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1. Intr oduction

Although the �nite element method [1, 2] has been heavily used by the engineering
community for more than �v e decades,there is still the needfor a fully three{dimensional,
stable, accurate [3, 4] and time{e�cien t approach to multiscale multimaterial solid
mechanics. Nowadays, accurate and reliable prediction of the state of stressand defect
structure over subregionswith di�erent geometricscalesand material interfacesin thermo-
mechanically loadedstructures are a top priorit y in a number of industries. For example,
there are new demandsfor the accurate determination of interfacial stressesin coated
structural components for thermal protection or in layeredcomposite structures in which
residual stressesmight ariseduring manufacturing processes.Similar complexity is found
in sandwich structures with nearly incompressiblefoam in their core. This is alsothe case
in drilling devicesfor oil, which have an extremelyhigh ratio of minimal and maximal axial
dimensions.Furthermore, in determining the stressesin embedded�bre optic sensorsfor
nondestructive testing, or in the analysisof �lling techniquesof cavit y walls of the restored
tooth in order to reducepolymerization shrinkagestresses.All abovementioned examples
are in their nature multiscale [7, 8], and demand a full three-dimensionalinsight from
the simulation process.Indeed,a fully three{dimensionalapproximation of model problem
geometrywithout dimensionalreduction [9] helpsto analysematerial behaviour through its
thicknessand geometricalscalesand enablespossiblebridging with micromechanical [10]
and particle [18] simulation approaches.

It is generally recognizedthat heavily useddisplacement{based �nite element methods
(primal �nite element approaches)are not robust in situations wherematerial is (almost)
incompressible,in the inelastic behaviour of many materials, and also in the analysis
of plates and shells, that is in an analysis of model problems which have much smaller
thickness than the other two dimensions. For example, �nite elements based on pure
displacement interpolations are accuratein membrane-dominatedsituations but \lo ck" if
bending is encountered [4]. In thesesituations the resulting �nite element systemmatrix
becomestoo ill-conditioned to obtain an accurate solution [6]. In addition, the use of
hexahedral�nite elements to analysethin solid bodies is not permitted due to the aspect
ratio restriction. This is a major obstacleto using this approach in multiscale analysis,
wherethe atomistic region is extendedto the continuum regionand thereforevery narrow
�nite elements shouldbe usedin order to maintain a reasonablenumber of �nite elements
given the limitation in computermemory. On the other hand, idealization of the geometry
by dimensional reduction [9] and detailed suppressiontechniques in order to reducethe
complexity of the model is the major factor limiting the wider application of the �nite
element method wherethe material shouldberespectedthroughout its geometricscales.In
addition, in primal approaches,the dual variable (heat 
ux, stress)is obtaineda posteriori,
which entails a lossof accuracy[1, 11, 12]. Therefore,for someanalyses,other �nite element
approaches,such asmixed methods wheremore than onevariable of interest is a solution
variable (e.g. displacement and stress),needto be employed.

Therefore, in the present paper, we consider a reliable mixed HCu=t �nite-element
approach that has both primal and dual variables as solution variables (seeSection 3)
from the C0 continuous subspaceof the approximation functions (see[13, 14, 15]). This
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enablesthe direct introduction of residual stressesand/or initial deformations directly
without lossof accuracydue to numerical integration. The sameapproximation paradigm
in transient heat transfer is presented in [14, 15]). Nevertheless,the time for executionof
the present approach hasnot beenexaminedbefore,although this is extremely important
if it is to be usedin transient or material nonlinear analysis,or in a real time engineering
simulation.

From the mathematical point of view, the solution of theseproblemsare sought as the
critical points of saddle-point problems. Therefore, both resulting system matrices, for
thermal and mechanical �eld problems, are inde�nite. This is di�erent from the primal
�nite element approach where the solution is sought using an extremal principle, and
the resulting systemmatrix is positive de�nite. Therefore,oneof the principal di�erences
betweenthesetwo �nite{element approachesliesin the de�nitenessof their systemmatrices
and the number of unknowns. It is obviousthat a mixed approach resultsin moreequations
than a primal approach for the samemodel problem. This was consideredas a serious
drawback becauseit was thought that for the sameaccuracythe solution time would be
increased.Nevertheless,it was shown in [20] that the present approach is faster than the
classicalraw primal displacement based�nite element method, for the sameaccuracyper
stress. It should be noted that all the �nite element systemmatrices we are considering
are sparseand symmetric. The present approach is straightforward. No stabilization
techniquesare required. The thermal and mechanical �eld problemsare currently semi{
coupled.

Nevertheless,multiscale model problems,wherescaleresolution of the model problems
exceedsthree ordersof magnitude, were not examinedin the abovementioned papers [13,
14, 15]. Novel tests on these cases,together with a detailed investigation of execution
time e�ciency and a recommendationfor the most e�cien t solution technique will be the
essential contribution of the present investigation.

It will be shown that the present approach is e�cien t in time and storageif it is used
in combination with the sparsesolvers MA47[21] or MA57[22] and matrix scalingroutines
MC64or MC30. They will be discussedin more detail in Section5. It will be shown that
thesesolvers are at least two ordersof magnitude faster than a previously usedin{house
solver basedon simple Gaussianelimination. Additionally , it is shown that scaling the
systemmatrix prior to the factorization improvesthe accuracyand executiontime of �nite
element equationsand allows the solution of systemsof equationswith many moredegrees
of freedom[23].

It is hoped that practitioners as well as researchers in this �eld who are looking for
guidancein the choiceof a solution method for their own application will �nd this paper
helpful.

