q
−1

0 I

)
15



where
SA = AII + LIIM

−1
II LII , SL = LII + LIIM

−1
II LII

are the Schur complements of−MII in A andP , respectively. Thus, the eigenvalue dis-
tribution of interest for convergence is that ofSAS−1

L – we will see that the coercivity and
continuity ofa(·, ·) are sufficient for these eigenvalues and hence the eigenvalues ofAP−1 to
be bounded independently of the meshsize. We now derive some properties for the matrices
involved in our problem.

First, it is straightforward to show that the bilinear forma(·, ·) is continuous and coercive
with respect to the norm| · |1,Ω, i.e., for allvh, wh ∈ Sh

c5‖vh‖2
1,Ω ≤ a(vh, vh), a(vh, wh) ≤ c6|vh|1,Ω|wh|1,Ω

with c6 = 3 max
{
‖a‖∞,Ω, C(Ω)‖~b‖∞,Ω, ‖c‖∞,ΩC2(Ω)

}
, whereC(Ω) is Poincaŕe’s con-

stant. Moreover,
1

2
(a(vh, wh)− a(wh, vh)) ≤ c7|wh|1,Ω|vh|1,Ω, (41)

wherec7 = ‖~b‖∞,Ω. It follows that the following discrete relations hold for allv,w ∈
RnI \ {0}

c1 ≤
vT AIIv

vT LIIv
,

wT AIIv

‖w‖LII
‖v‖LII

≤ c2.

Let HII , NII denote the symmetric and skew-symmetric parts ofAII . Then (41) yields the
bound

wT NIIv

‖w‖LII
‖v‖LII

≤ c7. (42)

Define nowSH = HII +LIIM
−1
II LII . Then bothSH , SL are symmetric and positive-definite

matrices, which induce equivalent norms‖ · ‖SH
, ‖ · ‖SL

, with the following constants of
equivalence

min {1, 1/c6} ≤
vT SLv

vT SHv
≤ max {1, 1/c5} . (43)

We are now ready to prove the following result.

Theorem 4.1 TheSL-field-of-values (and thus, spectrum) ofS−1
L SA is bounded indepen-

dently ofh.

Proof The lower bound follows from the above norm-equivalence

vT SL(S−1
L SA)v

vT SLv
=

vT SHv
vT SLv

≥ min {1, c5} .
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For the upper bound we proceed as before and consider theSL-norm of S−1
L SA. We

have, using (43), (42)

‖S−1
L SA‖SL

= max
v,w 6=0

wT SAv
‖w‖SL

‖v‖SL

≤ max
v,w 6=0

wT SAv
‖w‖SH

‖v‖SH

max
{
1, c2

6

}
≤

{
1, c2

6

} (
1 + max

v,w 6=0

wT NIIv
‖w‖SH

‖v‖SH

)
= max

{
1, c2

6

} (
1 + max

v,w 6=0

wT NIIv
‖w‖LII

‖v‖LII

‖w‖LII
‖v‖LII

‖w‖SL
‖v‖SL

‖w‖SL
‖v‖SL

‖w‖SH
‖v‖SH

)
≤ max

{
1, c2

6

} (
1 + max

v,w 6=0

wT NIIv
‖w‖LII

‖v‖LII

max
{
1, c−2

5

})
≤ max

{
1, c2

6

} (
1 + c7 max

{
1, c−2

5

})
where we used the fact that‖v‖LII

≤ ‖v‖SL
, for all v ∈ RnI . �

The bounds on the field of values derived separately for the boundary and interior precondi-
tioned matrices do not lead to bounds on the field of values of the globally preconditioned
matrix. They do however provide bounds on its eigenvalues – this motivates our use of these
preconditioners in the next section.

5 Experiments

In this section we present the results obtained for our general elliptic problem −∆v −∇ · (a∇u) + (~b · ∇)u + cu = f in Ω,
v + ∆u = 0 in Ω,

u = ∂u/∂ν = 0 onΓ.

(44)

where we chosea = νI2, c = 0 and whereν took a range of values. The choice of~b
was motivated by applications from oceanography [20]; we first tested the symmetric case
(~b = (0, 0)) and the nonsymmetric case with~b = (1, 0). The weak formulation of (44) was
discretized on uniform triangular meshes. For the solution of the linear system we used full
GMRES with stopping tolerance10−10 and preconditioner

PL =

(
PA Z
0 PS

)
.
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whereZ is as defined in section 2. With first employed the choicePA = A, in order to test
the parameter independence of theH1/2(Γ)-norm preconditioner (PS = H). We compared
this choice with the case where we used no boundary preconditioner (PS = I). The results
are presented for the symmetric and nonsymmetric cases in Tables 1 and 2, respectively.
We see indeed that mesh-independence is achieved in for both examples, while the expected
mesh-dependent asymptotic behaviour for the unpreconditioned case is rather noticeable
(experimentally of orderO(log h)).

Remark 5.1 The implementation ofH given in (17) was simplified in the following manner.
We recall thatH is the direct sum ofHk = MkL

−1/2
k Mk, whereMk are one-dimensional

mass matrices which on a uniform mesh scale likehI. Thus, the application ofH−1
k can be

taken to be simply a multiplication byL1/2
k h−2, which is spectrally equivalent to the original

choice.

