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Two domain decomposition methods with Lagrange multipliers for solving iteratively quadratic pro-
gramming problems with inequality constraints are presented. These methods are based on the FETI
and FETI-DP substructuring algorithms. In the case of linear constraints, they do not perform any New-
ton-like iteration. Instead, they solve a constrained problem by an active set strategy and a generalized
conjugate gradient based descent method equipped with controls to guarantee convergence monotonic-
ity. Both methods possess the desirable feature of minimizing numerical oscillations during the iterative
solution process. Performance results and comparisons are reported for several numerical simulations
that suggest that both methods are numerically scalable with respect to both the problem size and the
number of subdomains. Their parallel scalability is also illustrated on a Linux cluster for a complex 1.4
million degree of freedom multibody problem with frictionless contact and nonconforming discrete
interfaces.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Contact problems occur frequently in structural analysis, partic-
ularly when studying the assembly of substructures. They are char-
acterized by inequality constraints such as non-penetration
conditions, and an active area of contact that is unknown a priori.
Several approaches exist for solving frictionless contact problems
[29,45,43] as well as contact problems with friction [7]. In most
of these, the numerical algorithms that are employed for enforcing
the contact constraints can be grouped into penalty and Lagrange
multiplier methods [44].

Penalty methods [28,2] are closely related to the regularization
of the contact constraints. They are usually formulated in terms of
the displacement variables and therefore are primal methods. They
allow treating contact as a material behavior, as exemplified by the
method of joint finite elements [1]. Penalty methods can experi-
ence various numerical difficulties, especially ill-conditioning,
when a too large or too small penalty parameter is introduced.

Lagrange multiplier methods are dual methods where the mul-
tipliers, which represent the contact reaction forces, are introduced
in order to enforce exactly the non-penetration conditions. These
ll rights reserved.

: +1 725 3525.
methods can be further classified into (a) trial and error ap-
proaches for determining the active zone of contact, (b) mathemat-
ical programming techniques [30,26], (c) search gradient methods
[36,13,38,39], and (d) a combination of all of these approaches.
Augmented Lagrange multiplier methods [3,31,37,8] result in
mixed formulations involving both displacement and force un-
knowns. The numerical solution schemes underlying both the La-
grange multiplier and augmented Lagrange multiplier methods
are often related to the Uzawa algorithm [4,42,10].

Recently, various forms of domain decomposition have been
introduced in the formulation of large-scale frictionless contact
problems in order to speed up their solution on both serial and par-
allel computing platforms [9,14,6,7,15]. In particular, a domain
decomposition method for the solution of frictionless contact prob-
lems with Lagrange multipliers based on the FETI (Finite Element
Tearing and Interconnecting) [17,23,22,34,35,21,18] method was
presented in [15]. This method – named FETI-C (C for contact) –
employs a single iterative procedure in which both contact and
equilibrium conditions are updated. A similar approach, but based
on the FETI-DP (DP for Dual–Primal) domain decomposition meth-
od [20,24] and therefore named FETI-DPC, was recently presented
in [5].

In this paper an alternative optimization-style formulation of
the FETI-C and FETI-DPC methods for frictionless contact problems
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with nonconforming subdomain interfaces is presented. The pre-
sentation also includes an important modification to the original
algorithms that guarantees convergence monotonicity. To this ef-
fect, the paper begins by describing in Section 2 the FETI and
FETI-DP methods for unconstrained and strictly convex quadratic
minimization problems in order to keep this paper as self-con-
tained as possible. Then, two FETI and FETI-DP based methods
for the solution of convex quadratic programming problems with
linear inequality constraints are presented in Section 3. Their per-
formance is assessed in Section 4 for some frictionless contact
problems. Their parallel scalability is also demonstrated on a Linux
cluster for a complex 1.4 million degree of freedom contact prob-
lem with nonconforming discrete interfaces. Finally, Section 5
summarizes and concludes this paper.

2. Unconstrained minimization – static problems

The FETI [17,23,25,21,18] and FETI-DP methods [20] were orig-
inally developed for solving efficiently on parallel processors a
large-scale linear or linearized system of equations arising from
the finite element discretization of a structural mechanics problem
defined on a global domain Xg . Such a system of equations can be
written as

Kgug ¼ f g ; ð1Þ

where for a large class of applications, Kg 2 Rng is a symmetric po-
sitive definite generalized stiffness matrix constructed by direct
assembly of element-level generalized stiffness matrices, ug 2 Rng

is a vector of generalized displacements, and f g 2 Rng is a vector
of prescribed generalized forces. The subscript g is used here to de-
note a global quantity or variable.

Problem (1) can alternatively be posed as the following uncon-
strained minimization quadratic programming (QP) problem

ug ¼ arg min
vg2Rng

fgðvgÞ; ð2Þ

where fgðvgÞ ¼ 1
2 vT

gKgvg � vT
gf g is the objective function, vg is the

optimization variable, and ug is the optimal point.

2.1. The FETI method

Consider a given set of finite elements representing a discretiza-
tion of a global domain Xg with degrees of freedom (dofs) num-
bered globally from 1 to ng . This global finite element set is
decomposed into Ns disjoint subsets of elements, each representing
a discretization of a subdomain Xs with dofs numbered locally
from 1 to ns.

The FETI method essentially reformulates the initial uncon-
strained minimization problem (2) as an equivalent constrained
minimization problem expressed in terms of the local generalized
displacement unknowns u ¼ ðu1; . . . ;uNs Þ, local variables, and local
knowns defined at the subdomain level. This equivalent problem
takes the equality-constrained QP form

u ¼ arg min
v2B

f ðvÞ; B ¼ v 2
Ys¼Ns

s¼1

Rns
:
Xs¼Ns

s¼1

Bsvs ¼ 0

( )
; ð3Þ

where

f ðvÞ ¼
Xs¼Ns

s¼1

1
2

v sT
K sv s � f sT v s

� �
ð4Þ

Bs is the signed Boolean matrix that extracts from a subdomain vec-
tor such as vs its signed (±) restriction to the subdomain interface
boundary, K s 2 Rns

is the local symmetric positive semidefinite gen-
eralized stiffness matrix of subdomain Xs constructed by direct
assembly of the local and element-level generalized stiffness matri-
ces, and f s is a local vector of prescribed generalized forces con-
structed by direct assembly of local and element-level vectors of
prescribed generalized forces (for example, body forces or surface
tractions) and/or extraction of the local subdomain contribution
to the global vector of discrete prescribed generalized forces.

Problem (3) admits a dual formulation that is described in Sec-
tion 2.1.1 and for which an iterative solution method is overviewed
in Section 2.1.2.