2. Field pr oblems

In the present paper we study a thermal stressproblem in solid mechanics [24] that
consistsin determining the responseof a body in terms of displacement u and stresst , due
to thermal and mechanical loading. In the caseof traditional materials, wherethere is no
heat production due to the strain rate, the thermal and stressanalysesare semi{coupled
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via thermal strains only. Thus, the governing equationsof two separate�eld problems,
transient heat transfer and mechanical, are semi{coupledvia thermal strains calculated
from the temperature �eld determined in the thermal analysis. In current work, thermal
strains are consideredas initial conditions for (mechanical) stressanalysisand constitute
only a datum for subsequent stressanalysis[15,25]. Otherwise,thermal and stressanalyses
are fully coupled.

The current primal{mixed �nite-element approaches in non{multiscale elastostatics
(HCu=t ), and in transient heat (HCT=q), were introduced in [13] and [15], respectively.
It is proved that that theseapproachesare also reliable in the senseintroduced on page
477 of [5], and are thus not sensitive to locking (see[4]). Let us brie
y recall that the
�nite-element equation of the present elastostaticapproach is given by:

�
X vv � Yvv

� Y T
vv 0

� �
t v

u v

�
=

�
� X vp Yvp

Y T
vp 0

� �
t p

u p

�
�

�
0

f p + pp

�
;(2.1)

wheresubmatricesof the systemmatrices in (2.1) are given by:

(2.2)

X � uv� st =
P

e

R


 i


 N
� SN ga

(� )u
gb
(� )v

Aabcdgc
(� )s

gd
(� )t

TL 
 L
� d


Y � q
� uv =

P

e

R


 ?


 N
� SN UK

a 
 �
K ga

(� )u
g
(� )q

(� )v
d


f � q =
P

e

R


 ?

g
(� )q
a 
 �

M V M f ad


p� q =
P

e

R

@
 it

g
(� )q
a 
 �

M V M pad@


:

The above expressionsshould be evaluated for each free degree of freedom (dof)
connectedto the pair of global nodes � and/or � of the �nite element mesh, where 
 �

L

is the connectivity operator, which maps the set of global nodes � into the set of local
nodesL de�ned on each element, and vice versa. X is an operator connectingthe fourth
order compliancetensor with the stresstensor, which is essentially the expressionfor the
complementarywork done by the system. Furthermore, Y connectsthe gradient of the
displacement vector with the secondorder stress tensor. More, S and T, and U and
V denote trial and test �nite element basis interpolation functions for approximations
of displacement and stress �elds, respectively. That is, we use the same interpolation
functions for each global node of the �nite element mesh for the approximation of the
stressand the displacement components. The more detailed description of matrix entries
in (2.1) can be found in [13].

The systemmatrix in (2.1) is inde�nite sparseand symmetric. The sparsity comesfrom
intrinsic properties of �nite element approximation functions which have local support
only. The storagerequirements can be reducedby storing only the upper triangle of the
matrix becauseit is symmetric. The storagerequirements are further reducedby storing
only the entries which are nonzero. The pattern of the matrix and the number of entries
are direct functions of the type of �nite elements usedfor the meshdiscretization of the
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model problem and the FE node ordering routine. Elements with more nodesper �nite
element give rise to densermatrices.

The formulation given by (2.1) is a saddle-point problem, wherethe systemmatrix is of
the 2 � 2 block form:

�
A B T

B 0

�
(2.3)

wherethe block entry A is positive de�nite (see[13] and [15]).
We investigatefor the �rst time in this paper the solution of the above systemof linear

�nite element equationsin geometricallymultiscale thermoelasticity usingthe direct sparse
solver MA57[22] and matrix scalingroutines MC30[31]and MC64[32]. It will be shown that,
without scalingthe systemmatrix in equation (2.1) prior to the factorization, the solution
fails. That is, for multiscale model problemsin which �nite elements signi�cantly di�er in
size,over three or four ordersof magnitude, the scalingof the systemmatrix enablesthe
solution.

3. Finite element configura tions

The topology of the present hexahedralcontinuous�nite-element family HCu=t , for the
approximation of displacement (u) and stress(t ) �eld variables, is shown in Figure 3.1.
In order to increasestabilit y, the �nite element subspacesfor the approximation of dual
variable are enriched by additional hierarchical shape functions. Therefore,�nite elements
contain 8 or 20local nodesfor the approximation of the displacement (primal variable), and
9 to 27 local nodesfor the approximation of stress(dual variable). For example,the �nite
element con�guration H C8=9 refersto the casewherethe primal variable is approximated
by 8 local FE nodesand the dual variables are approximated by 9 local FE nodes. The
samenotation holds for other con�gurations examinedin the present paper.

Figure 3.1. Finite element family HC

On the other hand, if there are 20 local nodesfor the primal variable, then additional
approximation functions (for nodes9� 20) are quadratic in order to avoid the tessellation
of curved boundaries. In this casethe �nite{element con�gurations that we considerare
denoted by HC20/21 or HC20/27. As in the previous case,the approximation for the
additional six FE nodesfor the dual variablesis performedby hierarchical shape functions
in order to increasestabilit y.
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Let usemphasizethat one�nite element is reliable if it satis�es convergencerequirements
[5]. The convergencerequirements for shape functions of an isoparametricelement can be
grouped into three categories,that is: completeness,compatibilit y and stabilit y [1, 4]. If
it satis�es completenessand compatibilit y, it is said to be consistent. It is also said that
consistencyand stabilit y imply convergence. If the stabilit y condition is satis�ed, there
will be no non-physical zero-energymodes(kinematic modes).

Therefore,the overall stabilit y of mixed formulations basedon the Hellinger{Reissner's
principle that we use is guaranteed if two necessaryconditions for stabilit y are ful�lled:
the �rst stabilit y condition represented by ellipticit y on the kernel condition, and the
secondstabilit y condition represented by the so-calledinf{sup condition. The satisfaction
of the inf-sup condition ensuressolvabilit y and optimalit y of the �nite-element solution,
and it is very important that it is satis�ed if the �nite-element approach is to be usedfor
the simulation of model problems under complex geometry, loading and material. It is
dependent on the number of �nite elements in the mesh(meshsize).

