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Abstract

In many situations, it has been observed that significant convergence improvements can be
achieved in preconditioned Krylov subspace methods by enriching them with some spectral
information. On the other hand effective preconditioning strategies are often designed where
the preconditioner varies from one step to the next so that a flexible Krylov solver is required.
In this paper, we present a new numerical technique for non-symmetric problems that combines
these two features. We illustrate the numerical behavior of the new solver both on a set of small
academic test examples as well as on large industrial simulation arising in wave propagation
simulations.

1 Introduction

The solution of large linear systems is a basic kernel in many large scale simulations and precon-
ditioned Krylov subspace methods are among the most popular linear solvers. For non-symmetric
problems the GMRES [22] method is often chosen because of its robustness [17, 18] and because
the Euclidean norm of the system residual is decreasing along the iterations. In order to make the
GMRES method affordable from a memory and operation-count point of view, a restarting process
has to be implemented. In the classical restarted GMRES approach, the initial guess at restart
is chosen to be the best (for the residual norm) known iterate, enforcing thereby the decrease of
the residual norm even when a restart is performed. In such a situation the restart is performed
with only one vector. In addition, it has been observed that reusing part of the current Krylov
space (and not only one vector) for the construction of iterates in the next cycle of GMRES might
significantly improve the convergence. In many approaches, some estimate of the invariant sub-
space is searched in the Krylov subspace and reused in the next restart either by augmenting the
space [3, 14, 21], by deflating over the subspace [16] or by ensuring some orthogonality properties
with respect to that space [19]. One of the most recent work in this field based on a deflation
approach is GMRES-DR [16]. This method reduces to GMRES, when no deflation is applied, but
may provide a much faster convergence than GMRES for well chosen deflation spaces as described
in [16].

The methods mentioned above suppose that the preconditioner is a given matrix M that is
not allowed to change along the iterations. However, there are situations where this is not true
anymore, as e.g. in domain decomposition methods, when approximate solvers are considered for
the interior problems (see references in [24, Sect. 4.4] or in [26, Sect. 4.3]). This approach is notably
used when the size of the local subproblems is so large that obtaining an approximate solution using
an iterative method is computationally more interesting than using a direct method. If the domain
decomposition preconditioner is based on the use of approximate solvers, its application is not a
linear operation in general, and flexzible methods, such as the Flexible GMRES method (see the
FGMRES method in [20]), are designed to handle this situation.

In this paper, we present a new approach that combines flexible iterations and a restarting
strategy that exploits some spectral information. The paper is organized as follows: in Section 2
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we describe the FGMRES-DR method that combines the GMRES-DR [16] and the FGMRES [20]
algorithms. Section 3 is devoted to numerical experiments where both academic and real life
problems are considered to illustrate the numerical features of the new solver.

For the sake of generality we describe here the approaches for complex-valued linear systems.
Note that everything also specializes to real arithmetic calculation. Let A € C"*™ be a square
nonsingular n X n non-symmetric complex matrix, and b € C™ be a complex vector of length n,
that both define the linear system

Ax =b. (1)

The solution techniques start from an initial guess zg € C™ and they compute an approximation
in a /-dimensional affine space 29 + V; y where V;, € C**¢. The basis of the (-dimensional space
spanned by the columns of V; is built using an Arnoldi process that enjoys the following equality:

AVy = Vi1 Hy

such that rg = b — Axg belongs to the space V;. Here H, denotes the (¢ + 1) x £ upper Hessenberg
matrix defined in the Arnoldi process. Among the methods that are based on the construction of
these spaces we consider the variant that searches for the approximation associated with a minimum
norm residual property such as GMRES, where the considered norm || - || is the Euclidean norm.

2 The FGMRES-DR method

2.1 Derivation of the method

In many large-scale scientific and industrial applications one might not be able to consider a fixed
preconditioner at each step of the GMRES method. This happens for instance when block pre-
conditioners, including domain decomposition techniques, are considered where the blocks are too
large to be handled by a direct solver. In such situations, an iterative solver has to be implemented
to solve linear systems involving these blocks. Consequently the preconditioner varies from one
step to the next and flezible Krylov solvers have been developed to manage this issue [20, 28].