2.1.1. Dualization
The Lagrangian function associated with problem (3) is formed

by augmenting the objective function with a weighted sum of the
constraint functions as follows:

Lðv; lÞ ¼ f ðvÞ þ lT
Xs¼Ns

s¼1

Bsv s ð5Þ

¼
Xs¼Ns

s¼1

1
2

v sT
Ksv s � f sT v s

� �
þ lT

Xs¼Ns

s¼1

Bsv s ð6Þ

li is referred to as the Lagrange multiplier associated with the ith
constraint and l as the l-long vector of l Lagrange multipliers or dual
variables.

The Lagrange dual function is defined as the minimum value of
the Lagrangian function over v

hðlÞ ¼ inf
v

Lðv; lÞ; ð7Þ

which is

(a) By definition �1 when the Lagrangian function L is
unbounded from below in v; observing that L has a quadratic
form in v with a symmetric positive semidefinite coefficient
matrix, it follows that L is bounded from below in v if and
only if RsT ðf s � BsT

lÞ ¼ 0 for all subdomains, where the col-
umns of Rs 2 Rns�qs

span the left null space of K s and repre-
sent the rigid body modes of subdomain Xs.

(b) Otherwise attained when the gradient of the Lagrangian
function L with respect to v is zero, specifically when
v s ¼ K sþ ðf s � BsT

lÞ þ Rs
bs for all subdomains, where the

vector bs 2 Rqs
represents the amplitudes of the rigid body

modes of subdomain Xs and the superscript + denotes the
generalized inverse of a matrix.

After some algebraic manipulations, the Lagrange dual function
can be re-written as

hðlÞ ¼ � 1
2 lT Flþ dT

l� c if GT
l ¼ e;

�1 otherwise;

(
ð8Þ

where

F ¼
Xs¼Ns

s¼1

BsK sþBsT
;

d ¼
Xs¼Ns

s¼1

BsK sþ f s;

c ¼ 1
2

Xs¼Ns

s¼1

f sT
K sþ f s;

G ¼ B1R1 � � � BNs RNs
� �

;

e ¼ f 1T
R1 � � � f NT

s RNs

h iT
:

Consider now the optimization problem associated with the follow-
ing question: what is the vector of Lagrange multipliers for which
the dual function gives the best lower bound on the optimal value
f ðuÞ? This is the so-called Lagrange dual problem which can be writ-
ten as
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k ¼ arg max
l2Rl

hðlÞ; ð9Þ

where hðlÞ is the dual objective function, l is the dual optimization
variable and k is the dual optimal point. In this context and to avoid
confusion, (3) is referred to as the primal problem, f ðvÞ as the pri-
mal objective function, v as the primal optimization variable, u as
the primal optimal point, and B as the primal feasible set.

For optimization problems of the form given in (3), it can be
established that points at which the dual function is �1 will not
be dual optimal. The Lagrange dual problem may therefore be
equivalently stated in the equality-constrained QP form

k ¼ arg min
l2G

gðlÞ; G ¼ fl 2 Rl : GT
l ¼ eg; ð10Þ

where gðlÞ ¼ lT Fl� dT
l and is referred to – by slightly abusing the

terminology – as the dual objective function, and G is referred to as
the dual feasible set.

2.1.2. Solving the dual problem
Let l ¼ k0 þ PM�1

2�l where k0 is any dual feasible point,
P ¼ I � GðGT GÞ�1GT be the matrix defined so that Px0 is the orthog-
onal projection of x0 on to the left null space of G – that is, the sub-
space fx 2 Rl : GT x ¼ 0g – and M�1 2 Rl�l a symmetric positive
definite preconditioner chosen such that M�1

u ðPT FPÞ�1. Using
this change of variable, the constrained minimization QP problem
(10) is transformed into the following two independent and sim-
pler problems:

(a) The convex feasibility problem (CFP) GT
k ¼ e, which in this

case may be solved simply as k0 ¼ GðGT GÞ�1e, and
(b) The unconstrained QP problem

�k ¼ arg min
�l2Rl

�gð�lÞ; ð11Þ

where �gð�lÞ ¼ 1
2 �lT F�l� �dT �lþ �c, and

F ¼M�1
2

T

PT FPM�1
2;

�d ¼M�1
2

T

PTðd� Fk0Þ;

�c ¼ 1
2

k0T
Fk0 � dT

k0

that can be solved by the well-known Conjugate Gradient (CG)
algorithm.

The solution of problem (10) can then be obtained directly from
the solutions of the above two subproblems as k ¼ PM�1

2�kþ k0. This
solution approach can also be written in the form of a Precondi-
tioned Conjugate Projected Gradient (PCPG) algorithm and is
known as the FETI method.

2.2. The FETI-DP method

The FETI-DP method is a variant of the FETI method in which
continuity of some or all components of the displacement field at
some designated ‘‘corner” interface nodes [20] is exactly satisfied
at each CG iteration. The global and local vectors of generalized
displacements can be written as column block vectors

vg ¼
vgr

vgc

� �
; ð12Þ

v s ¼
v s

r

v s
c

� �
; ð13Þ

where the subscripts c; r denote the corner and non-corner – or
‘‘remainder” – sub-vectors, respectively. Then, the local generalized
stiffness matrices can be written as block matrices as follows:
K s ¼
Ks

rr K s
rc

K sT

rc K s
cc

" #
: ð14Þ

Each sub-matrix K s
rr is guaranteed to be symmetric positive definite

by selecting sufficient and appropriate corners [33].
The problem of interest can now be reformulated in terms of

the local subdomain remainder unknowns v r ¼ ðv1
r ; . . . ;vNs

r Þ and
global corner unknowns vgc

, and in the form of an equality-con-
strained QP problem as follows:

ður ;ugc
Þ ¼ arg min

ðvr ;vgc Þ2B�
f �ðv r ;vgc

Þ;

B� ¼ ðv r ;vgc
Þ 2

Ys¼Ns

s¼1

Rns
r � Rncg :

Xs¼Ns

s¼1

Bs
rrv s

r ¼ 0

( ) ð15Þ

where

f �ðv r ;vgc
Þ ¼

Xs¼Ns

s¼1

1
2

v sT

r vT
gc

LsT

cc

h i K s
rr K s

rc

KsT

rc Ks
cc

" #
vs

r

Ls
ccvgc

� � 

� vsT

r vT
gc

LsT

cc

h i f s
r

f s
c

� ��
Ls

cc is the restriction to the corner dofs of the Boolean global to local
map of subdomain Xs defined such that vs

c ¼ Ls
ccvgc

, and Bs
rr is the

restriction to the remainder dofs of Bs.