It wasshown in [13]and [16] that the �nite element HC8/27 is reliable in non-multiscale
and multiscale analysis, respectively. There are many e�ective �nite elements from the
known literature that satisfy consistency, ellipticit y and the inf{sup test, for examplethe
MITC plate and shell bending �nite elements [4]. Nevertheless,the FE element HC8/27
that we usehere is the �rst whereC0 discretization is usedfor the approximation of the
stress�eld without di�cult y in the numericalsolution of the linear systemof equations[17].

4. System matrix pr oper ties

We considera systemmatrix in (2.1) noting that, in the worst case,there is a maximum
of 595 nonzeroentries in each row, regardlessof the number of �nite element equations
(degreesof freedom). Therefore,the systemmatrix is sparse,symmetricand inde�nite [26].
The coe�cien ts of that matrix are real and, furthermore, the upper left block X is
positive de�nite. The crucial di�cult y in solving this saddle-point problem comesfrom
the inde�niteness of the systemmatrix. In addition, the systemmatrix is far from being
bandedso someclassicalsolution proceduresare inappropriate. An additional reordering
must therefore be performed to limit the amount of �ll{in and operations. It should be
emphasizedthat the term entry is presently usedto denote a nonzeromatrix coe�cien t
[27].

Leadingconceptsin the development of e�cien t solution algorithms that take advantage
of the presenceof many zerosare to store and operate only with entries. During the
elimination process,the crucial requirement is to maintain sparsity in the factors in order
to minimize the storageand work required for factorization. It is also important to pay
great attention to the numerical stabilit y of the factorization.

If a densematrix is considered,requirements for the storageand solution times depend
on the order n of the matrix and are O(n2) and O(n3), respectively. In the caseof sparse
matrix, a more reliable parameter for controlling the work and storage is the number
of entries � . It is the goal of sparsealgorithms is to perform the computation in time
and storageproportional to O(n) + O(� ) and although this is often not realized, sparse
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algorithms are at worst asymptotically quadratic in n and sohave much lower complexity
than in the densecase.

Let us emphasizethat the �nite element software package Straus7 [28] that we were
usingasa meshgenerator,handlesonly the primal �nite element method. It creates�nite
elements which have nodesonly for displacement. This meansthat it reordersonly eight
or twenty nodesfor the primal variable (hexahedral�nite elements H8 and H20, with 8 or
20 primal nodes,respectively). Consequently, hierarchical nodesfor dual variableswhich
are added later in the present in{house code FEMIX [13] are placed at the end of the
assembled matrix.

5. HSL, f ormerl y the Har well Subr outine Librar y

5.1. HSL solution routines. In this paper, we examinethe executiontime and storage
requirements for the MA57[22] solver from HSL [29] that was developed for the direct
solution of large sparseinde�nite linear systemsof equations. MA57is a sparsesymmetric
linear solver using a multifron tal approach with a choice of ordering schemes. It solves
both positive de�nite and inde�nite systems of equations. It has a range of options
including several sparsity orderings, multiple right-hand sides, partial solutions, error
analysis,scaling,a matrix modi�cation facility, a stop and restart facility, and an option
to determine the rank of highly de�cient matrices. Although the default settings should
work well in general,there are several parametersavailable to enablethe user to tune the
code for his or her problem classor computer architecture.

Like most sparse direct solvers, the algorithms are organized in three distinct
computational phases: analyse, factorize and solve. The analyse phase is sometimes
referred to as the symbolic factorization or ordering step. It preprocessesthe system of
equationsand determinesa pivotal sequence.It is often basedpurely on matrix structure.
Furthermore, during the factorization phase,this sequenceis usedto compute the matrix
factors. Finally, forward elimination followed by back substitution is performedduring the
solve phaseusingthe storedfactors. The factorization is usually the most time{consuming
phaseof the computation [30]. It should be emphasizedthat pivoting must be performed
in the caseof inde�nite systemsin order to increasestabilit y and as well as for sparsity
reasons.

It should be noted that HSL routines can alsobe usedfor the solution of linear systems
of equationsarising in primal �nite element analysis,wherethe systemmatrix is positive
de�nite. It can be a good alternative to iterativ e solution procedures. For further
information about HSL routines, including licensing,the readeris referred to [29].

All the codes presently used for solving sparseequationsand for scaling matrices (MA
and MCcodes)have beendeveloped for inclusion in the mathematical software library HSL.
Although all useof HSL requiresa licence,individual HSL packages(together with their
dependenciesand accompanying documentation) areavailablewithout chargeto individual
academicusersfor their personal(non-commercial)research and for teaching; licencesfor
other usesinvolve a fee. Details of the packagesand how to obtain a licenceplus conditions
of useare available at http://www.cse.scitech.ac.uk/nag/hsl/hsl.shtml.
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5.2. HSL matrix scaling routines. If an inde�nite matrix is poorly scaled, it may
be di�cult to assessthe accuracy of the solution. Scaling improves the robustnessof
the factorization [23]. Two scaling routines, MC30[31] and MC64[32], are consideredin
conjunction with the code MA57. Theseroutines have quite di�erent goals. MC30scalesthe
matrix to make all entries closeto one,while MC64permutes and scalesthe matrix sothat
the permuted matrix haseach diagonalentry equal to oneand all o�-diagonal entries less
than or equal to one in modulus. We present results obtained using the MA57equation
solver, with and without scalingof the systemmatrix.

