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tIn many situations, it has been observed that signi�
ant 
onvergen
e improvements 
an bea
hieved in pre
onditioned Krylov subspa
e methods by enri
hing them with some spe
tralinformation. On the other hand e�e
tive pre
onditioning strategies are often designed wherethe pre
onditioner varies from one step to the next so that a �exible Krylov solver is required.In this paper, we present a new numeri
al te
hnique for non-symmetri
 problems that 
ombinesthese two features. We illustrate the numeri
al behavior of the new solver both on a set of smalla
ademi
 test examples as well as on large industrial simulation arising in wave propagationsimulations.1 Introdu
tionThe solution of large linear systems is a basi
 kernel in many large s
ale simulations and pre
on-ditioned Krylov subspa
e methods are among the most popular linear solvers. For non-symmetri
problems the GMRES [22℄ method is often 
hosen be
ause of its robustness [17, 18℄ and be
ausethe Eu
lidean norm of the system residual is de
reasing along the iterations. In order to make theGMRES method a�ordable from a memory and operation-
ount point of view, a restarting pro
esshas to be implemented. In the 
lassi
al restarted GMRES approa
h, the initial guess at restartis 
hosen to be the best (for the residual norm) known iterate, enfor
ing thereby the de
rease ofthe residual norm even when a restart is performed. In su
h a situation the restart is performedwith only one ve
tor. In addition, it has been observed that reusing part of the 
urrent Krylovspa
e (and not only one ve
tor) for the 
onstru
tion of iterates in the next 
y
le of GMRES mightsigni�
antly improve the 
onvergen
e. In many approa
hes, some estimate of the invariant sub-spa
e is sear
hed in the Krylov subspa
e and reused in the next restart either by augmenting thespa
e [3, 14, 21℄, by de�ating over the subspa
e [16℄ or by ensuring some orthogonality propertieswith respe
t to that spa
e [19℄. One of the most re
ent work in this �eld based on a de�ationapproa
h is GMRES-DR [16℄. This method redu
es to GMRES, when no de�ation is applied, butmay provide a mu
h faster 
onvergen
e than GMRES for well 
hosen de�ation spa
es as des
ribedin [16℄.The methods mentioned above suppose that the pre
onditioner is a given matrix M that isnot allowed to 
hange along the iterations. However, there are situations where this is not trueanymore, as e.g. in domain de
omposition methods, when approximate solvers are 
onsidered forthe interior problems (see referen
es in [24, Se
t. 4.4℄ or in [26, Se
t. 4.3℄). This approa
h is notablyused when the size of the lo
al subproblems is so large that obtaining an approximate solution usingan iterative method is 
omputationally more interesting than using a dire
t method. If the domainde
omposition pre
onditioner is based on the use of approximate solvers, its appli
ation is not alinear operation in general, and �exible methods, su
h as the Flexible GMRES method (see theFGMRES method in [20℄), are designed to handle this situation.In this paper, we present a new approa
h that 
ombines �exible iterations and a restartingstrategy that exploits some spe
tral information. The paper is organized as follows: in Se
tion 2
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2we des
ribe the FGMRES-DR method that 
ombines the GMRES-DR [16℄ and the FGMRES [20℄algorithms. Se
tion 3 is devoted to numeri
al experiments where both a
ademi
 and real lifeproblems are 
onsidered to illustrate the numeri
al features of the new solver.For the sake of generality we des
ribe here the approa
hes for 
omplex-valued linear systems.Note that everything also spe
ializes to real arithmeti
 
al
ulation. Let A ∈ Cn×n be a squarenonsingular n × n non-symmetri
 
omplex matrix, and b ∈ Cn be a 
omplex ve
tor of length n,that both de�ne the linear system
Ax = b. (1)The solution te
hniques start from an initial guess x0 ∈ C

n and they 
ompute an approximationin a ℓ-dimensional a�ne spa
e x0 + Vℓ y where Vℓ ∈ Cn×ℓ. The basis of the ℓ-dimensional spa
espanned by the 
olumns of Vℓ is built using an Arnoldi pro
ess that enjoys the following equality:
AVℓ = Vℓ+1H̄ℓsu
h that r0 = b−Ax0 belongs to the spa
e Vℓ. Here H̄ℓ denotes the (ℓ + 1)× ℓ upper Hessenbergmatrix de�ned in the Arnoldi pro
ess. Among the methods that are based on the 
onstru
tion ofthese spa
es we 
onsider the variant that sear
hes for the approximation asso
iated with a minimumnorm residual property su
h as GMRES, where the 
onsidered norm ‖ · ‖ is the Eu
lidean norm.2 The FGMRES-DR method2.1 Derivation of the methodIn many large-s
ale s
ienti�
 and industrial appli
ations one might not be able to 
onsider a �xedpre
onditioner at ea
h step of the GMRES method. This happens for instan
e when blo
k pre-
onditioners, in
luding domain de
omposition te
hniques, are 
onsidered where the blo
ks are toolarge to be handled by a dire
t solver. In su
h situations, an iterative solver has to be implementedto solve linear systems involving these blo
ks. Consequently the pre
onditioner varies from onestep to the next and �exible Krylov solvers have been developed to manage this issue [20, 28℄.Standard �exible iterative methods implement a s
heme where, after a 
ertain number of steps(denoted by m in this paper), the Krylov subspa
e is trun
ated and the method is restarted, inorder to 
ontrol the memory requirements and the 
ost of the orthogonalization s
heme of themethod. In the FGMRES method, the method is simply stopped and then restarted, taking asan initial guess the past iterate with the smallest residual norm. In the GMRES-DR algorithm, amore sophisti
ated s
heme has been developed, but only in the 
ase where a �xed pre
onditioner