2.2.1. Dualization
The Lagrangian and Lagrange dual functions associated with

problem (15) are defined as

L�ðv r ;vgc
; lrÞ ¼ f �ðv r;vgc

Þ þ lT
r

Xs¼Ns

s¼1

Bs
rrv s

r

and

h�ðlrÞ ¼ inf
ðvr ;vgc Þ

L�ðv r;vgc
;lrÞ; ð16Þ

respectively. As in the formulation of the FETI dual problem (Section
2.1.1), the Lagrange function has a quadratic form in the primal var-
iable – in this case ðv r ;vgc

Þ – but now with a symmetric positive def-
inite coefficient matrix rather than positive semidefinite. The
infimum of the Lagrangian function is therefore simply attained
when the gradient with respect to ðv r ;vgc

Þ is zero. Hence, the La-
grange dual function h� can be written as

h�ðlrÞ ¼ �
1
2

lT
r F�rrlr þ lT

r d�r � c�r ; ð17Þ

where

F�rr ¼
Xs¼Ns

s¼1

Bs
rrK

s�1

rr I � Ks
rcLs

ccK�
�1

cc

Xs¼Ns

s¼1

LsT

ccKsT

rc K s�1

rr

 !
BsT

rr ;

d�r ¼
Xs¼Ns

s¼1

Bs
rrK

s�1

rr f s
r � K s

rcLs
ccK�

�1

cc

Xs¼Ns

s¼1

LsT

cc f s
c � KsT

rc K s�1

rr f s
r

� 	 !
;

c�r ¼
Xs¼Ns

s¼1

1
2

f sT

r K s
rrf

s
r þ f sT

r Ks
rcLsT

ccf s
c þ

1
2

f sT

c K s
ccf s

c

� �
;

and

K�cc ¼
Xs¼Ns

s¼1

LsT

cc K s
cc � K sT

rc K s�1

rr K s
rc

� 	
Ls

cc:

The FETI-DP dual problem takes then the unconstrained QP form

kr ¼ arg max
lr2Rlr

h�ðlrÞ ð18Þ
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or, equivalently, the minimization problem

kr ¼ arg min
lr2Rlr

g�ðlrÞ; ð19Þ

where g�ðlrÞ ¼ 1
2 lT

r F�rrlr � lT
r d�r .

2.2.2. Solving the dual problem
In the FETI-DP method, the solution of the dual problem (19) is

obtained by a Preconditioned Conjugate Gradient (PCG) algorithm.
The preconditioning step can be viewed as resulting from the
change of variable lr ¼M�1

2
rr �lr where M�1

rr 2 Rlr�lr is a symmetric
positive definite preconditioning matrix chosen such that
M�1

rr uF�
�1

rr .

3. Constrained minimization – contact problems

As described in Section 2, the classical FETI and FETI-DP meth-
ods can be interpreted as numerical algorithms for solving uncon-
strained minimization problems. In this section, these two
methods are extended for

(a) Constrained minimization QP problems with linear inequal-
ity constraints of the form

n
ug ¼ arg min
vg2Cg

fgðvgÞ; Cg ¼ fvg 2 R g : Cgvg 6 ag; ð20Þ

where Cg 2 Rm�ng and a 2 Rm,

(b) Symmetric positive semidefinite stiffness matrices Kg .

Throughout the remainder of this paper, it is assumed that at least
one feasible point exists, and fg is bounded from below on the fea-
sible set.

The following subsections describe a numerical algorithm based
on the FETI method for solving the domain decomposed minimiza-
tion problem formulated above.

3.1. The re-designed FETI-C method

An equivalent problem to (20) can be formulated in terms of the
local subdomain knowns and unknowns as follows:

u ¼ arg min
v2bB f ðvÞ; bB ¼ v 2

Ys¼Ns

s¼1

Rns
:
Xs¼Ns

s¼1

Bsv s ¼ 0;
Xs¼Ns

s¼1

Csvs
6 a

( )
;

ð21Þ

where Cs 2 Rm�ns
is constructed by extracting the local subdomain

contributions to the global constraint matrix Cg .

3.1.1. Dualization
The Lagrangian and Lagrange dual functions associated with

problem (21) are defined as

bLðv; l; nÞ ¼ f ðvÞ þ lT
Xs¼Ns

s¼1

Bsv s þ nT
Xs¼Ns

s¼1

Csv s � a

 !
and

ĥðl; nÞ ¼ inf
v
bLðv; l; nÞ;

respectively. The infimum of the Lagrangian function is

(a) By definition �1 when the Lagrangian function bL is
unbounded from below in v; observing that bL has a
quadratic form in v with a symmetric positive semidefinite
coefficient matrix, it follows that bL is bounded from
below in v if and only if RsT ðf s � BsT
l� CsT

nÞ ¼ 0 for all
subdomains.

(b) Otherwise attained when the gradient of the Lagrangian
function bL with respect to v is zero – that is, when
v s ¼ K sþ ðf s � BsT

l� CsT
nÞ þ Rs

bs for all subdomains.

Hence, the Lagrange dual function can be re-written as

ĥðl; nÞ ¼ � 1
2 l̂T bF l̂þ d̂T l̂� c if bGT l̂ ¼ e;
�1 otherwise;

(
ð22Þ

where l̂ ¼ ½lT nT �T , bBs ¼ ½BsT
CsT
�T , and

bF ¼Xs¼Ns

s¼1

bBsK sþ bBsT
;

d̂ ¼
Xs¼Ns

s¼1

bBsK sþ f s �
0
a

� �
;

bG ¼ bB1R1 � � � bBNs RNs

h i
:

The above dual problem has the form

ðk; mÞ ¼ arg max
ðl;nÞ2H

ĥðl; nÞ;

H ¼ ðl; nÞ 2 Rl � Rm : ni P 0; i ¼ 1; . . . ;m

 �

: ð23Þ

The points for which the dual function is �1 are not dual optimal.
Therefore, the Lagrange dual problem can be equivalently stated as
a QP problem with both equality and inequality constraints, the lat-
ter having the particular form of simple lower bounds on a subset of
the optimization variables, as follows:

k̂ ¼ arg min
l̂2bG ĝðl̂Þ; bG ¼ l̂ 2 Rlþm : bGT l̂ ¼ e; l̂lþi P 0; i ¼ 1; . . . ;m

n o
;

ð24Þ

where ĝðl̂Þ ¼ 1
2 l̂T bF l̂� d̂T l̂, and k̂ ¼ kT mT

� �T .