Standard flexible iterative methods implement a scheme where, after a certain number of steps
(denoted by m in this paper), the Krylov subspace is truncated and the method is restarted, in
order to control the memory requirements and the cost of the orthogonalization scheme of the
method. In the FGMRES method, the method is simply stopped and then restarted, taking as
an initial guess the past iterate with the smallest residual norm. In the GMRES-DR algorithm, a
more sophisticated scheme has been developed, but only in the case where a fized preconditioner
M is used; a full subspace of dimension k, k < m (and not only the approximate solution with
minimum residual norm) is retained in the restarting scheme and the success of this approach has
been demonstrated on many academic examples [14]. We show in this section how GMRES-DR
can be extended to handle the situation where the preconditioner is allowed to vary. Following the
FGMRES description (proposed in [20]) we denote by M; a matrix that represents the precondi-
tioner at step ¢ of the method. Algorithm 1 depicts the FGMRES-DR algorithm that we propose.
As the Flexible GMRES algorithm, starting from an initial guess xg, it generates, at each restart,
the matrices Z,, € C"™, Vipr € C("+) and H,, € C™t1*™ such that AZ,, = Viup1Hpm.
An approximate solution z,, € C" is found by minimizing the residual norm ||b — A(xo + Viny)||
over the space xg + range(V,,), the corresponding residual being r,, = b — Az, € C", with
T € range(Vy,41). The only step which remains unspecified is the restarting procedure, where
VY, Zge® and H*" are computed so that Equation (4) holds. Proposition 1 and Algorithm 2
show how this operation can be efficiently implemented. It relies on the use of harmonic Ritz
vectors of a certain matrix with respect to a subspace defined by range(V;,,). Let define a subspace
S C C™ and a matrix B € C"*™. The pair (0,y) € C x S is referred to as a harmonic Ritz pair of
B with respect to BS if and only if [23, Theorem. 5.1]:

SHBH(By — 6y) =0, (2)

where y is called the harmonic Ritz vector associated with the harmonic Ritz value 6.
Before showing how Equation (4) is obtained, we start with some comments on the FGMRES-
DR algorithm:



Algorithm 1 FGMRES with deflated restarting

1:

Initialization: Choose m > 0, k > 0, tol > 0, g € C™ Let ro = b — Axg; 5 = ||rol|, ¢ = Bey,
V1 = To/ﬂ.
First restart: Apply the standard Arnoldi process with flexible preconditioner to construct
Vin+1, Zm and H,, so that:

AZm = m+1gm~ (3)

Minimum norm solution: Compute the minimal norm solution in the affine space zg +
range(Z,,); that is, z,, = xo + Znym where y,, = argminyHc — Hpyll. Set xy = x, and
To = b— AJ?().

Check convergence: 1f ||c — Hpyml| /0] < tol, Exit
. Restarting procedure: Perform a QR factorization of [uq, . .., ux] and store the Q-factor in V¥,
where u; € C*, i = 1,...,k are harmonic Ritz vectors of AZ,,V.!I with respect to range(V,,)

(see Algorithm 2). Use the Gram-Schmidt process to obtain v ¢y, such that ro € range(V,c})
holds, where V1" = [V, vj¢Y] is orthonormal. Compute Z;* and H“" so that

AZ;;,@U) — knJ:nlu _I?,ew. (4)
Apply (m — k) additional steps of the Flexible Arnoldi process on (4) so that:
AZR = Vo Hye (5)

Restart: Set ¢ = (V") 1o, Zy = 20, Vi = V24, Hy = H2E, Goto 3

Algorithm 2 Computation of V", Z'“ and H};’e“’

. Input: A, Z,, and V41 such that AZ,, = Vi1 H,,

Compute k harmonic Ritz vectors. Compute k independent eigenvectors g; of the matrix
Hpm+h2 oy Hy P emel, with efl = (0p,-1,1) where 0,1 is the 1 x m — 1 zero row vector and
H,, denotes the first m rows of H,,. Set Gy = [g1,...,9x] € Ccmxk,

Augmentation of Gy:

Set G
Gk:+1 = |:|:0::| ,C— Hmym:| )

where 0 is the 1 x k& zero row vector.

Orthonormalization of the columns of Gry1: Make a QR-factorization of Gii1 as Giy1 =
P11k 41 and store Pyyq. Define, in Matlab notation, P, = Pey1(1: k,1: k).

Set V1" = Viny1 Peyr, 20 = Z, Py and I?,?ew = Pﬁ_lﬁmPk.