M is used; a full subspa
e of dimension k, k < m (and not only the approximate solution withminimum residual norm) is retained in the restarting s
heme and the su

ess of this approa
h hasbeen demonstrated on many a
ademi
 examples [14℄. We show in this se
tion how GMRES-DR
an be extended to handle the situation where the pre
onditioner is allowed to vary. Following theFGMRES des
ription (proposed in [20℄) we denote by Mi a matrix that represents the pre
ondi-tioner at step i of the method. Algorithm 1 depi
ts the FGMRES-DR algorithm that we propose.As the Flexible GMRES algorithm, starting from an initial guess x0, it generates, at ea
h restart,the matri
es Zm ∈ Cn×m, Vm+1 ∈ Cn×(m+1) and H̄m ∈ Cm+1×m su
h that AZm = Vm+1H̄m.An approximate solution xm ∈ Cn is found by minimizing the residual norm ‖b − A(x0 + Vmy)‖over the spa
e x0 + range(Vm), the 
orresponding residual being rm = b − Axm ∈ Cn, with
rm ∈ range(Vm+1). The only step whi
h remains unspe
i�ed is the restarting pro
edure, where
V new

k+1 , Znew
k and H̄new

k are 
omputed so that Equation (4) holds. Proposition 1 and Algorithm 2show how this operation 
an be e�
iently implemented. It relies on the use of harmoni
 Ritzve
tors of a 
ertain matrix with respe
t to a subspa
e de�ned by range(Vm). Let de�ne a subspa
e
S ⊂ Cn and a matrix B ∈ Cn×n. The pair (θ, y) ∈ C× S is referred to as a harmoni
 Ritz pair of
B with respe
t to BS if and only if [23, Theorem. 5.1℄:

SHBH(By − θy) = 0, (2)where y is 
alled the harmoni
 Ritz ve
tor asso
iated with the harmoni
 Ritz value θ.Before showing how Equation (4) is obtained, we start with some 
omments on the FGMRES-DR algorithm:



3Algorithm 1 FGMRES with de�ated restarting1: Initialization: Choose m > 0, k > 0, tol > 0, x0 ∈ Cn Let r0 = b − Ax0; β = ‖r0‖, c = βe1,
v1 = r0/β.2: First restart: Apply the standard Arnoldi pro
ess with �exible pre
onditioner to 
onstru
t
Vm+1, Zm and H̄m so that:

AZm = Vm+1H̄m. (3)3: Minimum norm solution: Compute the minimal norm solution in the a�ne spa
e x0 +
range(Zm); that is, xm = x0 + Zmym where ym = argminy‖c − H̄my‖. Set x0 = xm and
r0 = b−Ax0.4: Che
k 
onvergen
e: If ‖c− H̄mym‖/‖b‖ ≤ tol, Exit5: Restarting pro
edure: Perform a QR fa
torization of [u1, . . . , uk] and store the Q-fa
tor in V new

k ,where ui ∈ Cn, i = 1, . . . , k are harmoni
 Ritz ve
tors of AZmV H
m with respe
t to range(Vm)(see Algorithm 2). Use the Gram-S
hmidt pro
ess to obtain vnew

k+1 , su
h that r0 ∈ range(V new
k+1 )holds, where V new

k+1 = [V new
k , vnew

k+1 ] is orthonormal. Compute Znew
k and H̄new

k so that
AZnew

k = V new
k+1 H̄new

k . (4)6: Apply (m− k) additional steps of the Flexible Arnoldi pro
ess on (4) so that:
AZnew

m = V new
m+1H̄

new
m . (5)7: Restart: Set c = (V new

k+1 )Hr0, Zm = Znew
m , Vm+1 = V new

m+1, H̄m = H̄new
m , Goto 3Algorithm 2 Computation of V new

k+1 , Znew
k and H̄new

k1: Input: A, Zm and Vm+1 su
h that AZm = Vm+1H̄m2: Compute k harmoni
 Ritz ve
tors. Compute k independent eigenve
tors gi of the matrix
Hm +h2

m+1,mH−H
m emeT

m with eH
m = (0m−1, 1) where 0m−1 is the 1×m−1 zero row ve
tor and

Hm denotes the �rst m rows of H̄m. Set Gk = [g1, . . . , gk] ∈ Cm×k.3: Augmentation of Gk:Set
Gk+1 =