3.1.2. Solving the dual problem
The Karush–Kuhn–Tucker conditions [27,32], which are neces-

sary and sufficient conditions for the existence of a solution of
problem (24), can be written as

bF k̂þ bGaþ
0
c

� �
¼ d̂; ð25aÞ

bGT k̂ ¼ e; ð25bÞ
k̂lþi P 0; i ¼ 1; . . . ;m; ð25cÞ
cik̂lþi ¼ 0; i ¼ 1; . . . ;m; ð25dÞ
ci 6 0; i ¼ 1; . . . ;m; ð25eÞ

where a 2 Rq and c 2 Rm are the vectors of Lagrange multipliers
associated with the dual equality and inequality constraints at the
optimal point.

In this section, an iterative descent method utilizing an active-
set strategy for computing a solution satisfying the optimality con-
ditions of the Lagrange dual problem (24) is presented.

A dual constraint is said here to be active if its equality form is
satisfied for a given dual feasible point. If the statuses of the dual
constraints at the optimal point was known a priori, problem
(24) would simplify to an equality-constrained QP problem and
could be solved by a PCPG algorithm. Since this is not usually the
case, an active-set strategy is incorporated within the PCPG algo-
rithm. It begins by predicting which constraints are active at the
optimal point then proceeds to minimize the resulting equality-
constrained QP problem using PCPG iterations until
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(a) An infeasible iterate is generated.
(b) The solution of the equality-constrained QP problem is

determined by some metric to be converging toward a non-
optimal point, or

(c) The optimality conditions are satisfied.

In cases (a) and (b), a new prediction of the active set is made
and the iterative process is repeated. This prediction is henceforth
called the ‘‘working set”.

Furthermore, as will be explained in Section 3.1.4, the iterative
descent method proposed for the solution of (25) is designed so
that the sequence of values taken by the dual function at succes-
sive iterates is monotone descending – that is, ĝðk̂Þkþ1

6 ĝðk̂Þk –
which guarantees convergence in a finite number of iterations.

3.1.3. Preconditioned conjugate projected gradient iterations
Let CC ¼ flþ 1; lþ 2; . . . ; lþmg denote the index set for the La-

grange multipliers corresponding to the primal inequality con-
straints, and eCk

C ¼ fM 2 CC : k̂k
M ¼ 0g the dual active index subset

at the point k̂k. The working set eeCk
C at the point k̂k will be defined

in Sections 3.1.4 and 3.1.5 according to a specific strategy; for now
it is noted that it must be a subset the active index set eCk

C .
For a given working set eeCk

C , the PCPG sequence is generated by
introducing in (24) the change of variable l̂ ¼ k̂0 þ PA

cM�1 �̂l, as de-
scribed in Section 2.1 for unconstrained problems. However, in this
case, k̂0 is a feasible point and PAðx0Þ ¼ PAx0 is the orthogonal pro-
jection of x0 onto the subspace

A ¼ fx 2 Rlþm : bGT x ¼ 0g \ C; ð26Þ

where

C ¼ fx 2 Rlþm : xM ¼ 0 for all M 2 eeCk
Cg: ð27Þ

The projection matrix PA can be written in the form

PA ¼ PCðI� bGðbGT PC
bGÞþ bGTÞPC ; ð28Þ

where PCðx0Þ ¼ PCx0 is the orthogonal projection of x0 onto the sub-
space C. The diagonal projection matrix PC can be defined compo-
nent-wise as

½PC �ðM;MÞ ¼
0 for all M 2 eeCk

C ;

1 otherwise:

(
ð29Þ

Also, cM�1 2 RðlþmÞ�ðlþmÞ is the symmetric positive definite precondi-
tioning matrix chosen such that cM�1

uðPT
A
bFPAÞ�1. In this work, cM�1

is chosen as the following extension of the optimal Dirichlet pre-
conditioner [22] equipped with the topological scaling [40]

cM�1 ¼W
Xs¼Ns

s¼1

PC
bBs 0 0

0 Ss
bb

� �bBsT
PT

CW; ð30Þ

where Ss
bb ¼ K s

bb � K sT

ib K s�1

ii K ib and the subscripts i and b designate
the restrictions to the zero and nonzero columns, respectively, of
PC
bBs and

W ¼
Xs¼Ns

s¼1

PC
bBsbBsT

PT
C

 !þ
: ð31Þ
Table 1
Backtracking projected line search algorithm for computing gk .

Initialize
gk;0 ¼ gk

CG

Iterate j ¼ 0;1; . . . until convergence
1. Project k̂k;j ¼ PDðk̂k�1 þ gk;jpkÞ
2. Test monotonicity if gðk̂k;jÞ 6 gðk̂k�1Þ then gk ¼ gk;j , end
3. Backtrack gk;jþ1 ¼ sgk;j where 0 < s 6 1
3.1.4. Working set expansion and dual planing
Let pk and gk

CG denote the search direction and step length,
respectively, generated at some kth iteration by the PCPG algo-
rithm for the equality constrained minimization on the current
working set eeCk

C . If the corresponding update k̂k�1 þ gk;0pk is feasible
then it is accepted. Otherwise, an auxiliary feasibility problem that
may be posed as follows arises: find a nearby point k̂k 2 bG such that
ĝðk̂kÞ 6 ĝðk̂k�1Þ. A direct algorithm for solving this problem is
simply to reduce the step length to the maximum feasible step
length in the direction pk

gk ¼ min
fM2CC :pk

M<0g
gk;0;
�k̂k�1

M

pk
M

 !
: ð32Þ

However, this algorithm permits very few (typically only one) con-
straints to be added to or removed from the active set at each iter-
ation, resulting in a potentially very slow convergence of the overall
solution method when the number of inequality constraints is large.
An alternative iterative algorithm permitting a large number of con-
straints to be added to or removed from the active set at each iter-
ation is the projected line search used in the well-known gradient
projection scheme

gk ¼ arg max
h>0

ĝðPbGðk̂k�1 þ hrkÞÞ; ð33Þ

where PbG is the orthogonal projection operator onto the dual feasi-
ble set and rk is the negative gradient of the dual objective function.
However, this algorithm tends to cause undesirable oscillations in
the active set and does not exploit the potential benefits of using
the conjugate gradient method. For these reasons, the following
variation of the standard line search algorithm is proposed

gk ¼ arg max
h>0

ĝðPDðk̂k�1 þ hpkÞÞ: ð34Þ

This variant line search algorithm uses the PCPG search direction pk

instead of the negative gradient, and orthogonal projections onto a
subset of the feasible set,

D ¼ fx 2 Rlþm : bGT x ¼ eg \ E; ð35Þ

where

E ¼ x 2 Rlþm :
xM ¼ 0 for all M 2 eeC k�1

C

xM P 0 for all M 2 CC n
eeC k�1

C

8<:
9=; ð36Þ

Since the working set eeCk�1
C is defined as a subset of the active set at

k̂k�1 (i.e., eeCk�1
C #

eeC k�1
C ), projecting onto D instead of bG effectively

guarantees that all of the constraints in the working set remain ac-
tive, while any other inequality constraint may change status.