1. Breakdown of the algorithm. Steps 2. and 6. of Algorithm 1 implement the non-restarted
FGMRES algorithm, that may break down whereas the solution of the linear system has not
been found (see [20]). Indeed, a breakdown occurs at step j when AM;v; belongs to range(V;);
this corresponds to a very particular property of M; with respect to A and Vj, that, from
our point of view, is not very likely to hold when M represents an iterative preconditioning
step. Note that, from the GMRES theory, this situation cannot occur if the preconditioner is
a nonsingular (constant) matrix M (see [20]) because in this case, when the algorithm breaks
down, the solution is found. In addition, FGMRES-DR also relies on being able to compute
k distinct eigenpairs of a matrix in Step 2. of Algorithm 2. This may not be possible if the
matrix is not diagonalizable. Again, we consider as very unlikely in finite precision arithmetic
that an eigenvalue solver like the QR method fails to find & linearly independent vectors of a
given matrix. Strictly speaking, if a problem occurred in Steps 2. and 6. of Algorithm 1 or
in Step 2. of Algorithm 2, the algorithm would effectively breakdown, but as for FGMRES
and GMRES-DR, this is considered as very unlikely in practical computations.

2. Use of the harmonic Ritz values associated with matrix AZ,,V, in Step 5. of

Algorithm 1. First we remind the situation for a constant preconditioner M; = M and define



Zm = MV,,. The preconditioned GMRES-DR algorithm uses, in its restarting procedure,
the harmonic Ritz vectors of AM w.r.t. V,,. From Equation (2), these vectors are readily
the harmonic Ritz vectors of AMV,,V = AZ, VI wrt. V,, which is what we retained
in FGMRES-DR. It follows that the restarting procedure of Algorithm 1 can be viewed as
a generalization of the corresponding operation in the GMRES-DR algorithm to the flexible
preconditioning framework.

Proposition 1. Let Py be the matriz defined in Algorithm 2. At each restart of FGMRES-DR the
Arnoldi relation ~
AZI/?EU) — Vkﬂf/]l:l) H}:;leﬂ)

holds with
2y = Zy Py,

anqu) - Vm—‘,—lpk-l—l)

and

new H 13

Proof. For a given Hessenberg matrix H,,, our definition of the harmonic Ritz vectors g; is the
same as the definition used in [15]. Using [15, Theorem 5.5, p. 1121] we then get, for some «; € C,

Vie{l,....k}, Hpngi —\i < % > = a;(c — HpYm) = @i pm,

where p,, = ¢ — H,,y,,. Multiplying the above equality by V41 on the left, we obtain
Vie{l,...,k}, Vi1 Hpngi — A\iVins1 < 96' ) = iVis1Pm,

which in turn yields, using the Arnoldi relation AZ,, = V,,i1H,p,

ViE{l,...,k‘}, Angi:Vm+1 ()\1< %1 ) —|—0¢1'pm>. (6)
Setting G = [g1," - ,gx) € C™** and a = [a, - - , ] € CP*F, Equation (6) reads
A2 G = Vi [(( 55 ) oo | o8 M) | (7)
Ok [0

Let us further denote by Gy = PiI'y the @ R-factorization of Gy, and orthogonalize the vector p,,
Py

0 ] u where a = ||pm, —

g)k ] to obtain pi41. We have apg11 = pm — {
k

H
{ gk u|| and u; = Pi Pm- The orthonormal matrix Pyy1 writes Py = {( G > ,pkﬂ].
k

0 O
Regarding the 'y factor we have
Py n Py
Ok , APk+1 Ok (%
Pk Fk u
Ok s Pk+1 Ok a )

(5 )] = |
Tk u}

0 a
Consequently, the following equality (7) now becomes

against the columns of {

I
—

from which follows that 'y = {

diag(Ag, -, A _
AZy Py = Vipsy Posa Tt [ iag( 1a k) } ot

Note that T'y, is non singular if range(Gy) is equal to k, which is assumed, as explained above in
the comment 1. on the breakdown of the algorithm.



Let us denote Z*V = Z,,, Py, Vil = Vinp1 Peta and

e diag(M,--- M) ]
ape = rm{ B, k)}I‘kl.

This enables us to write the following Arnoldi relation
AZpY = V;j;ﬂﬁgew,

We now derive the expression of H,?"‘“’ as the product of matrices of low dimension (basically

of order k and m). The collinearity relation ngi -\ ( %Z ) = a;pm reads in matrix form
H,,Gj — [ %;k } diag(A1, -+, Ak) = pma. Since Gy, = Py, we have
k
= diag(A1, -+, A
oL = Pl | W00
_ diag(Mg, -+, A B
Pk}ilePk _ Fk+1 |: 1ag( 1a k) :| Fk 1.