[[

Gk

0k

]

, c− H̄mym

]

,where 0k is the 1× k zero row ve
tor.4: Orthonormalization of the 
olumns of Gk+1: Make a QR-fa
torization of Gk+1 as Gk+1 =
Pk+1Γk+1 and store Pk+1. De�ne, in Matlab notation, Pk = Pk+1(1 : k, 1 : k).5: Set V new

k+1 = Vm+1Pk+1, Znew
k = ZmPk and H̄new

k = PH
k+1H̄mPk.1. Breakdown of the algorithm. Steps 2. and 6. of Algorithm 1 implement the non-restartedFGMRES algorithm, that may break down whereas the solution of the linear system has notbeen found (see [20℄). Indeed, a breakdown o

urs at step j when AMjvj belongs to range(Vj);this 
orresponds to a very parti
ular property of Mj with respe
t to A and Vj , that, fromour point of view, is not very likely to hold when Mj represents an iterative pre
onditioningstep. Note that, from the GMRES theory, this situation 
annot o

ur if the pre
onditioner isa nonsingular (
onstant) matrix M (see [20℄) be
ause in this 
ase, when the algorithm breaksdown, the solution is found. In addition, FGMRES-DR also relies on being able to 
ompute

k distin
t eigenpairs of a matrix in Step 2. of Algorithm 2. This may not be possible if thematrix is not diagonalizable. Again, we 
onsider as very unlikely in �nite pre
ision arithmeti
that an eigenvalue solver like the QR method fails to �nd k linearly independent ve
tors of agiven matrix. Stri
tly speaking, if a problem o

urred in Steps 2. and 6. of Algorithm 1 orin Step 2. of Algorithm 2, the algorithm would e�e
tively breakdown, but as for FGMRESand GMRES-DR, this is 
onsidered as very unlikely in pra
ti
al 
omputations.2. Use of the harmoni
 Ritz values asso
iated with matrix AZmV H
m in Step 5. ofAlgorithm 1. First we remind the situation for a 
onstant pre
onditionerMi = M and de�ne



4
Zm = MVm. The pre
onditioned GMRES-DR algorithm uses, in its restarting pro
edure,the harmoni
 Ritz ve
tors of AM w.r.t. Vm. From Equation (2), these ve
tors are readilythe harmoni
 Ritz ve
tors of AMVmV H

m = AZmV H
m w.r.t. Vm, whi
h is what we retainedin FGMRES-DR. It follows that the restarting pro
edure of Algorithm 1 
an be viewed asa generalization of the 
orresponding operation in the GMRES-DR algorithm to the �exiblepre
onditioning framework.Proposition 1. Let Pk be the matrix de�ned in Algorithm 2. At ea
h restart of FGMRES-DR theArnoldi relation

AZnew
k = V new

k+1 H̄new
kholds with

Znew
k = ZmPk,

V new
k+1 = Vm+1Pk+1,and

H̄new
k = PH

k+1H̄mPk.Proof. For a given Hessenberg matrix H̄m, our de�nition of the harmoni
 Ritz ve
tors gi is thesame as the de�nition used in [15℄. Using [15, Theorem 5.5, p. 1121℄ we then get, for some αi ∈ C,
∀i ∈ {1, . . . , k}, H̄mgi − λi

(

gi

0

)

= αi(c− H̄mym) = αiρm,where ρm = c− H̄mym. Multiplying the above equality by Vm+1 on the left, we obtain
∀i ∈ {1, . . . , k}, Vm+1H̄mgi − λiVm+1

(

gi

0

)

= αiVm+1ρm,whi
h in turn yields, using the Arnoldi relation AZm = Vm+1H̄m

∀i ∈ {1, . . . , k}, AZmgi = Vm+1

(

λi

(

gi

0

)

+ αiρm

)

. (6)Setting Gk = [g1, · · · , gk] ∈ Cm×k and α = [α1, · · · , αk] ∈ C1×k, Equation (6) reads
AZmGk = Vm+1

[(

Gk

0k

)

, ρm

] [

diag(λ1, · · · , λk)
α

]

. (7)Let us further denote by Gk = PkΓk the QR-fa
torization of Gk and orthogonalize the ve
tor ρmagainst the 
olumns of [

Pk

0k

] to obtain pk+1. We have apk+1 = ρm −

[

Pk

0k

]

u where a = ‖ρm −

[

Pk

0k

]

u‖ and ui =

(

pi

0

)H

ρm. The orthonormal matrix Pk+1 writes Pk+1 =

[(

Pk

0k

)

, pk+1

].Regarding the Γk+1 fa
tor we have
[(

Gk

0k

)

, ρm

]

=

[(

PkΓk

0k

)

, apk+1 +

(

Pk

0k

)

u

]

=

[(

Pk

0k

)

, pk+1

] [

Γk u
0k a

]

,from whi
h follows that Γk+1 =

[

Γk u
0k a

]

.Consequently, the following equality (7) now be
omes
AZmPk = Vm+1Pk+1Γk+1

[

diag(λ1, · · · , λk)
α

]

Γ−1
k .Note that Γk is non singular if range(Gk) is equal to k, whi
h is assumed, as explained above inthe 
omment 1. on the breakdown of the algorithm.