The same behaviour is noticed when we replacePA = A with PA = νL, for which the
theoretical result of Thm 4.1 holds. Combined withPS = H, the resulting preconditioner is
still mesh-independent – in fact, Table 3 reveals that the performance is only slightly affected,
compared to the case wherePS = I.

We tested our preconditioner for the case of quasi-uniform meshes and also non-constant
~b, but found the convergence to be very similar; we chose not to include the results here.
Instead we include a numerical study of the dependence on~b. Given that the motivation of

ν = 102 1 10−2 102 1 10−2

n = 8, 712 14 13 14 38 40 41

33, 800 14 14 14 51 50 53

133, 128 15 14 14 63 59 62

Table 1: GMRES iterations forPA = A, with PS = H and PS = I: symmetric case
~b = (0, 0).

ν = 102 1 10−2 102 1 10−2

n = 8, 712 18 18 18 45 46 47

33, 800 19 19 19 57 56 57

133, 128 18 16 16 70 64 68

Table 2: GMRES iterations forPA = A, with PS = H and PS = I: nonsymmetric case
~b = (1, 0).
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ν = 102 1 10−2 102 1 10−2

n = 8, 712 20 20 20 68 68 68

33, 800 21 20 20 85 84 84

133, 128 21 18 17 104 99 99

Table 3: GMRES iterations forPA = νL, with PS = H andPS = I: nonsymmetric case
~b = (1, 0).

this work came from oceanographic problems, where large values of~b are frequent, we tested
our preconditioner also on a range of values of constant, horizontal~b, of the form~b = (β, 0).
The results are displayed in Table 4. We find as expected the independence of the size of the
problem, though there is a dependence onβ which is relatively mild (a difference of about
17 iterations for a variation ofβ of five orders of magnitude, cf. Table 2).

Finally, we include the results for the more practical choicePA = νL, which requires
only the inversion of either a laplacian or a reaction-diffusion discrete operator. While this
choice is practical from an implementation point of view, preconditioning a problem with a
large skew-symmetric part with its symmetric part may not lead to an optimal preconditioner.
This can be seen in Table 5, where the number of iterations grows considerably withβ. On
the other hand, as expected given our theoretical results, the mesh-independence is preserved,
maintaining the usefulness of the choicePS = H given our preconditioning context.

ν = 1, β = 103 104 105 103 104 105

n = 8, 712 22 27 34 50 49 42

33, 800 22 27 34 61 63 53

133, 128 22 27 33 73 79 70

Table 4:GMRES iterations forPA = A, with PS = H andPS = I.

ν = 1, β = 103 104 105 103 104 105

n = 8, 712 33 56 130 113 143 206

33, 800 31 56 132 136 163 207

133, 128 30 55 132 145 164 223

Table 5:GMRES iterations forPA = νL, with PS = H andPS = I.
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6 Summary

We extended the preconditioning approach in [9], [16] to the case of general fourth-order
elliptic problems. The resulting preconditioners require the solution of a discrete boundary
operator, which needs to be assembled in a piecewise fashion on the boundary segments.
Both theory and results were presented for the case of quasi-uniform meshes. Our analysis
showed that the field of values of the preconditioned boundary Schur complement is bounded
independently of the size of the problem. Theoretical bounds on the convergence of GMRES
guarantee mesh-independent convergence, which we verified numerically. We also provided
and analyzed suitable candidates for preconditioning in the interior of the domain. The
resulting method is an optimal block algorithm which requires only the solution of smaller
problems, involving the discretization of either laplacian or reaction-diffusion operators. We
expect future work to consider the generalization of these ideas to the case of multiply-
connected domains which arise in some large-scale applications such as oceanography.

AcknowledgmentsI thank Martin van Gijzen for suggesting this topic, for the subsequent
useful discussions and for his comments on the manuscript.

References

[1] S. Agmon.Lectures on Elliptic Boundary Value Problems. Van Nostrand, 1965.

[2] S. Agmon, A. Douglis, and L. Nirenberg. Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions II.Comm.
Pure Appl. Math., 17:35–92, 1964.

[3] D. Braess and P. Peisker. On the numerical solution of the biharmonic equation and the
role of squaring matrices for preconditioning.IMA J. Numer. Anal., 6:393–404, 1986.

[4] F. Brezzi and P. A. Raviart. Mixed finite element methods for 4-th order elliptic prob-
lems. In J. J. H Miller, editor,Topics in Numerical Analysis III, pages 33–36. Academic
Press, 1976.

[5] P. G. Ciarlet and P. A. Raviart. A mixed finite element method for the biharmonic
equation. In C. de Boor, editor,Mathematical Aspects of Finite Elements in Partial
Differential Equations, pages 125–145. Academic Press, New York, 1974.

[6] M. Dauge. Elliptic Boundary Value Problems on Corner Domains, volume 1341 of
Lecture Notes in Mathematics. Springer, Berlin, 1988.

20



[7] H. C. Elman.Iterative methods for large sparse non-symmetric systems of linear equa-
tions. PhD thesis, Yale University, New Haven, 1982.

[8] R. S. Falk. Approximation of the biharmonic equation by a mixed finite element
method.SIAM J. Numer. Anal., 15(3):556–567, 1978.

[9] R. Glowinski and O. Pironneau. Numerical methods for the first biharmonic equation
and for the two-dimensional Stokes problem.SIAM Rev., 21(2):167–212, 1979.

[10] R. A. Horn and C. R. Johnson.Topics in Matrix Analysis. Cambridge University Press,
1991.
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