Hence H,?’e“’ = P,ﬁ_lﬁmPk as it is defined in Algorithm 2.
O

We now consider the right-hand side ¢ of the least-squares problem over y that has to be solved
at each iteration: B
y* = argmin, |lc — Hy,yl|.

In the classical GMRES-DR algorithm the right-hand side ¢ of the least-squares problems is
computed as ¢ = V7£I+17“0- However this computation might be expensive as it requires a matrix-
vector product and (m 4+ 1) dot products. This cost can be first reduced by observing that the
residual ¢ belongs to the span of Vj11, consequently only its first (k 4 1) entries are non-zero and
they can be computed as Vklj_lro. By further exploiting this observation the calculation of ¢ can

be even more reduced as described in Proposition 2.

Proposition 2. At restart the new residual ro lies in the span of the orthonormal basis V¢, Its

components (that define the right-hand side of the new least-squares problem to be solved in the
next restart) are given by the last column of the R factor of the QR factorization of the matriz

(6 )]

Proof. Let Piy11'k4+1 denote the QR factorization of {( gk ),C—Hmym} with ( Z ) be the
k

last column of T'yy1. We have ¢ — Hpypm = Pry1 Z . Consequently 79 = Vi11(c — Hpym) =

mﬂmﬂ(z>:wﬂ<2). O

2.2 Practical implementation

The results shown in Propositions 1 and 2 enable the design of the final and effective implementation
of the FGMRES-DR method described in Algorithm 3. Even though the algorithm has been
described in Section 2.1 for complex arithmetic, it can be also used for real-valued matrices in real
arithmetic by separating the real and imaginary parts of the harmonic Ritz vectors in Step 6. of
Algorithm 3, as already suggested in the GMRES-DR algorithm [16].

Step 10. of Algorithm 3 offers two possible ways to evaluate the projected residual ¢, as
suggested in Proposition 2. The expression involving 7,41 is attractive because it avoids the

matrix vector product Vi'¢{"ro. From our (somehow limited) experience either formula seem to



produce the same convergence curves. Further work is therefore needed to fully understand which
approach is the best in presence of round-off errors.

Concerning memory comparison, targeting for large scale problems, where n is usually much
greater than m and k, we neglect all matrices and vectors, the dimension of which involves only m
(and not n). With this convention FGMRES is twice as much expensive in memory as GMRES,
and the same holds for FGMRES-DR and GMRES-DR. Indeed, in the flexible variant of the
algorithms, memory is needed to store both the Krylov basis V' and its preconditioned counterpart
Z. An optimization of the memory is however still possible. Tt can indeed be seen that the variables
Z™% and V" can overwrite the variables Z and V. This can be accomplished by performing the
matrix multiplications Vi1 <« V41 Pry1, Zk «— Zm Py of Step 8. in place, i.e. within the arrays V
and Z. The trick comes from the fact that multiplications involving triangular factors can be done
in place. It is therefore feasible to perform an LU factorization with total pivoting of Py (to get a
very good approximation P, = LU), and then, to perform successively the operations X «— UX
and X «— LX, for X being V and Z. This approach is clearly saving a lot of memory when k
is close to m, but mﬁuy introdthce additional round-off errors that can hopefully be monitored by

P, — LU

inspecting the ratio
[Pl

Algorithm 3 Practical implementation of FGMRES with deflated restarting: FGMRES-DR (m,k)

1: Initialization. Choose:
m: the maximum size of the subspace where the solution is built,
k: the desired number of approximate eigenvectors.
tol: the convergence threshold , zop: an initial guess
Let ro = b— Axo; 8= ||rol, ¢ = Ber, v1 =10/0. B

2: First iteration. Apply standard FGMRES(m). Tt generates V11, Him, Zm

3: Minimum norm solution. Solve y,, = argminy||c — H,,y||. Compute the approximate solution
Tm = 20 + ZmYm and the residual r,,, = V. 1(c — HyYm)- Set 29 = x,, and 79 = 7.

4: Check convergence. If ||ro]|/|10]] = |lc — mym||/||b|| < tol, Exit.