5Let us denote Znew
k = ZmPk, V new

k+1 = Vm+1Pk+1 and
H̄new

k = Γk+1

[

diag(λ1, · · · , λk)
α

]

Γ−1
k .This enables us to write the following Arnoldi relation

AZnew
k = V new

k+1 H̄new
k .We now derive the expression of H̄new

k as the produ
t of matri
es of low dimension (basi
allyof order k and m). The 
ollinearity relation H̄mgi − λi

(

gi

0

)

= αiρm reads in matrix form
H̄mGk −

[

Gk

0k

]

diag(λ1, · · · , λk) = ρmα. Sin
e Gk = PkΓk, we have
H̄mPkΓk = Pk+1Γk+1

[

diag(λ1, · · · , λk)
α

]

,

PH
k+1H̄mPk = Γk+1

[

diag(λ1, · · · , λk)
α

]

Γ−1
k .Hen
e H̄new

k = PH
k+1H̄mPk as it is de�ned in Algorithm 2.We now 
onsider the right-hand side c of the least-squares problem over y that has to be solvedat ea
h iteration:

y∗ = argminy‖c− H̄my‖.In the 
lassi
al GMRES-DR algorithm the right-hand side c of the least-squares problems is
omputed as c = V H
m+1r0. However this 
omputation might be expensive as it requires a matrix-ve
tor produ
t and (m + 1) dot produ
ts. This 
ost 
an be �rst redu
ed by observing that theresidual r0 belongs to the span of Vk+1, 
onsequently only its �rst (k + 1) entries are non-zero andthey 
an be 
omputed as V H

k+1r0. By further exploiting this observation the 
al
ulation of c 
anbe even more redu
ed as des
ribed in Proposition 2.Proposition 2. At restart the new residual r0 lies in the span of the orthonormal basis V new
k+1 . Its
omponents (that de�ne the right-hand side of the new least-squares problem to be solved in thenext restart) are given by the last 
olumn of the R fa
tor of the QR fa
torization of the matrix

[(

Gk

0k

)

, c− H̄mym

]Proof. Let Pk+1Γk+1 denote the QR fa
torization of [(

Gk

0k

)

, c− H̄mym

] with (

u
a

) be thelast 
olumn of Γk+1. We have c− H̄mym = Pk+1

(

u
a

)

. Consequently r0 = Vm+1(c− H̄mym) =

Vm+1Pk+1

(

u
a

)

= V new
k+1

(

u
a

)

.2.2 Pra
ti
al implementationThe results shown in Propositions 1 and 2 enable the design of the �nal and e�e
tive implementationof the FGMRES-DR method des
ribed in Algorithm 3. Even though the algorithm has beendes
ribed in Se
tion 2.1 for 
omplex arithmeti
, it 
an be also used for real-valued matri
es in realarithmeti
 by separating the real and imaginary parts of the harmoni
 Ritz ve
tors in Step 6. ofAlgorithm 3, as already suggested in the GMRES-DR algorithm [16℄.Step 10. of Algorithm 3 o�ers two possible ways to evaluate the proje
ted residual c, assuggested in Proposition 2. The expression involving γk+1 is attra
tive be
ause it avoids thematrix ve
tor produ
t V new
k+1 r0. From our (somehow limited) experien
e either formula seem to



6produ
e the same 
onvergen
e 
urves. Further work is therefore needed to fully understand whi
happroa
h is the best in presen
e of round-o� errors.Con
erning memory 
omparison, targeting for large s
ale problems, where n is usually mu
hgreater than m and k, we negle
t all matri
es and ve
tors, the dimension of whi
h involves only m(and not n). With this 
onvention FGMRES is twi
e as mu
h expensive in memory as GMRES,and the same holds for FGMRES-DR and GMRES-DR. Indeed, in the �exible variant of thealgorithms, memory is needed to store both the Krylov basis V and its pre
onditioned 
ounterpart
Z. An optimization of the memory is however still possible. It 
an indeed be seen that the variables
Znew and V new 
an overwrite the variables Z and V . This 
an be a

omplished by performing thematrix multipli
ations Vk+1 ← Vm+1Pk+1, Zk ← ZmPk of Step 8. in pla
e, i.e. within the arrays Vand Z. The tri
k 
omes from the fa
t that multipli
ations involving triangular fa
tors 
an be donein pla
e. It is therefore feasible to perform an LU fa
torization with total pivoting of Pk (to get avery good approximation Pk = LU), and then, to perform su

essively the operations X ← UXand X ← LX , for X being V and Z. This approa
h is 
learly saving a lot of memory when kis 
lose to m, but may introdu
e additional round-o� errors that 
an hopefully be monitored byinspe
ting the ratio ‖Pk − LU‖