5.3. HSL matrix ordering routines. The choiceof ordering schemefor reorderingthe
entries in the sparsesystemmatrix canbe quite crucial to the performanceof the equation
solver. The MA57packagehasseveral di�erent ordering schemesviz: MC47 [33] (including
an option for e�cien tly handling denserows[36]), MA27H[34],and MeTiS [35]which canbe
invoked in the analysisphase.The �rst two routines are HSL ordering routines, while the
third is from a well known graph partitioning packageand is basedon a nesteddissection
ordering. MC47 providesan ordering for a sparsesymmetric pattern matrix that is based
on the approximate minimum-degreeordering algorithm (AMD). There is now an option
in MC47 that takesspecialaction if there aredenseor nearly denserows in the matrix [36].

5.4. Error estimates. Let us brie
y recall how to calculate an estimate of the sparse
backward error using the theory and measuredeveloped by Arioli, Demmel,and Du� [37].
We usethe notation �x for the computedsolution and a modulus signon a vector or matrix
to indicate the vector or matrix obtained by replacing each entry by its modulus. The
scaledresidual

(5.4)
jb � A �xj i

(jbj + jA jj �xj) i

is calculated for all equationsexcept those for which the numerator is nonzeroand the
denominator is small. For the exceptionalequations,

(5.5)
jb � A �xj i

(jA jj �x j) i + jjA i jj 1 jj �x jj1

is usedinstead, whereA i is row i of A. Equations (5.4) and (5.5) represent the backward
error and if their valuesaresmall then we have solved a systemthat is a small perturbation
of the original system. If the residuals(5.4) and (5.5) are not su�cien tly small, then the
solver is regardedas having failed to solve the problem correctly. In the results which
follow we usethe quantit y kb � A �x k

kbk+ kA kk �x k to measurethe backward error.

6. Examples

In the present section, several model problems from elastostatics, under mechanical
and/or thermal loads,are usedto identify the best HSL sparsesolver routine. The metric
by which we judge \b est" includes the execution time, that is the CPU times required
to perform the analyse,factorize, and solve phases;the storagerequirements, both total
memory required and the number of nonzeroentries (N E) in the matrix factor; and the
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backward error. In earlierexperiments westudiedthe in
uence of the valueof the threshold
parameteru but, asthe solution time andaccuracywasnot very sensitive to this parameter,
weusethe default valueof 0:01for our runs in this paper. Wehad alsoearlierexperimented
with MA47[15] but as we have found MA57to be consistently better we now run tests
for these metrics on only the combinations: MA57, MA57+ MC30, and MA57+ MC64. The
performancewith respect to scalingis highlighted.

It should be noted that the motive for the use of HSL solver routines was explained
in [15], whereit wasshown that the MA57+ MC30procedure[21] usedfor the solution of the
mixed �nite element equation system in heat transfer is two orders of magnitude faster
than an in{house sparseGaussianelimination solver.

All CPU times are in seconds.In all experiments, double precision(64-bit) reals were
used. Numerical experiments were conductedon a PC Pentium(R) D CPU 2.8 GHz with
3.25GB of RAM with Physical Address Extension running under the operating system
Microsoft Windows XP ProfessionalVersion2002ServicePack 2.

6.1. Bending of the clamp ed plate. The �rst problem that we consideris a classical
elasticity problem of a clamped plate subjected to external uniform pressurep = 100.
We model it as a three-dimensionalstructure so that we can trace the stressstate along
the thickness,and can bridge it with the full simulation on the micro or atomistic level
in some regions in order to look for material damageor dislocation lines in a natural
way. It is known that a primal �nite element approach in conjunction with dimensional
reduction su�ers greatly from locking [5]. It is especially evident when the thickness
decreasescomparedto the other axial dimensions,or when the material tends to become
incompressible(plasti�cation followed by �re). We show how it is easily solved using the
mixed approach combined with scalingand e�cien t direct solvers. The extra complexity
of this problem comesfrom the type of mechanical loading which contributes to the
domination of the bending stressesover the membrane stresses.

The edgeis of length a = 2, the thicknessof the plate is t = 0:01, Young's modulus is
E = 1:7472� 107, and Poisson'sratio is � = 0:3. The analytical solution for the maximal
de
ection at the plate centre C, calculated by Kirchho� 's plate theory, is w=1.26 [13].
Only a quarter of the plate is analyseddue to the symmetry. The essential stressboundary
conditions tzz jz=0 :01 = � 100are prescribed for the nodeslying on the upper surfaceof the
plate. Clamped edgeswere simulated by zeroing degreesof freedom connectedto the
displacement (ux = uy = uz) and transverseshear stresscomponents (txz = tyz). The
model is discretizedby a sequenceof mesheswith two layers of solid brick �nite elements
per thickness,that is N EL � N EL � 2, whereNEL is 4, 8 or 16. Consequently, the axial
dimensionof the �nite elements in the direction normal to the middle of the plate plane
is t=2 = 0:005.

The solution times of MA57, using MC64and MC30prescaling,as well as the estimated
number of entries from the analysis, the actual number in the factors, the number of
delayed pivots, and the backward error, for di�erent �nite element types over a meshof
8� 8� 2 �nite elements are presented in Table 7.1 and the resultsover a 16� 16� 2 mesh
of �nite elements in Table 7.2.
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We can concludefrom the resultsshown in Tables7.1 and 7.2 that, for all �nite element
con�gurations that we consider, the combination MA57+ MC64is one order of magnitude
faster than MA57+ MC30. In addition, we found that MA57alone, that is without scaling,
fails for somecon�gurations becauseof excessive memory requirements.

The comparisonof execution times of MA57with the execution times obtained by our
formerly usedin-housesolution codebasedon a simpleband-matrix basedsparseGaussian
elimination procedure, is given in Figure 6.2. The �nite element con�guration HC8/9 is
consideredbecauseit has the smallest number of entries per row of any other presently
considered�nite element con�guration. The �nite element meshesconsideredare4� 4� 2,
8 � 8 � 2 and 16 � 16 � 2, with 684, 2604 and 10188degreesof freedom, respectively.
We can seethat MA57+ MC64is much faster than the formerly usedin-houseprocedure. If
we consideran order of magnitude asan approximate position on a logarithmic scale,the
executiontime of proceduresMA57+ MC30and MA57+ MC64in relation to the in-housecode,
are shown in Figure 6.3.