An inexact backtracking projected line search algorithm for
approximating the solution of problem (34) and ensuring the
monotonicity of the overall contact solution strategy is presented
in Table 1. A corresponding iterative algorithm for computing an
orthogonal projection onto D, referred to here as the dual planing
procedure because it has the effect of removing as if with a carpen-
ter’s plane the infeasible part of the dual variables, is given in Table
2. In this table, PE is the orthogonal projection operator onto E, de-
fined component-wise as

½PEðxÞ�M ¼
0 if M 2 eeC k�1

C ;

hxMiþ if M 2 CC n
eeC k�1

C ;

xM otherwise;

8>><>>: ð37Þ

eD is a small convergence tolerance, and

½hxiþ�i ¼
0 if xi < 0;
xi otherwise:

�



Table 2
Dual planing procedure for computing PDðx0Þ and expanding the working set.

Initialize
�k0 ¼ x0

Iterate n ¼ 1;2; . . . until convergence
1. Enforce positiveness ~kn ¼ PEð�kn�1Þ
2. Update working set eeCk

C ¼ fM 2 Ck
C : ~kn

M ¼ 0g
3. Test self-equilibrium if jjbGT ~kn � ejj 6 eD then PDðx0Þ ¼ ~kn , end

4. Update multipliers �kn ¼ �kn�1 þ bGðbGT PC
bGÞþðe� bGT ~knÞ

Table 3
Primal planing procedure for computing PPðx0Þ and contracting the working set.

Initialize
�w0 ¼ x0 � bGðbGT PC

bGÞþ bGT PC ðx0Þ
if jjh �w0 � PC �w0iþjj 6 DjjPC �w0jj then PPðx0Þ ¼ PAðx0Þ ¼ PC �w0, end

Iterate n ¼ 1;2; . . . until convergence
1. Enforce positiveness ~wn ¼ PJð �wn�1Þ
2. Update working set eeC k

C ¼ fM 2 eCk
C : ~wn

M ¼ 0g
3. Test feasibility if jjbGT ~wnjj 6 eP then PPðx0Þ ¼ PK ðx0Þ ¼ ~wn , end

4. Update �w �wn ¼ �wn�1 � bGðbGT PC
bGÞþ bGT ~wn

Table 4
Nonlinear FETI-C solution algorithm.

InitializeeeC0
C ¼ ;

k̂0 ¼ PDð0Þ
r0 ¼ d̂� bF k̂0

w0 ¼ PPðr0Þ
Iterate k ¼ 1;2; . . . until convergence

Precondition zk�1 ¼ cM�1wk�1

Project yk�1 ¼ PAzk�1

Conjugate fk ¼ yk�1T
wk�1

yk�2T wk�2
(fk ¼ 0 if k ¼ 1 or status change)

pk ¼ yk�1 þ fkpk�1 ðp1 ¼ yk�1Þ
Minimize gk

CG ¼
pkT

wk�1

pkTbF pk

gk ¼ arg maxh>0 ĝðPDðk̂k�1 þ hpkÞÞ
Update k̂k ¼ PDðk̂k�1 þ gkpkÞ

Evaluate residual rk ¼ rk�1 � gkbFpk if dual status change;
d̂� bF k̂k otherwise

(

Project wk ¼ PPðrkÞ
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To establish that the dual planing procedure described above –
which, it should be noted, is subtly different from previous versions
published in [15,5] – is indeed a projection algorithm, it is first ob-
served that the problem of finding the projection onto the closed
convex set D can be defined as the QP problem

PDðx0Þ ¼ arg min
x2D

1
2
jjx� x0jj2

� 

; ð38Þ

whose optimality conditions may be expressed in the form [12]

PDðx0Þ ¼ PEðx0 � bG/Þ; ð39aÞbGT PEðx0 � bG/Þ ¼ e: ð39bÞ

The optimal point can therefore be computed by first solving the
nonlinear Eq. (39b) for the parameter vector /, then substituting
this solution into (39a) to compute PDðx0Þ. Newton’s method is used
here for computing the solution of (39b), which requires the avail-
ability of the Fréchet derivative of the projection operator PE at each
point �kn�1 ¼ x0 � bG/n�1 corresponding to some current approxima-
tion /n�1. This derivative is simply the projection operator onto the
subspace C defined in (29) since eeC k

C is by definition (see Table 2,
step 2) the index set of constraints in E that are active at the point
~kn ¼ PEð�kn�1Þ. Given some initial point /0, the Newton iterations for
solving (39b) can therefore be written in the form

/n ¼ /n�1 � ðbGT PC
bGÞþðe� bGT PEðx0 � bG/n�1ÞÞ: ð40Þ

Defining �kn ¼ x0 � bG/n, it follows that

�kn � �kn�1 ¼ ðx0 � bG/nÞ � ðx0 � bG/n�1Þ; ð41Þ

¼ �bGð/n � /n�1Þ: ð42Þ

From (40) an expression for /n � /n�1 can be obtained

/n � /n�1 ¼ �ðbGT PC
bGÞþðe� bGT PEðx0 � bG/n�1ÞÞ; ð43Þ

¼ �ðbGT PC
bGÞþðe� bGT PEð�kn�1ÞÞ: ð44Þ

Finally, substituting (44) into (42) and rearranging gives an alterna-
tive expression for the Newton iterations in terms of �k instead of /,
which can be written in the form

�kn ¼ �kn�1 þ bGðbGT PC
bGÞþðe� bGT PEð�kn�1ÞÞ: ð45Þ

Hence, the dual planing procedure iterates defined in Table 2 are
identical to those of (40) with the initial point /0 ¼ 0.