‖Pk‖
.Algorithm 3 Pra
ti
al implementation of FGMRES with de�ated restarting: FGMRES-DR(m,k)1: Initialization. Choose:

m: the maximum size of the subspa
e where the solution is built,
k: the desired number of approximate eigenve
tors.
tol: the 
onvergen
e threshold , x0: an initial guessLet r0 = b−Ax0; β = ‖r0‖, c = βe1, v1 = r0/β.2: First iteration. Apply standard FGMRES(m). It generates Vm+1, H̄m, Zm.3: Minimum norm solution. Solve ym = argminy||c− H̄my||. Compute the approximate solution
xm = x0 + Zmym and the residual rm = V H

m+1(c− H̄mym). Set x0 = xm and r0 = rm.4: Che
k 
onvergen
e. If ||r0||/||b|| = ||c− H̄mym||/||b|| ≤ tol, Exit.5: Compute harmoni
 Ritz ve
tors. Compute k independent eigenve
tors gi of the matrix: Hm +
h2

m+1,mH−H
m emeT

m. Then store the gi, i = 1 . . . k, into the matrix Gk.6: Append the quasi-residual βe1 − H̄mym to Gk.
⋆ If A is 
omplex: add a zero row to Gk and the 
olumn c− H̄mym.
⋆ If A is real: if some of the gi's are 
omplex, split their real and imaginary parts ( in the 
ase,there would be more ve
tors than k, remove a real one). Then add a zero row to Gk and the
olumn c − H̄mym. In the two 
ases, the new matrix is noted Gk+1 and its dimensions are
(m + 1)× (k + 1).7: Orthonormalization of the 
olumns of Gk+1. Make a QR-fa
torization of Gk+1: Gk+1 =
Pk+1Γk+1, store Pk+1 and the last 
olumn of Γk+1, γk+1.8: Let V new

k+1 = Vm+1Pk+1, Znew
k = ZmPk and H̄new

k = PH
k+1H̄mPk.9: Apply (m−k) additional steps of the Flexible Arnoldi pro
ess on AZnew

k = V new
k+1 H̄new

k so that
AZnew

m = V new
m+1H̄

new
m .10: Restart: Set c = (V new

k+1 )Hr0 =

[

Ik+1

0k+1

]

γk+1, Zm = Znew
m , Vm+1 = V new

m+1, H̄m = H̄new
m ,Goto 3. In these expressions, 0k+1 is the 1× (k +1) zero row ve
tor and Ik+1 is the order k +1identity matrix.3 Numeri
al experimentsIn this se
tion we investigate the numeri
al behaviour of the FGMRES-DR(m,k) algorithm onboth a
ademi
 and realisti
 appli
ations. We 
onsider the 
ase of both sparse or dense matri-
es in either real or 
omplex arithmeti
. All the examples in
lude a detailed 
omparison withFGMRES(m). This allows us to show the e�e
ts of in
orporating the de�ation strategy in the�exible pre
onditioning framework.



7In the following experiments, the right-hand sides are 
omputed as b = A1 where 1 is the ve
torof appropriate dimension with all 
omponents equal to one. A zero initial iterate x0 is 
onsideredas an initial guess and the following stopping 
riterion is used:
‖b−Axℓ‖

‖b‖
≤ 10−12 (8)where ℓ represents the step when the iterations are stopped.3.1 Harwell-Boeing and Matrix Market test problemsIn order to illustrate the numeri
al behaviour of FGMRES-DR, we �rst 
onsider a few test matri
esfrom the Harwell-Boeing [11℄ and Matrix Market [2℄ libraries so that any reader 
ould reprodu
ethese experiments. The sparse matri
es named Sherman4, Saylor4 and Young1
 have been 
hosen.Sherman4 and Saylor4 are real matri
es, whereas Young1
 is a 
omplex-valued one. They represent
hallenging sparse matri
es 
oming from realisti
 appli
ations (reservoir modelling, a
ousti
s) thatare often used to analyze the behaviour of numeri
al algorithms. For those experiments, thepre
onditioner 
onsists in �ve steps of pre
onditioned full GMRES, where the pre
onditioner isbased on an ILU(0) fa
torization. In the 
ase of Sherman4 only, the inner solver 
orresponds to�ve steps of unpre
onditioned full GMRES.In Table 1, we depi
t the total number of matrix-ve
tor produ
ts performed in the inner andouter parts of the solver (# Mv), the total number of dot produ
ts (# dot) for three 
ombinationsof �exible methods: FGMRES-DR(5,3), FGMRES(5) and FGMRES(7) respe
tively. In order toillustrate the possible bene�t of using the implementation tri
k that alleviates the memory penaltydue to the de�ation at restart we e�e
tively 
onsider di�erent restart parameters for FGMRES.Indeed the performan
e of FGMRES-DR(5,3) 
an be 
ompared with FGMRES(5) if the tri
k isimplemented or with FGMRES(7) if a straightforward implementation is 
onsidered. The totalamount of �oating-point operations in
luding the 
ost of pre
onditioning has been 
omputed forea
h solution method, ex
luding however the 
ost of the ILU(0) fa
torization that is the samefor ea
h proposed method. We 
hoose FGMRES(7) as a referen
e solution method and reportin Table 1 the ratio in terms of �oating-point operations required by a given solution method
ompared with the referen
e solution method. In the three 
ases, it 
an be noti
ed that thede�ation at restarting enables a faster 
onvergen
e. It also results in a faster 
al
ulation sin
e asigni�
ant amount of �oating-point operations is saved.Sherman4 Saylor4 Young1
# Mv # dot ratio # Mv # dot ratio # Mv # dot ratioFGMRES-DR(5,3) 373 1288 0.42 115 384 0.44 1633 5698 0.35FGMRES(5) 1273 3813 1.08 409 1221 1.36 6145 18430 1.07FGMRES(7) 877 2771 1.00 295 931 1.00 5095 16126 1.00Table 1: Performan
e of FGMRES and FGMRES-DR to satisfy the 
onvergen
e threshold (8); #Mv is the total number of matrix ve
tor produ
ts, # dot the total number of dot produ
ts andratio the ratio of �oating-point operations with respe
t to the FGMRES(7) method.3.2 Two-dimensional Helmholtz problemOur goal in this se
tion is to illustrate the performan
e of FGMRES with de�ated restarting ona simple two-dimensional partial di�erential equation model problem. A model wave propagationproblem in a two-dimensional homogeneous medium is 
onsidered:

−
∂

∂x
(
∂u

∂x
)−

∂

∂y
(
∂u

∂y
)− σ2 u = f in Ω =]0, 1[2 (9)with homogeneous Diri
hlet boundary 
onditions u = 0 on the boundary δΩ. The unknown urepresents the pressure �eld in the frequen
y domain and σ the 
onstant wavenumber. A se
ond



8order �nite di�eren
e dis
retization s
heme of the Helmholtz equation (9) is used on a equidistantCartesian grid of step size h with the following dispersion stability 
ondition σ h = 0.625 [6℄ beingsatis�ed. One V(1,1) 
y
le of a geometri
 multigrid method [27℄ is used as a pre
onditioner. Thismultigrid method uses a two-level hierar
hy with a red-bla
k Gauss-Seidel smoother, bilinear inter-polation as prolongation and its adjoint as restri
tion operator. Galerkin 
oarse grid dis
retizationis employed to build the 
oarse grid operator and a sparse dire
t solution method is used to solvethe 
oarse grid systems. Numeri
al experiments with this two-grid pre
onditioner for FGMRES ontwo-dimensional wave propagation problems in geophysi
s with Robin boundary 
onditions havebeen reported in [10℄. The dis
retization of the Helmholtz equation on a 64× 64 grid with σ = 40leads to a real-valued sparse symmetri
 inde�nite matrix A, whose spe
trum is shown in Figure 1(left part). There are 117 negative eigenvalues for this 
hoi
e of wavenumber and step size. Thespe
trum of the pre
onditioned operator AM is also shown in Figure 1 (right part). It exhibitsboth positive and negative isolated real eigenvalues and a 
luster of eigenvalues around (1, 0).
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Figure 1: Spe
trum of the original Helmholtz operator (left) and spe
trum of the pre
onditionedoperator (right), when a V(1,1) 
y
le of a multigrid method is used as a pre
onditioner. Case of
h = 1/64 with σ = 40. Note the di�erent s
alings on both �gures.The harmoni
 Ritz ve
tors 
orresponding to the k eigenvalues λi of smallest magnitude of thematrix Hm + h2

m+1,mH−H
m emeT

m have been 
hosen in Algorithm 3 (step 5.). In the sequel we 
allthis strategy Smallest. However any 
ombination of k harmoni
 ve
tors may be sele
ted. Thuswe have 
onsidered two other possibilities. The �rst one sele
ts the k eigenpairs 
orrespondingto the eigenvalues of largest magnitude. It is 
alled Largest. The se
ond de�ation strategyretains the k eigenve
tors asso
iated with the eigenvalues su
h as |1− λi| is of largest magnitude.With this latter 
hoi
e we aim at sele
ting eigenvalues lo
ated away from a 
luster around theeigenvalue of the "ideal" pre
onditioned operator AM with M−1 = A. This eventually allowssimultaneous de�ation of eigenvalues of both smallest and largest magnitude. We 
all this strategyCluster. We investigate the in�uen
e of the di�erent de�ation strategies (Smallest, LargestandCluster respe
tively) and 
ompare FGMRES-DR(m,k) with FGMRES(m) for di�erent valuesof the restart parameter m. Table 2 gives the number of approximate eigenpairs k that led to thesmallest number of iterations ℓ to satisfy the stopping 
riterion (8) for ea
h de�ation strategy.These results have been obtained by running FGMRES-DR(m,k) with 1 ≤ k < m for ea
h valueof the restart parameter m. Numeri
al results show that the Cluster de�ation strategy is almostthe most e�
ient on this appli
ation (see bold values in Table 2) leading sometimes to a signi�
antredu
tion in terms of iterations. The total amount of �oating-point operations in
luding the 
ostof pre
onditioning has been 
omputed for ea
h solution method. We 
hoose FGMRES(m) as areferen
e solution method and report the following normalized quantity in Table 2:
ratio =

flopsStrat

flopsFGMRES(m)
(10)where Strat denotes the FGMRES-DR(m,k) solution method with a given de�ation strategy among