Figure 6.2. Clamped Plate { executiontime per number of degreesof freedom

Figure 6.3. Clamped Plate { Normalized execution time per number of
degreesof freedom

From Figure 6.3 we can seethat MA57+ MC64is about two orders of magnitude faster,
while MA57+ MC30is up to one order of magnitude faster than the previously used
simple Gaussianelimination procedure. This time ratio is even bigger for the richer FE
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con�gurations. Therefore,we can say that the useof HSL MA57solution routines actually
enablesinvestigation of richer �nite element con�gurations on personalcomputers.

6.2. Long steel coated shaft loaded by the uniform traction. The secondexample
is from the classof geometricallymultiscale model problems. It is a thermal barrier coated
component, that is a long hollow shaft coatedby a microsizedcoating [38]. The coating
consistsof a bond and ceramiclayer of equalsize. The simulation of the coatedmaterials
is of particular interest to industry, due to the needto control the level of the interfacial
stresseson the surfacesof material discontinuities. Hexahedral�nite elements will di�er in
sizeup to four ordersof magnitude,which is impossibleto solve by a standardprimal �nite
element schemedue to stabilit y problems[1]. The inner and outer radii of the shaft are
0:005m and 0:1m, respectively. The structural referencetemperature is Tref = 1000� C.
The thicknessof the coating (bond and ceramic) is t = 10� 5m. The height of the shaft
is assumedto be h = 0:1m. Uniform traction p = � 1000M Pa is prescribed on the
outer boundary. This tends to separatethe coating from the blade surface. The material
properties are given in Table 7.3.

The behaviour of the current �nite element schemewith a two dimensionalconventional
boundary-element approach (CBEM [38]) wascomparedin [15]. It wasshown that, asthe
coating thicknessdecreases,the solution remainsstable and accurate. Therefore,we will
now investigatethe executiontime that wasnot investigatedbefore. The target solution is
obtained by plain strain theory, that is, theory basedon dimensionalreduction. A similar
problem can be found in the analysisof thin discontinuity layers in solids, such as in the
caseof fractures in concrete,rock or geomaterials,or of shock wavesin compressible
uids
[40].

It was proved in [13] that the current �nite element approach is reliable with respect to
the aspect ratio of its dimensions. Therefore, only one �nite element layer is usedalong
the thickness.Both bond and ceramicregionsare discretizedby three �nite element layers
alongthe radius. Due to the symmetry, only one-quarterof the model problemis analyzed.
We investigate the execution time for the �nite element con�gurations HC8/9, HC8/27,
HC20/21 and HC20/27. Consequently, the maximum �nite element aspect ratio is equal
to 60000,as shown in Figure 6.4 .

Executiontimesfor threedistinct phasesin the solution processandstoragerequirements
for MA57, with and without scaling(MC30and MC64), are reported in Table 7.4. It can be
seenfrom this table that scaling the system matrix using MC30or MC64routines prior
to the factorization considerably improves the execution time. In addition, if scaling is
used, the storage requirements and number of operations are far smaller. Scaling thus
enablesthe solution of systemswith many more degreesof freedom [23]. We can also
seethat MA57without scalingis not able to solve equationsusing the stable �nite element
HC8/27 in geometricallymultiscale model problemsbecausethe factorization fails because
of excessive memory requirements. Therefore,the �rst conclusionis that scalinggenerally
decreasesthe storagerequirements, and that the storagerequirement is lessfor the MC64
type of scaling. We also note that the factorization times using MC30are faster than
those using MC64but, on further investigation, we found that the MC64scaling produces
better factors and the time is only higher becauseof the time taken by MC64itself. In fact
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Figure 6.4. Coated shaft { �nite element meshaspect ratio and layerwiseview

theseproblemsall have very fast factorize times and, becauseMC64has lower complexity
than the numerical factorization, the extra time will not be dominant when solving larger
problems. We show a sequenceof larger problemsin Table 7.5, which have beenobtained
from the HC8/9 �nite elements in Table 7.4 by using an increasingnumber of elements
in the z-direction (there was only one element in the Table 7.4 runs and we use 2, 4, 8,
10, 13, and 16 in the six examplesin Table 7.5). From the results presented above we
seethat, on the larger problems,the scaling time for MC64is lessimportant. In addition,
while the storagerequirements for the factorization after scalingby MC64are almost the
sameasin the analysis,the factorization after the MC30scalinggeneratesfar denserfactors,
increasinglysoasthe problemsizeincreases.As an interestingasideto this setof problems,
the given matrix has many entries of very small size(around 10� 20). However, theseare
signi�cant numbers inasmuch if they are treated as zero, it is not possibleto solve the
resulting systemsbecausethe matrix is singular.

6.3. Long steel coated shaft loaded by the prescrib ed temp erature. In the
previousexample,the loading was mechanical. We now examinethe casewhere the long
coated shaft is loaded by prescribed temperatures on the inner and outer surfaces,such
that Ti = 7730C and To = 12730C, respectively [38]. Therefore,the stressesdueto thermal
mismatch will bedeveloped in thin coatings. Thermal stresscanbesigni�cant whena large
di�erence in physical and thermal properties of the bonded materials exists [41]. Note
that the systemmatrix will be unchangedand in this particular casethe di�erent loading
only modi�es the right-hand side in our formulation. Thermal stresseson the surfacesof
material discontinuities weresought and the resultswerereported in [15]. As the matrices
are identical, the data on factorization is as is given in Table 7.4. The backward errors in
this casewere marginally worsebut all in the range:7 10� 9 to :2 10� 7.