3.1.5. Primal planing and working set contraction
Since the algorithm presented in Section 3.1.4 permits only the

addition of constraints to the active set, the overall minimization
method may not converge to a solution that satisfies all of the opti-
mality conditions, specifically the condition (25e) which states that
the Lagrange multipliers associated with the dual inequality con-
straints must themselves be non-positive. Hence, a mechanism
for releasing constraints from the active set is needed. A logical
choice is to remove from the working set those constraints whose
dual Lagrange multipliers would otherwise violate (25e), by
projecting the negative gradient rk at some kth iteration onto the
so-called tangent cone K – that is, the closure of the set of all
feasible directions – and then redefining the working set as the
subset of constraints defining the tangent cone which are active
at PKðrkÞ. The tangent cone at the feasible point k̂k is the closed con-
vex set

K ¼ fx 2 Rlþm : GT x ¼ 0g \ J; ð46Þ

where

J ¼ fx 2 Rlþm : xM P 0 for all M 2 eCkg: ð47Þ

It is well known that the optimality conditions for problem (24) are
satisfied when the norm of the negative gradient projected onto the
tangent cone is zero at a feasible point. Therefore, this criterion is
also used to test the convergence of the overall minimization meth-
od as follows:

jjPKðrkÞjj 6 ejjPKðr0Þjj; ð48Þ

where e is a small convergence tolerance and k�k denotes the Euclid-
ean norm.

Furthermore, to minimize the occurrence of undesirable oscilla-
tions, it is chosen to perform the tangent cone projection only
when the dual feasibility error corresponding to the current work-
ing set exceeds a certain threshold. The computation of the pro-
jected gradient using either PA or PK can be implemented as a
projection algorithm and is referred to here as the primal planing
procedure. It is presented in Table 3 where PJ denotes the orthog-
onal projection operator onto J and is defined component-wise as

½PJðxÞ�M ¼
hxMiþ if M 2 eCk

C ;

xM otherwise;

(
ð49Þ

eP is a small convergence tolerance, and D P 0 is a given constant.
The latter is typically set to 1, in which case the magnitude of the
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violation of the fifth optimality condition (25e) is not allowed to ex-
ceed that of the first optimality condition (25a).

3.1.6. Summary
In this paper, the FETI-C method is re-defined as the overall

solution method described in Sections (3.1.1–3.1.5). It is essentially
a re-designed version of the FETI-C method first proposed in [15]
that is equipped with controls to guarantee monotonicity and
therefore convergence. It is summarized in algorithmic notation
in Table 4.

3.2. The re-designed FETI-DPC method

Another equivalent problem to (20) can be constructed in terms
of the subdomain knowns, subdomain remainder unknowns, and
global corner unknowns as follows:

ður ;ugc
Þ ¼ arg min

ðvr ;vgc Þ2bB� f �ðv r ;vgc
Þ;

bB� ¼ ðv r ;vgc
Þ 2

Ys¼Ns

s¼1

Rns
r � Rng c :

Xs¼Ns

s¼1

Bs
rrv

s
r ¼ 0;

(
Xs¼Ns

s¼1

Cs v s
r

Ls
ccvgc

� �
6 a

)
:

ð50Þ

The following subsections describe a numerical algorithm based on
the FETI-DP method for solving the domain decomposed minimiza-
tion problem formulated above.

3.2.1. Dualization
The Lagrangian and Lagrange dual functions associated with

problem (50) are given by

bL�ðv r;vgc
;lr ;nÞ ¼ f̂ �ðv r ;vgc

ÞþlT
r

Xs¼Ns

s¼1

Bs
rrv s

r þ nT
Xs¼Ns

s¼1

Cs v s
r

Ls
ccvgc

� �
�a

 !

and

ĥ�ðlr ; nÞ ¼ inf
ðvr ;vgc Þ

bL�ðv r;vgc
;lr ; nÞ;

respectively. The infimum of the Lagrangian function is

(a) By definition �1 when bL� is unbounded from below in
ðv r ;vgc

Þ.
(b) Otherwise attained when the gradient of the Lagrangian

function bL� with respect to ðv r ;vgc
Þ is zero.

Hence, the Lagrange dual function can be re-written as

ĥ�ðl; nÞ ¼ � 1
2 l̂T

r
bF �rrl̂r þ d̂�T

l̂r � c�r if bG�T

r l̂r ¼ e�;
�1 otherwise;

(
ð51Þ

where l̂r ¼ ½lT
r nT �T , bBs

rr ¼ ½B
sT

r� CsT
�T ,bF �rr ¼ bF rr � bF rcK�

þ

cc
bF T

rc;

d̂�r ¼ d̂r þ bF rcK�
þ

cc f �c ;

bF rr ¼
Xs¼Ns

s¼1

bBs
rrK

s�1

rr
bBsT

rr ;

bF rc ¼
Xs¼Ns

s¼1

ðbBs
rrK

s�1

rr Ks
rc þ bBrcÞLs

cc;

d̂r ¼
Xs¼Ns

s¼1

bBs
rrK

s�1

rr f s
r �

0
ar

� �
;

f �c ¼
XNs

s¼1

LsT

cc f s
c � KsT

rc K s�1

rr f s
r

� 	
;

bG�r ¼ C1R�
1 � � � CNs R�

Nb
h i

;

e� ¼ f 1T
R�

1 � � � f NT
b R�

Nb

h iT

the columns of R�
b 2 Rnb�q�

b

span the left null space of the general-
ized body stiffness matrix Kb and represent the rigid body modes of
body b, and Nb denotes the number of bodies.

The above dual problem is of the form

ðkr; mÞ ¼ arg max
ðlr ;nÞ2H�

g�ðlr; nÞ;

H� ¼ fðlr ; nÞ 2 Rlr � Rm : ni P 0; i ¼ 1; . . . ;mg ð52Þ

or equivalently

k̂r ¼ arg min
l̂r2bG� ĝ�ðl̂rÞ;

bG�r ¼ fk̂r 2 Rlrþm : bG�T

r k̂r ¼ e�; k̂rlþi
P 0; i ¼ 1; . . . ;mg; ð53Þ

where ĝ�ðl̂rÞ ¼ � 1
2 l̂T

r
bF �rr l̂r þ d̂�T

l̂r and k̂r ¼ kT
r mT

� �T .

3.2.2. Solving the dual problem
In this case, the necessary and sufficient Karush–Kuhn–Tucker

conditions lead to

bF �rr k̂r þ bG�r a� þ 0
c

� �
¼ d̂�r ; ð54aÞ

bG�T

r k̂r ¼ e�; ð54bÞ
k̂rlþi

P 0; i ¼ 1; . . . ;m; ð54cÞ
cik̂rlþi

¼ 0; i ¼ 1; . . . ;m; ð54dÞ
ci 6 0; i ¼ 1; . . . ;m: ð54eÞ

The optimal point can be found using an adaptation of the re-de-
signed FETI-C algorithm summarized in Table 4. This adaptation
consists of merely replacing the FETI variables and operators by
their FETI-DP counterparts. For example, replacing bF by bF �rr , bG bybG�r , and k̂ by k̂r . The number of dual equality constraints q� is in this
case zero for a large class of problems, and in any case much smaller
than that obtained with the FETI-C method.