9Smallest, Largest and Cluster. Consequently values of ratio less than 1 indi
ate whi
hsolution methods are expe
ted to be more e�
ient than FGMRES(m) in terms of 
omputationalwork. In this table, we see that the Smallest de�ation strategy yields the best performan
e withrespe
t to �oating-point operations on this appli
ation. The Cluster de�ation strategy tends tofavour values of k 
lose to the restart parameter m to be most e�e
tive. Figure 2 shows a typi
al
onvergen
e history on this wave propagation problem for two di�erent settings of (m,k).FGMRES Smallest Largest Cluster
m ℓ ratio k ℓ ratio k ℓ ratio k ℓ ratio
10 492 1.00 6 161 0.55 4 355 0.98 7 175 0.71
12 194 1.00 2 97 0.55 4 181 1.25 9 76 0.87
14 148 1.00 5 75 0.66 3 138 1.11 10 58 0.80
16 152 1.00 8 61 0.60 6 127 1.16 11 50 0.62
18 124 1.00 6 54 0.55 2 103 0.90 16 45 1.25
20 101 1.00 7 52 0.65 4 85 0.98 16 41 0.90Table 2: Wave propagation problem (h = 1/64, σ = 40). On ea
h line is shown the iso-memoryperforman
e of FGMRES and FGMRES-DR; ℓ is the number of iterations required to satisfy thestopping 
riterion (8) and ratio the ratio of total �oating-point operations v.s. FGMRES(m) (seeEquation (10)). Best values of ℓ are marked in bold. Case of a 
onstant two-grid pre
onditioner.
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Figure 2: Convergen
e history of the s
aled residual with respe
t to number of iterations on thewave propagation problem (h = 1/64, σ = 40). Experiments with FGMRES-DR(10,7) (left) andFGMRES-DR(20,14) (right). Case of a 
onstant two-grid pre
onditioner.The 
hoi
e of the two-grid 
omponents has led to a �xed pre
onditioner. This allowed us to
ompute the spe
trum of the pre
onditioned operator shown in Figure 1. The e�
ien
y of FGMRESwith de�ated restarting has been shown on this simple model problem. This is of primary interestfor three-dimensional wave propagation appli
ations, where the 
oarse grid systems of the two-grid method 
an not be handled any more by a sparse dire
t solution method due to ex
essivememory requirements. Iterative methods are then required to solve the 
oarse grid systems onlyapproximately. A non 
onstant pre
onditioner is then obtained whi
h requires the use of �exibleKrylov subspa
e methods. The study of pre
onditioned FGMRES-DR for su
h three-dimensionalwave propagation appli
ations is beyond the s
ope of this paper and will be analyzed in the nearfuture. Nevertheless we give an illustration of the potential bene�ts of FGMRES-DR on the two-dimensional model problem (9) when su
h inexa
t 
oarse grid solution method is used. As anexample of approximate 
oarse grid solver, we 
onsider now the use of an iterative method to solvethe 
oarse grid system to a loose toleran
e of 0.15 on the normalized residual. Table 3 reportsthe results for the two promising de�ation strategies Smallest and Cluster in this setting. The



10same 
on
lusions as in the 
onstant pre
onditioner 
ase hold: FGMRES with de�ated restartingis e�
ient. This 
ase study illustrates that there are possibly better 
hoi
es than sele
ting theharmoni
 Ritz ve
tors 
orresponding to the harmoni
 Ritz values of smallest magnitude. If thegoal is to minimize the number of matrix-ve
tor produ
ts the Cluster poli
y is the most e�
ienton that problem. FGMRES Smallest Cluster
m ℓ ratio k ℓ ratio k ℓ ratio
10 488 1.00 3 115 0.28 8 125 0.66
12 208 1.00 2 96 0.50 10 87 1.25
14 141 1.00 8 75 0.87 12 74 1.78
16 156 1.00 8 67 0.68 13 54 0.80
18 124 1.00 6 57 0.60 16 47 0.86
20 106 1.00 7 54 0.66 16 46 0.90Table 3: Wave propagation problem (h = 1/64, σ = 40). On ea
h line is shown the iso-memoryperforman
e of FGMRES and FGMRES-DR; ℓ is the number of iterations required to satisfy thestopping 
riterion (8) and ratio the ratio of total �oating-point operations v.s. FGMRES(m) (see10). Best values of ℓ are marked in bold. Case of a non 
onstant two-grid pre
onditioner.3.3 Three-dimensional Maxwell's equations in the frequen
y domainThe boundary element method has be
ome a popular tool in 
omputational ele
tromagneti
s forthe solution of Maxwell's equations in the frequen
y domain. The analysis of those wave prop-agation phenomena has gained an in
reasing interest in re
ent years in the simulation of many
hallenging industrial pro
esses, ranging from the predi
tion of the Radar Cross Se
tion (RCS) ofarbitrarily shaped 3D obje
ts like air
raft, the study of ele
tromagneti
 