5: Compute harmonic Ritz vectors. Compute k independent eigenvectors g; of the matrix: H,, +
hm+1 H-He,el | Then store the gi, i =1...k, into the matrix Gj.

6: Append the quasi- rPs‘H]ual Ber — Hpym to Gk
% If A is complex: add a zero row to Gy, and the column ¢ — H,, Y.
* If A is real: if some of the g;’s are complex, split their real and imaginary parts ( in the case,
there would be more vectors than k, remove a real one). Then add a zero row to Gy, and the
column ¢ — Hmym. In the two cases, the new matrix is noted Giy1 and its dimensions are
(m+1) x (k+1).

7. Orthonormalization of the columns of Gii1. Make a @QR-factorization of Giy1: Gre1 =
Piy1Tk41, store Py and the last column of T'gyq, 'yk+1

8: Let V"' = Viny1 Peyr, 27" = Z Py, and Hew = Pk (H Py

9: Apply (m k) additional steps of the Flexible Arn01d1 process on AZ}V = Vk":f’H""“’ so that
AZ”LEU) — TLEU)HTLEU).

m m—+1
10: Restart: Set ¢ = (Vk"ff’) rog = ékﬂ Vi1, Zm = 2%, Vipr = VY, H,, = H"v,
k+1

Goto 3. In these expressions, Og41 is the 1 x (k4 1) zero row vector and I is the order k+1
identity matrix.

3 Numerical experiments

In this section we investigate the numerical behaviour of the FGMRES-DR(m,k) algorithm on
both academic and realistic applications. We consider the case of both sparse or dense matri-
ces in either real or complex arithmetic. All the examples include a detailed comparison with
FGMRES(m). This allows us to show the effects of incorporating the deflation strategy in the
flexible preconditioning framework.



In the following experiments, the right-hand sides are computed as b = A1 where 1 is the vector
of appropriate dimension with all components equal to one. A zero initial iterate zq is considered
as an initial guess and the following stopping criterion is used:

16— Az

<1072
= ®)

where ¢ represents the step when the iterations are stopped.

3.1 Harwell-Boeing and Matrix Market test problems

In order to illustrate the numerical behaviour of FGMRES-DR, we first consider a few test matrices
from the Harwell-Boeing [11] and Matrix Market [2] libraries so that any reader could reproduce
these experiments. The sparse matrices named Sherman4, Saylor4 and Younglc have been chosen.
Sherman4 and Saylor4 are real matrices, whereas Younglc is a complex-valued one. They represent
challenging sparse matrices coming from realistic applications (reservoir modelling, acoustics) that
are often used to analyze the behaviour of numerical algorithms. For those experiments, the
preconditioner consists in five steps of preconditioned full GMRES, where the preconditioner is
based on an ILU(0) factorization. In the case of Sherman4 only, the inner solver corresponds to
five steps of unpreconditioned full GMRES.

In Table 1, we depict the total number of matrix-vector products performed in the inner and
outer parts of the solver (# Mv), the total number of dot products (# dot) for three combinations
of flexible methods: FGMRES-DR(5,3), FGMRES(5) and FGMRES(7) respectively. In order to
illustrate the possible benefit of using the implementation trick that alleviates the memory penalty
due to the deflation at restart we effectively consider different restart parameters for FGMRES.
Indeed the performance of FGMRES-DR(5,3) can be compared with FGMRES(5) if the trick is
implemented or with FGMRES(7) if a straightforward implementation is considered. The total
amount of floating-point operations including the cost of preconditioning has been computed for
each solution method, excluding however the cost of the ILU(0) factorization that is the same
for each proposed method. We choose FGMRES(7) as a reference solution method and report
in Table 1 the ratio in terms of floating-point operations required by a given solution method
compared with the reference solution method. In the three cases, it can be noticed that the
deflation at restarting enables a faster convergence. It also results in a faster calculation since a
significant amount of floating-point operations is saved.

SHERMAN4 SAYLOR4 Younaglc
# Mv | # dot | ratio || # Mv | # dot | ratio || # Mv | # dot | ratio

FGMRES-DR(5,3) 373 1288 | 0.42 115 384 0.44 1633 5698 | 0.35

FGMRES(5) 1273 3813 1.08 409 1221 1.36 6145 | 18430 | 1.07

FGMRES(7) 877 2771 1.00 295 931 1.00 5095 | 16126 | 1.00

Table 1: Performance of FGMRES and FGMRES-DR to satisfy the convergence threshold (8); #
My is the total number of matrix vector products, # dot the total number of dot products and
ratio the ratio of floating-point operations with respect to the FGMRES(7) method.