3.2.3. Summary
In this paper, the FETI-DPC method is re-defined as the overall

solution method described in Sections 3.2.1 and 3.2.2. It can be
viewed as an adaptation to the FETI-DP formalism of the re-de-
signed FETI-C method. It is also a re-designed version of the
FETI-DPC method first proposed in [5] that is equipped with con-
trols to guarantee monotonicity and therefore convergence using
the same criterion (48) as in the re-designed FETI-C method.
4. Applications

In this section, the performance of the re-designed FETI-C and
FETI-DPC methods is assessed and their numerical and parallel sca-
lability properties are evaluated. Additional performance results
for an instance of the FETI-DPC method equipped with the aug-
mentation coarse problem proposed in [20] and referred to here
as the augmented FETI-DPC method are also presented. To this ef-
fect, a six-body contact problem of the academic type but with glo-
bal rigid body modes (which makes it more challenging) is first
considered, then followed by a complex 1.4 million degree of free-
dom contact problem of the industrial type. In both cases, contact
is assumed to be frictionless. All computations are performed in
double precision arithmetic on a Dell Linux cluster with 216 nodes,
each comprising two quad-core Intel Xeon processors and
equipped with 16 gigabytes of memory.
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Fig. 1. A six-block equilibrium problem with seven contact surfaces.
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4.1. A two-dimensional six-body frictionless contact problem

First, the problem graphically depicted in Fig. 1 is considered
with F ¼ 104 N. In this problem, six blocks sharing seven contact
interfaces are pushed against each other by a set of external forces,
Table 5
Two-dimensional six-block contact problem: performance results of the FETI-C method on

H H=h Ns ng m Nitr N

1/2 10 6 1452 75 12 3
1/2 20 6 5292 145 8 1
1/2 40 6 20,172 285 9 1
1/2 80 6 78,732 565 9 1

1/4 10 24 5292 145 22 1
1/4 20 24 20,172 285 32 2
1/4 40 24 78,732 565 36 3
1/4 80 24 311,052 1125 39 3

1/8 10 96 20,172 285 34 1
1/8 20 96 78,732 565 40 2
1/8 40 96 311,052 1125 47 3
1/8 80 96 1,236,492 2245 53 4

1/16 10 384 78,732 565 42 3
1/16 20 384 311,052 1125 54 4
1/16 40 384 1,236,492 2245 56 4
1/16 80 384 4,930,572 4485 65 9

Table 6
Two-dimensional six-block contact problem: performance results of the FETI-DPC method

H H=h Ns ng m Nitr N

1/2 10 6 1452 75 12 3
1/2 20 6 5292 145 12 2
1/2 40 6 20,172 285 12 2
1/2 80 6 78,732 565 13 4

1/4 10 24 5292 145 31 2
1/4 20 24 20,172 285 31 2
1/4 40 24 78,732 565 43 2
1/4 80 24 311,052 1125 52 7

1/8 10 96 20,172 285 45 3
1/8 20 96 78,732 565 51 3
1/8 40 96 311,052 1125 75 7
1/8 80 96 1,236,492 2245 97 1

1/16 10 384 78,732 565 70 5
1/16 20 384 311,052 1125 104 1
1/16 40 384 1,236,492 2245 124 2
1/16 80 384 4,930,572 4485 155 3
and the displacement field in the y direction is restrained in block
5. Hence, this contact problem has a priori five global rigid body
modes. The reader can observe in Fig. 1 that the applied loads
are self-equilibrated in the y direction. All blocks are assumed to
be made of the same linear elastic material characterized by a
Young’s modulus E ¼ 2:05 103 MPa, and a Poisson’s ratio m ¼ 0:3.
These blocks are discretized by four-noded plane stress elements.
Small meshes with 2178 dofs as well as larger ones with up to
4,930,572 dofs are generated and partitioned into six to 384
subdomains.

Let H and h denote the sizes of a subdomain and an element,
respectively. More specifically, four different domain decomposi-
tions with six (H ¼ 1=2), 24 (H ¼ 1=4), 96 (H ¼ 1=8), and 384
(H ¼ 1=16) subdomains are considered. In each subdomain, a suite
of ð1=hÞ � ð1=hÞ uniform meshes with 10 6 H=h 6 80 is generated.
For each domain decomposition and each mesh size, the perfor-
mance results of the FETI-C, FETI-DPC and augmented FETI-DPC
methods equipped with the topologically scaled Dirichlet precon-
ditioner are reported in Tables 5–7, respectively. For this problem,
convergence of the nonlinear solution algorithm is defined by cri-
terion (48) with e ¼ 10�10, and convergence of the dual and primal
planing procedures are monitored using eD ¼ eP ¼ 10�20. These
performance results consist of the number of iterations for conver-
gence, Nitr, the number of iterations that undergo working set
six cores.

dsc Ndpl Npsc Nppl Nls Solver CPU time (s)

2 1 0 0 0.011
0 1 0 0 0.015
0 1 0 0 0.69
0 1 0 0 0.50

2 1 1 0 0.040
3 2 2 0 0.13
4 2 2 0 0.65
4 2 2 0 3.8

3 2 2 0 0.22
4 2 3 0 0.74
5 2 2 0 3.2
6 2 2 0 18.3

5 2 3 0 1.3
10 3 4 0 4.1

8 2 2 0 15.2
14 2 2 0 88.1

on six cores.

dsc Ndpl Npsc Nppl Nls Solver CPU time (s)

2 1 0 0 0.013
1 2 1 0 0.022
1 2 1 0 0.089
3 2 1 0 0.69

0 2 0 0 0.041
1 1 1 0 0.11
1 2 1 0 0.72
2 2 2 0 5.1

2 2 3 0 0.15
2 2 3 0 0.65
4 3 3 0 4.4

3 11 3 3 0 32.6

3 3 2 0 0.89
1 9 4 4 0 4.8
3 16 4 3 0 27.9
8 28 4 4 0 200.2



Table 7
Two-dimensional six-block contact problem: performance results of the augmented FETI-DPC method on six cores.