ompatibility of ele
tri
aldevi
es with their environment, the design of antennae and absorbing materials, and many others.All these simulations are very demanding in terms of 
omputer resour
es, and require fast ande�
ient numeri
al methods to 
ompute an approximate solution of Maxwell's equations. Usingthe equivalen
e prin
iple, Maxwell's equations 
an be re
ast in the form of integral equations. Thedis
retization is performed on the surfa
e of the obje
t and gives rise to a linear system, where thematrix is dense and 
omplex. Su
h a linear system 
an be solved without expli
itly forming thematrix A thanks to the fast multipole (FMM) approximation [8, 9, 13, 25℄. For perfe
tly 
ondu
t-ing materials e�e
tive pre
onditioners based on sparse approximate inverse 
an be designed [1, 5℄.In this framework, the features of the fast multipole te
hniques 
an be further exploited to designan inner-outer s
heme. An a

urate FMM is used within the outer solver as it governs the �nala

ura
y of the 
omputed solution. The inner solver that a
ts as a pre
onditioner 
onsists in afew steps of full GMRES pre
onditioned by a sparse approximate inverse pre
onditioner and usesa less a

urate FMM.In this se
tion, we extend the experiments reported in [4℄ and 
onsider the solution of ele
-tromagneti
 s
attering problems relative to an impedan
e boundary 
ondition on an obsta
le ofarbitrary shape in the frequen
y domain [7℄. The geometry of the s
attering obje
t is displayed inFigure 3 and 
orresponds to an air intake. Su
h a 
avity is known to be parti
ularly 
hallenging tosolve. The dimension of the linear system is 16 950 for the frequen
y 
onsidered in that example.In Figure 4 we depi
t the 
onvergen
e history for both FGMRES and FGMRES-DR where theinner solver is one restart of GMRES(30) with a sparse approximate inverse pre
onditioner based onFrobenius norm minimization. The restart parameters of FGMRES and FGMRES-DR are 
hosenso that both solvers use the same amount of storage. For this implementation the tri
k based onthe LU de
omposition of Pk at restarting was not implemented in the prototype 
ode. Based on aprevious work [12℄, where a de�ating pre
onditioning te
hnique targeting the smallest eigenvaluesin magnitude was very su

esful for perfe
tly 
ondu
ting materials, we target the same part of thespe
trum for these experiments. The history is plotted at the iteration when the methods startgenerating di�erent iterates; that is at the smallest restart 
onsidered for FGMRES-DR.



11It 
an be seen that FGMRES-DR 
onverges signi�
antly faster than regular FGMRES, espe-
ially when the number of de�ated dire
tions is in
reased. As it 
ould be expe
ted if too manydire
tions are de�ated the performan
e deteriorates (see k = 11 v.s. k = 13 in the graph). The
onvergen
e remains worse than full FGMRES but FGMRES-DR is mu
h less memory 
onsum-ing. The gain be
omes larger if a

urate solutions are expe
ted. On that large ele
tromagneti
s
al
ulation, the extra O(k) operations are 
ompletely negligible and the saving in iteration 
ountdire
tly results in a 
omputational time saving. For instan
e for a s
aled residual lower than 10−11on one pro
essor of a Cray-XD1 
omputer, the CPU time is 5 hours 47 minutes with FGMRES(25)and only 3 hours 19 min for FGMRES-DR(19,11).
Figure 3: Cross-se
tion of the air intake used in the numeri
al experiments.
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Figure 4: Convergen
e history of the s
aled residual with respe
t to the iteration for the ele
tro-magneti
s appli
ation.
4 Con
luding remarksThere are many situations in s
ienti�
 
omputing where variable pre
onditioners have to be 
on-sidered for the iterative solution of a linear system. In that framework we have proposed a novelalgorithm that attempts to 
ombine the numeri
al features of GMRES-DR and the �exibility of



12FGMRES. The new algorithm, referred to as FGMRES-DR, inherits from the attra
tive numeri
alproperties of its two parents. We have shown, on a set of small test examples as well as on tworeal life appli
ations in wave propagation that, after the �rst restart of the method, FGMRES-DRmay outperform FGMRES; the bene�t obtained is problem dependent. As for the GMRES-DRalgorithm, the eigenvalues of smallest magnitude are often 
onsidered as good 
andidates for therestarting pro
edure. However, any other part of the spe
trum 
an be 
onsidered; the best suited
hoi
e is again problem-dependent and 
an be based on the analysis of the e�e
t of the pre
ondi-tioner on the system matrix.Referen
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