3.2 Two-dimensional Helmholtz problem

Our goal in this section is to illustrate the performance of FGMRES with deflated restarting on
a simple two-dimensional partial differential equation model problem. A model wave propagation
problem in a two-dimensional homogeneous medium is considered:

0 ,0u J Ou

2 -G e = 5 2P ©)

with homogeneous Dirichlet boundary conditions v = 0 on the boundary 6€2. The unknown u
represents the pressure field in the frequency domain and o the constant wavenumber. A second



order finite difference discretization scheme of the Helmholtz equation (9) is used on a equidistant
Cartesian grid of step size h with the following dispersion stability condition o h = 0.625 [6] being
satisfied. One V(1,1) cycle of a geometric multigrid method [27] is used as a preconditioner. This
multigrid method uses a two-level hierarchy with a red-black Gauss-Seidel smoother, bilinear inter-
polation as prolongation and its adjoint as restriction operator. Galerkin coarse grid discretization
is employed to build the coarse grid operator and a sparse direct solution method is used to solve
the coarse grid systems. Numerical experiments with this two-grid preconditioner for FGMRES on
two-dimensional wave propagation problems in geophysics with Robin boundary conditions have
been reported in [10]. The discretization of the Helmholtz equation on a 64 x 64 grid with o = 40
leads to a real-valued sparse symmetric indefinite matrix A, whose spectrum is shown in Figure 1
(left part). There are 117 negative eigenvalues for this choice of wavenumber and step size. The
spectrum of the preconditioned operator AM is also shown in Figure 1 (right part). It exhibits
both positive and negative isolated real eigenvalues and a cluster of eigenvalues around (1, 0).

Spectrum of the original operator Spectrum of the preconditioned operator
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Figure 1: Spectrum of the original Helmholtz operator (left) and spectrum of the preconditioned
operator (right), when a V(1,1) cycle of a multigrid method is used as a preconditioner. Case of
h =1/64 with o = 40. Note the different scalings on both figures.

The harmonic Ritz vectors corresponding to the k eigenvalues \; of smallest magnitude of the
matrix Hy, +h2, 1, Hy " emel have been chosen in Algorithm 3 (step 5.). In the sequel we call
this strategy SMALLEST. However any combination of k£ harmonic vectors may be selected. Thus
we have considered two other possibilities. The first one selects the k eigenpairs corresponding
to the eigenvalues of largest magnitude. It is called LARGEST. The second deflation strategy
retains the k eigenvectors associated with the eigenvalues such as |1 — \;| is of largest magnitude.
With this latter choice we aim at selecting eigenvalues located away from a cluster around the
eigenvalue of the "ideal" preconditioned operator AM with M~' = A. This eventually allows
simultaneous deflation of eigenvalues of both smallest and largest magnitude. We call this strategy
CLUSTER. We investigate the influence of the different deflation strategies (SMALLEST, LARGEST
and CLUSTER respectively) and compare FGMRES-DR (m,k) with FGMRES(m) for different values
of the restart parameter m. Table 2 gives the number of approximate eigenpairs k that led to the
smallest number of iterations ¢ to satisfy the stopping criterion (8) for each deflation strategy.
These results have been obtained by running FGMRES-DR(m,k) with 1 < k < m for each value
of the restart parameter m. Numerical results show that the CLUSTER deflation strategy is almost
the most efficient on this application (see bold values in Table 2) leading sometimes to a significant
reduction in terms of iterations. The total amount of floating-point operations including the cost
of preconditioning has been computed for each solution method. We choose FGMRES(m) as a
reference solution method and report the following normalized quantity in Table 2:

flopsstrat
JlopsrGMRES(m)

ratio = (10)

where Strat denotes the FGMRES-DR (m,k) solution method with a given deflation strategy among



SMALLEST, LARGEST and CLUSTER. Consequently values of ratio less than 1 indicate which
solution methods are expected to be more efficient than FGMRES(m) in terms of computational
work. In this table, we see that the SMALLEST deflation strategy yields the best performance with
respect to floating-point operations on this application. The CLUSTER deflation strategy tends to
favour values of k close to the restart parameter m to be most effective. Figure 2 shows a typical
convergence history on this wave propagation problem for two different settings of (m,k).