H H=h Ns ng m Nitr Ndsc Ndpl Npsc Nppl Nls Solver CPU time (s)

1/2 10 6 1452 75 12 3 2 1 0 0 0.013
1/2 20 6 5292 145 12 2 1 2 1 0 0.022
1/2 40 6 20,172 285 12 2 1 2 1 0 0.089
1/2 80 6 78,732 565 13 4 3 2 1 0 0.69

1/4 10 24 5292 145 17 1 0 1 0 0 0.047
1/4 20 24 20,172 285 19 1 0 1 0 0 0.10
1/4 40 24 78,732 565 27 2 0 2 0 0 0.56
1/4 80 24 311,052 1125 32 2 1 2 1 0 3.8

1/8 10 96 20,172 285 28 2 0 2 0 0 0.17
1/8 20 96 78,732 565 32 2 0 2 0 0 0.52
1/8 40 96 311,052 1125 38 4 0 2 0 0 2.8
1/8 80 96 1,236,492 2245 42 5 2 2 1 0 18.5

1/16 10 384 78,732 565 40 3 2 3 2 0 0.68
1/16 20 384 311,052 1125 51 4 2 3 2 0 2.8
1/16 40 384 1,236,492 2245 50 9 6 3 3 0 13.2
1/16 80 384 4,930,572 4485 67 12 7 3 2 0 102.5

Table 8
Two-dimensional six-block contact problem: performance results of the FETI-C, FETI-
DPC and augmented FETI-DPC methods on 6 to 48 cores for H=h ¼ 80 and Ns ¼ 384.

Number
of cores

FETI-C solver
CPU time (s)

FETI-DPC solver
CPU time (s)

Augmented FETI-DPC
solver CPU time (s)

6 88.1 200.2 102.5
12 46.6 101.6 51.7
24 26.1 51.9 26.4
48 15.9 27.1 13.8

Fig. 2. FE model of an assembled car engine.
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expansions which is referred to here as the number of dual status
changes, Ndsc, the total number of dual planing subiterations Ndpl,
the number of iterations that undergo working set contractions
which is also referred to here as the number of primal status
changes, Npsc, the total number of primal planing subiterations,
Nppl, the total number of projected line search subiterations, Nls,
and the total elapsed ‘‘solver” CPU time in seconds (excluding
pre- and post-processing of the results) on six nodes of the cluster
using one core per node. Furthermore, the elapsed CPU time of all
three solvers for the same problem but on six, 12, 24 and 48 nodes
using one core per node is reported in Table 8. The reader is re-
minded that Ns denotes the number of subdomains, ng the total
number of dofs, and m the number of inequality constraints.

The performance results summarized in Tables 5–8 show that
for this problem:

� The FETI-C and FETI-DPC methods are numerically scalable with
respect to the problem size for a given number of subdomains,
and reasonably numerically scalable with respect to the number
of subdomains for a given problem size.

� Both methods exhibit very good to excellent parallel scalability
for a fixed problem size. For example, Table 8 shows that for the
considered problem, increasing the number of CPUs by a factor
eight, from six to 48, reduces the CPU time of the FETI-C and
FETI-DPC methods by a factor of 5.5 and 7.4, respectively.

� Both methods exhibit excellent scalability of the time-to-solu-
tion. For example, when the problem size is increased by a factor
equal to 15.9, from ng ¼ 311;052 to ng ¼ 4;930;572, and Ns is
increased from 24 to 384, the FETI-C CPU time is increased by
a factor equal to 23.2 only, from 3.8 s to 88.1 s.

� The FETI-C and augmented FETI-DPC methods perform
comparably.

� The FETI-C and FETI-DPC methods perform a relatively small
number of dual planing subiterations, primal planing subitera-
tions, and projected line search subiterations.
4.2. A complex 1.4 million degree of freedom car engine assembly
problem

The problem discussed in the previous section is of the aca-
demic type. It has however the merit of being simple to reproduce
by the interested reader. Here, a more realistic problem is consid-
ered in order to assess the validity of the conclusions for more
complex applications. This realistic problem is associated with
the assembly of the car engine shown in Fig. 2. This engine contains
Nb ¼ 23 bodies, some of which are floating and generate a total of
q� ¼ 130 rigid body modes. The overall structure is very heteroge-
neous: some bodies are made of steel, others from elastomer-like
materials. The overall structure is discretized by a variety of finite
elements including four-noded tetrahedral solid elements, ten-
noded tetrahedral solid elements, eight-noded brick elements,
three-noded triangular shell elements, two-noded beam elements,
and various springs. The overall finite element model contains
275,770 elements, 465,630 nodes and 1,416,829 dofs. It also in-
cludes m ¼ 6358 constraint equations, 231 of which are associated
with the mortar method applied at the nonconforming discrete
interfaces between the various bodies. The augmented FETI-DPC
method is used to predict the static structural response of the
assembled engine to a specified thermal load. Tables 9 and 10 re-



Table 10
Assembled car engine problem: performance results of the augmented FETI-DPC
method on six to 48 cores for Ns ¼ 768.

Number of cores Solver CPU time (s)

6 542.6
12 289.8
24 150.8
48 95.3

Table 9
Car engine assembly problem: performance results of the augmented FETI-DPC
method on 48 cores.

Ns Nitr Ndsc Ndpl Npsc Nppl Nls Solver CPU time (s)

192 936 221 215 9 24 0 164.4
384 931 213 161 11 37 0 119.0
576 978 210 154 9 30 0 126.6
768 857 190 204 8 34 0 105.1
960 874 198 161 8 33 0 95.3

1152 941 213 192 7 24 0 122.2
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port, for different domain decompositions of the overall problem,
the obtained performance results. For this problem, convergence
of the nonlinear solution algorithm is defined by criterion (48)
equipped with e ¼ 10�8, and convergence of the dual and primal
planing procedures are monitored using eD ¼ eP ¼ 10�16.

The performance results reported in Table 9 reveal that the aug-
mented FETI-DPC method is numerically scalable with respect to
the number of subdomains. Table 10 confirms the parallel scalabil-
ity of this method. More specifically, it shows that when the num-
ber of CPUs is increased by a factor 8, from 6 to 48, the solver time
is reduced by a factor of 6.5.
5. Closure

FETI-C and FETI-DPC are two dual domain decomposition based
iterative methods with Lagrange multipliers for solving quadratic
programming (QP) optimization problems with linear inequality
constraints. Hence, their scope of applications include contact
problems. These two methods are based on the FETI and FETI-DP
methods, respectively. In each of them, the dual Lagrange multi-
plier problem is solved iteratively by an appropriate precondi-
tioned Krylov method equipped with an active set strategy and
controls to reduce oscillations and guarantee convergence monoto-
nicity. An advantage of this approach is that, as long as the defor-
mations of the contact surfaces are small, Newton-like iterations
are not required for solving the otherwise nonlinear contact prob-
lem. Numerical experiments performed for two- and three-dimen-
sional large-scale frictionless contact problems suggest that both
the FETI-C and FETI-DPC methods are numerically scalable with re-
spect to both the number of subdomains and the size of the prob-
lem, and that their current parallel implementations exhibit good
parallel scalability.
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