The target solution of radial stress is obtained by modi�ed plate theory. We will
investigatethe convergenceof the temperatureand radial stresscomponent on the interface
L2, betweenbond and ceramics,for the sequenceof �v e model problemswith decreasing
coating thicknessh = 10� N , where N = 2; 3; 4; 5; 6. Consequently, for the last model
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problem, where the coating has thicknessof h = 10� 6, we will have the maximum �nite
element aspect ratio equal to 600000.The temperature and heat 
ux, and thermal stress
resultsat interfaceL2 obtained by the �nite element HC8/9, HC8/27 and a classicalplane
boundary-element method (CBEM) [39] as the thicknessof coating decreases,are shown
in Figures6.5 and 6.6, respectively.

Figure 6.5. Coated shaft { Temperature and heat 
ux interface L2 for
decreasingthicknessof coating

6.4. Nanoinden tation. One{to{one bridging with molecular dynamic
simulation. Bridging over the scales generates perennial interest in the research
community since it o�ers the advantage of combining a deeper understanding of the
underlying physical phenomena facilitated by particle mechanics (e.g. for example
moleculardynamics{ MD ), with the computational expediencyof continuum mechanics
(e.g. �nite element method { FE) [7].

In the present example, we study the time and storage e�ciency of our current
primal{mixed �nite-element approach HCu=t in computational modelling ranging from
the continuum up to submicronicscales.Direct kinematic coupling (one{to{one bridging)
is performedon the interfacesurfacebetweentwo domains. Namely, the displacements of
the boundary atomsof the MD domain are introducedasessential boundary conditions to
the boundary nodesof the continuum �nite-element domain (CM), and vice versa,until
equilibrium is reached. Let usnote that a direct linking schemeshouldbe the most reliable
and desirableboundary condition [18]asit is both numerically robust and e�cien t. Let us
emphasizethat the molecular dynamic simulation that we presently consideris basedon
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Figure 6.6. Coated shaft { Thermal stressat interface L2 for decreasing
thicknessof coating

conventional molecular dynamics using an embeddedatom interatomic potential, so the
momentum transfer is conserved.

It shouldbe emphasizedthat in the present examplewe exploit the reliabilit y (accuracy
and stabilit y) of the primal{mixed �nite element HC8/27 in a geometrically multiscale
simulation [16], where the aspect ratio of FE is up to 7 orders of magnitude, and the
geometricalscaleresolutionsof the model problem is up to 8 ordersof magnitude, for both
compressibleand nearly incompressiblematerials.

As an numerical example, we consideran atomically sharp rigid indenter that comes
into contact with an ideally 
at substrate [19]. The substrate material is consideredto
be titanium with Young's modulus E = 116 GPa and Poisson'sratio � = 0:36, and an
ultimate tensile strength of 1380M Pa. The dimensionsof the whole model problem are
2:02� 10� 4m � 1:01� 10� 4m. A domain of the molecular domain patch directly under the
nanoindenter is 1:16� 10� 9m � 1:507� 10� 8m. The rest of the domain is simulated by the
present approach and �nite element HC8/9 [19]. Oneof three consecutively re�ned HC8/9
�nite-element meshesof the continuum domain, and an embeddedMD domain patch are
shown in Figure 6.7.

From the visualization of the displacement component uy shown in Figure 6.8, we can
seethat there are no spuriousoscillationsof the results [7].

We can seefrom the time and storage e�ciency results shown in Table 7.6 that the
combination MA57+ MC64is superior to the combination MA57+ MC30in the solution of the
resulting large systemof linear equations,aswe might expect from our earlier experience.
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Figure 6.7. Nanoindentation model problem

Figure 6.8. Nanoindentation model problem: uy displacement �eld after
�rst iteration

It shouldbe noted that future work will be oriented towards the introduction of minimal
kinematic boundary conditions [42]betweenthe two domains,especially in caseswhenthe
MD domain is larger than at present.

6.5. Comp osite material with embedded �bre optic sensor. We now study a
laminar composite material under static indentation loading [43]. The composite material
is a laminar plate 142� 157� 7:3 mm in sizewhich consistsof 26aramid fabric layerswithin
the PVB matrix, with an embedded�bre optic sensorbetween �rst and secondlamina.
The optical �bre is simulated with all its three component layers: optic core,optic cladding
and optic coating (seeFigure 6.9). The material propertiesof the component materialsare
given in Tables7.7 and 7.8. Only one fourth of the model problem is analyseddue to the
symmetry. The �nite element meshhas 4797�nite elements. We can seethat considered
FE meshof the optical �bre is not uniform and it is rather coarse,exploiting the reliabilit y
of present �nite element in geometricallymultiscale analysis[16].

The experimental testing was performed ten times. The test specimensare loaded by
a force of F = 15 kN over the circular area with radius of r = 3:34 mm [43]. The mean
value of the measuredde
ections under the indenter was found to be uz = 1:1 mm. We
can seein Figure 6.10that the maximal displacement obtained by the present approach is
in high agreement with the available experimental data.
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Figure 6.9. The part of the composite material �nite element model
problem. Aramid plies: dark and bright grey. Thin bond layers between
the plies which simulates extras PVB betweenkevlar fabric: very dark grey.
Optical �bre: bright grey is optical core,very dark grey is optical cladding,
and gray is optical coating.

Figure 6.10. Composite material: The displacement �eld uz obtained by
the �nite element HC8/9.

The stress�eld txx is visualized in Figure 6.11. We can seethat there is no spurious
oscillation of stresses.Furthermore, the expecteddi�erent levels of stressin the PVB are
alsocaptured. In addition the stress�eld of the �bre can be clearly distinguishedfrom the
surrounding area.