FGMRES SMALLEST LARGEST CLUSTER
m Y4 ratio | k / ratio | k V4 ratio | k& 4 ratio
10 | 492 | 1.00 | 6 | 161 | 0.55 | 4 | 355 | 0.98 | 7 | 175 | 0.71
12 | 194 | 1.00 | 2 | 97 055 |4 | 181 | 1.25 | 9 76 | 0.87
14 | 148 | 1.00 | 5| 75 066 | 3| 138 | 1.11 | 10 | 58 | 0.80
16 | 152 | 1.00 | 8 | 61 060 | 6 | 127 | 1.16 | 11 | 50 | 0.62
18 | 124 | 1.00 | 6 | 54 055 | 2103 | 0.90 | 16 | 45 | 1.25
20 | 101 | 1.00 | 7| 52 065 | 4| 8 | 0.98 | 16 | 41 | 0.90

Table 2: Wave propagation problem (h = 1/64, 0 = 40). On each line is shown the iso-memory
performance of FGMRES and FGMRES-DR; ¢ is the number of iterations required to satisfy the
stopping criterion (8) and ratio the ratio of total floating-point operations v.s. FGMRES(m) (see
Equation (10)). Best values of £ are marked in bold. Case of a constant two-grid preconditioner.
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—— GMRES(10)
—<— Away from cluster
—#— Smallest in magnitude|

—#— Largest in magnitude

—%— GMRES(20)
—<&— Away from cluster
—#— Smallest in magnitude|

———— Largest in magnitude

Normalized residual

Normalized residual
. .
S 1S
j‘/ y

X
10700 100 % X ..
3 ﬁ““*& Y

. . X %

10 1 10 % K e
&
10”4 i i i i i 10’14 i i i i i
0 100 200 300 400 500 600 0 20 40 60 80 100 120

Number of iterations Number of iterations

Figure 2: Convergence history of the scaled residual with respect to number of iterations on the
wave propagation problem (h = 1/64, o = 40). Experiments with FGMRES-DR(10,7) (left) and
FGMRES-DR(20,14) (right). Case of a constant two-grid preconditioner.

The choice of the two-grid components has led to a fixed preconditioner. This allowed us to
compute the spectrum of the preconditioned operator shown in Figure 1. The efficiency of FGMRES
with deflated restarting has been shown on this simple model problem. This is of primary interest
for three-dimensional wave propagation applications, where the coarse grid systems of the two-
grid method can not be handled any more by a sparse direct solution method due to excessive
memory requirements. Iterative methods are then required to solve the coarse grid systems only
approximately. A non constant preconditioner is then obtained which requires the use of flexible
Krylov subspace methods. The study of preconditioned FGMRES-DR for such three-dimensional
wave propagation applications is beyond the scope of this paper and will be analyzed in the near
future. Nevertheless we give an illustration of the potential benefits of FGMRES-DR. on the two-
dimensional model problem (9) when such inexact coarse grid solution method is used. As an
example of approximate coarse grid solver, we consider now the use of an iterative method to solve
the coarse grid system to a loose tolerance of 0.15 on the normalized residual. Table 3 reports
the results for the two promising deflation strategies SMALLEST and CLUSTER in this setting. The
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same conclusions as in the constant preconditioner case hold: FGMRES with deflated restarting
is efficient. This case study illustrates that there are possibly better choices than selecting the
harmonic Ritz vectors corresponding to the harmonic Ritz values of smallest magnitude. If the
goal is to minimize the number of matrix-vector products the CLUSTER policy is the most efficient
on that problem.

FGMRES SMALLEST CLUSTER

m / ratio Y4 ratio | k / ratio
10 | 488 | 1.00 115 | 0.28 | 8 | 125 | 0.66
12 | 208 | 1.00 96 0.50 | 10 | 87 | 1.25
14 | 141 | 1.00 75 087 | 12 | 74 | 1.78
16 | 156 | 1.00 67 0.68 | 13 | 54 | 0.80
18 | 124 | 1.00 57 0.60 | 16 | 47 | 0.86
20 | 106 | 1.00 54 0.66 | 16 | 46 | 0.90

~| Y| Cof Co N Wof &

Table 3: Wave propagation problem (h = 1/64, 0 = 40). On each line is shown the iso-memory
performance of FGMRES and FGMRES-DR; ¢ is the number of iterations required to satisfy the
stopping criterion (8) and ratio the ratio of total floating-point operations v.s. FGMRES(m) (see
10). Best values of ¢ are marked in bold. Case of a non constant two-grid preconditioner.