Figure 6.11. Composite material: The stresscomponent txx obtained by
the �nite element HC8/9, whole model and optical �bre only (all three
layers).

The execution time and storage for the combination HC8/9+ MA57+ MC64, for three
consecutively re�ned �nite element meshesare given in Table 7.9. Let us not that the
backward error is for all three exampleslessthan 1 � 10� 9.
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7. Conclusion

We have demonstrated the accuracy and time execution e�ciency of a fully three-
dimensionalcoordinate independent multi�eld �nite-element approach for the simulation
of geometricallymultiscale isotropic, orthotropic, nearly incompressibleand multi-material
solid bodies,basedon Hellinger-Reissner'sprinciple with no dimensionalreduction and C0

continuousdiscretizationof the displacement andstress�elds. The essential contribution of
the present approach in solid mechanics is that it enablesthe introduction of the residual
stressesand initial (thermal or mechanical) strains directly, without di�erentiation and
without consistencyerror. In addition, it is invariant to meshdistortion or high aspect
ratio of the �nite elements, and thus is an ideal candidate for bridging with simulations
at a particle level, which we have demonstrated by the example of nanoindentation of
an titanium alloy. The invariance to the aspect ratio of the �nite elements is also used
to simulate thin aramid composite materials with embedded optic �bres avoiding any
dimensionalreduction and with minimum simpli�cation in material composition.

It should be noted that stressesand displacements are simultaneously calculatedwhich
leads to the solution of large scale inde�nite systemsof �nite element equations. The
equation systemis extremely poorly scaledin geometricallymultiscale analysis,and it is
usually not possibleto solve this without special matrix scalingtechniques. After detailed
investigation we have found that the HSL direct sparsesolver MA57and the systemmatrix
scaling routine MC64enablesthe solution of the assembled equation systemby using the
current formulation in multiscale analysis.

The �rst conclusionis that the scalingroutine MC64substantially decreasesthe storage
requirements and thus enablesthe solution of larger and more complex systemswithout
upgrading the computing platform. We also performed someruns with the HSL scaling
routines MC30and MC77. We do not report the MC77scaling routine runs here as they
were always inferior to the MC64results although sometimesmarginally so. If the model
problem is geometrically multiscale the scaling routine MC30is competitiv e although it
will only be faster on small problems because,on larger problems, the reduction in the
factorization time will morethan outweighthe extra costof implementing the MC64scaling.
The secondconclusionis that the useof any of the scalingroutines signi�cantly increases
the accuracyof the solution obtained using the MA57code. In addition, it is found that
the present solution approach is almost three ordersof magnitude faster than a formerly
usedin{house solution approach (seeTables4 and 6).

Consequently, the satisfaction of the convergencerequirements of the present �nite
element scheme makes it a promising �eld for future research, including developments
for the analysisof materially nonlinear solid continua, or for coupling with other physical
�elds, such as 
uid or electro-magnetic.
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Table 7.1. Clamped Plate { elasticity: execution time, storage
requirements { number of entries (estimated and actual), number of delayed
pivots, backward error, FE mesh8 � 8 � 2

Clamped plate, �nite element mesh 8 � 8 � 2
FE N NE Time Number entries Nmb. of Backward

(� 103) delayed error
Est. Actual pivots

Analyse Factorize Solve Total
MA57+ MC30

HC8/9 2604 194008 .02 2.98 .03 3.03 458 1494 6863 ...5E-11
HC20/21 7380 904759 .16 79.62 .17 79.95 2848 13560 26634 .1E-10
HC8/27 8708 1461997 .14 36.30 .12 36.56 3710 9281 16714 .9E-11
HC20/27 10164 1515891 .23 94.73 .23 95.19 4046 16998 35002 .1E-10

MA57+ MC64
HC8/9 2604 194008 .01 .38 .00 .39 458 458 0 .1E-10
HC20/21 7380 904759 .15 8.60 .07 8.82 2848 5078 10076 .3E-10
HC8/27 8708 1461997 .14 4.77 .04 4.95 3710 3710 0 .2E-10
HC20/27 10164 1515891 .24 10.06 .08 10.38 4046 6627 12135 .3E-10

Table 7.2. Clamped Plate { elasticity: execution time, storage
requirements, number of delayedpivots, backward error, FE mesh16� 16� 2

Clamped plate, �nite element mesh 16 � 16 � 2
FE N NE Time Number entries Nmb. of Backward

(� 103) delayed error
Est. Actual pivots

Analyse Factorize Solve Total
MA57+ MC30

HC8/9 10188 830584 .08 43.70 .17 43.95 2730 11941 28269 .5E-11
HC20/21 28948 3573009 .34 816.05 2.01 818.40 16941 54287 62265 .6E-11
HC8/27 33908 6102829 .61 996.48 1.63 998.72 26003 82894 77289 .1E-10
HC20/27 39892 6102829 1.64 1629.47 2.37 1633.48 26009 82900 83272 .1E-10

MA57+ MC64
HC8/9 10188 830584 .08 2.62 .05 2.75 2730 2730 0 .2E-10
HC20/21 28948 3573009 .95 108.39 .64 109.98 16941 16941 5983 .2E-10
HC8/27 33908 6102829 .61 65.03 .36 66.00 26003 26003 0 .3E-10
HC20/27 39892 6102829 .59 67.10 .37 68.06 26009 26009 5983 .3E-10

Table 7.3. Long steelcoatedshaft { material properties
Region Material Elastic Poisson's Thermal Density Thermal

Modulus ratio � expansion � [kg] conductivit y
E [M Pa] coe�cien t k[W=m � C]

� [ � C� 1 ]
(� 104) (� 10� 5) (� 103)