3.3 Three-dimensional Maxwell’s equations in the frequency domain

The boundary element method has become a popular tool in computational electromagnetics for
the solution of Maxwell’s equations in the frequency domain. The analysis of those wave prop-
agation phenomena has gained an increasing interest in recent years in the simulation of many
challenging industrial processes, ranging from the prediction of the Radar Cross Section (RCS) of
arbitrarily shaped 3D objects like aircraft, the study of electromagnetic compatibility of electrical
devices with their environment, the design of antennae and absorbing materials, and many others.
All these simulations are very demanding in terms of computer resources, and require fast and
efficient numerical methods to compute an approximate solution of Maxwell’s equations. Using
the equivalence principle, Maxwell’s equations can be recast in the form of integral equations. The
discretization is performed on the surface of the object and gives rise to a linear system, where the
matrix is dense and complex. Such a linear system can be solved without explicitly forming the
matrix A thanks to the fast multipole (FMM) approximation [8, 9, 13, 25]. For perfectly conduct-
ing materials effective preconditioners based on sparse approximate inverse can be designed [1, 5].
In this framework, the features of the fast multipole techniques can be further exploited to design
an inner-outer scheme. An accurate FMM is used within the outer solver as it governs the final
accuracy of the computed solution. The inner solver that acts as a preconditioner consists in a
few steps of full GMRES preconditioned by a sparse approximate inverse preconditioner and uses
a less accurate FMM.

In this section, we extend the experiments reported in [4] and consider the solution of elec-
tromagnetic scattering problems relative to an impedance boundary condition on an obstacle of
arbitrary shape in the frequency domain [7]. The geometry of the scattering object is displayed in
Figure 3 and corresponds to an air intake. Such a cavity is known to be particularly challenging to
solve. The dimension of the linear system is 16 950 for the frequency considered in that example.

In Figure 4 we depict the convergence history for both FGMRES and FGMRES-DR where the
inner solver is one restart of GMRES(30) with a sparse approximate inverse preconditioner based on
Frobenius norm minimization. The restart parameters of FGMRES and FGMRES-DR are chosen
so that both solvers use the same amount of storage. For this implementation the trick based on
the LU decomposition of P at restarting was not implemented in the prototype code. Based on a
previous work [12], where a deflating preconditioning technique targeting the smallest eigenvalues
in magnitude was very succesful for perfectly conducting materials, we target the same part of the
spectrum for these experiments. The history is plotted at the iteration when the methods start
generating different iterates; that is at the smallest restart considered for FGMRES-DR.
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It can be seen that FGMRES-DR converges significantly faster than regular FGMRES, espe-
cially when the number of deflated directions is increased. As it could be expected if too many
directions are deflated the performance deteriorates (see k = 11 v.s. k = 13 in the graph). The
convergence remains worse than full FGMRES but FGMRES-DR is much less memory consum-
ing. The gain becomes larger if accurate solutions are expected. On that large electromagnetics
calculation, the extra O(k) operations are completely negligible and the saving in iteration count
directly results in a computational time saving. For instance for a scaled residual lower than 107!
on one processor of a Cray-XD1 computer, the CPU time is 5 hours 47 minutes with FGMRES(25)
and only 3 hours 19 min for FGMRES-DR(19,11).

Figure 3: Cross-section of the air intake used in the numerical experiments.
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Figure 4: Convergence history of the scaled residual with respect to the iteration for the electro-
magnetics application.

4 Concluding remarks

There are many situations in scientific computing where variable preconditioners have to be con-
sidered for the iterative solution of a linear system. In that framework we have proposed a novel
algorithm that attempts to combine the numerical features of GMRES-DR and the flexibility of
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FGMRES. The new algorithm, referred to as FGMRES-DR, inherits from the attractive numerical
properties of its two parents. We have shown, on a set of small test examples as well as on two
real life applications in wave propagation that, after the first restart of the method, FGMRES-DR
may outperform FGMRES; the benefit obtained is problem dependent. As for the GMRES-DR
algorithm, the eigenvalues of smallest magnitude are often considered as good candidates for the
restarting procedure. However, any other part of the spectrum can be considered; the best suited
choice is again problem-dependent and can be based on the analysis of the effect of the precondi-
tioner on the system matrix.
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