 1 Ceramic 1:0 0.25 1:0 4:0 1

 2 Bond 13:7 0.27 1:51 4:0 25

 3 Steel 21:0 0.30 2:0 7:98 25
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Table 7.4. Long steelcoatedshaft { executiontime and storagerequirements
Clamped plate, �nite element mesh 8 � 8 � 2

FE N NE Time Number entries Nmb. of Backward
(� 103) delayed error

Est. Actual pivots
Analyse Factorize Solve Total

In { house, simple Gaussian elimination
HC8/9 5776 14.31 .75 15.06
HC20/21 16500 1810.17 4.89 1815.06

MA57
HC8/9 5776 280056 .03 8.82 .06 8.91 62 3550 32753 ...8E-01
HC20/21 16500 1829790 .16 89.23 .23 89.62 4651 17076 44411 .2E-01
HC8/27 fails
HC20/27 fails

MA57+ MC30
HC8/9 5776 280056 .02 .33 .00 .35 705 813 1736 .7E-11
HC20/21 16500 1829790 .17 3.91 .06 4.14 4651 4768 1012 ...9E-11
HC8/27 18634 1961070 .19 3.17 .05 3.41 4306 4306 6 ...3E-10
HC20/27 22122 2785700 .28 6.82 .08 7.18 6932 7043 846 ...8E-11

MA57+ MC64
HC8/9 5776 280056 .03 .50 .01 .54 705 709 71 .8E-12
HC20/21 16500 1829790 .17 12.28 .05 12.50 4651 4782 1106 .1E-10
HC8/27 18634 1961070 .19 4.05 .06 4.30 4306 4306 0 ...2E-10
HC20/27 22122 2785700 .27 11.59 .08 11.94 6932 6987 368 .3E-10
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Table 7.5. Coated cylindrical shaft re�ned through longitudinal axis {
elasticity: execution time, storagerequirements, number of delayed pivots,
backward error, using �nite elements of type HC8/9

Coated cylindrical shaft re�ned through longitudinal axis, �nite element mesh HC8/9
Num. of N NE Time Number entries Nmb. of Backward
Finite (� 103) delayed error
Elements Est. Actual pivots

Analyse Factorize Solve Total
MA57+ MC30

3440 55840 5026524 Insu�cien t storage
4472 71932 6549189 Insu�cien t storage
5504 88024 8071854 Insu�cien t storage

MA57+ MC64
688 12928 966084 .28 7.08 .09 7.45 2585 2600 153 .4E-07

1376 23656 1981194 .93 34.36 .26 35.55 7428 7436 42 .2E-06
2752 45112 4011414 1.20 226.39 .94 228.53 27996 27996 0 .5E-06
5504 88024 8071854 2.42 1223.09 3.05 1228.56 87358 87358 0 .5E-06

MA57+ MC30on a Dell Dimension 2350 PC at RAL
688 12928 966084 .85 12.83 .06 13.74 2514 7681 26745 .55D-11

1376 23656 1981194 1.90 79.81 .21 81.92 7133 25600 55493 .18D-11
2752 45112 4011414 4.30 525.07 .73 530.01 20650 89120 125838 .40E-12
3440 55840 5026524 5.40 1164.16 1.06 1170.62 28578 134874 157413 .29D-12
4472 71932 6549189 Insu�cien t storage
5504 88024 8071854 Insu�cien t storage

MA57+ MC64on a Dell Dimension 2350 PC at RAL
688 12928 966084 .84 1.61 .02 2.47 2514 2519 46 .85E-12

1376 23656 1981194 1.93 5.66 .06 7.65 7133 7133 0 .97E-12
2752 45112 4011414 4.29 22.06 .16 26.51 20650 20653 7 .11E-11
3440 55840 5026524 5.43 32.80 .23 38.46 28578 28583 7 .12E-11
4472 71932 6549189 7.76 55.76 .32 63.84 40671 40678 17 .89E-12
5504 88024 8071854 9.30 78.48 .43 88.21 54684 54702 30 .12E-11

Table 7.6. Nanoindentation { elasticity: execution time, storage
requirements, number of delayed pivots, backward error, FE meshesHC8/9

Nanoindentation, �nite element mesh HC8/9
Num. of N NE Time Number entries Nmb. of Backward
Finite (� 103) delayed error
Elements Est. Actual pivots

Analyse Factorize Solve Total
Simple Gaussian Elimination

508 8588 34527.85
2032 33432 Insu�cien t storage
4572 74612 Insu�cien t storage

MA57+ MC30
508 8588 439318 .04 3.25 .03 3.32 1546 3427 13070 .178D-12

2032 33432 1749188 .21 57.04 .21 57.46 7867 25218 60509 .180E-12
4572 74612 3934554 3.95 258.83 .51 263.29 18568 65122 134805 .413D-12

MA57+ MC64
508 8588 439318 .05 1.42 .01 1.48 1546 1549 35 .142D-18

2032 33432 1749188 .22 8.86 .07 9.15 7867 7900 310 .274D-18
4572 74612 3934554 3.99 22.35 .16 26.50 18568 18647 957 .449E-18
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Table 7.7. Material properties of the optical �bre and PVB
Young modulus [MPa] Poisson's ratio

Optic core 82600.0 0.17
Optic cladding 67500.0 0.19
Optic coating 1500.0 0.4
PVB 20000.0 0.4

Table 7.8. Material properties of the transversally isotropic aramid material
Material properties of the aramid layers in composite material

Young modulus [MPa] E11 = 140000 E22 = 140000 E33 = 2700
Shear Modulus [MPa] G12 = 920 G23 = 200 G13 = 200
Poisson's ratio � 12 = 0:35 � 23 = 0:1 � 13 = 0:1

Table 7.9. Composite { elasticity: execution time, storagerequirements,
number of delayed pivots, backward error, FE meshesHC8/9

Composite material with embedded optical �bre, �nite element mesh HC8/9
Num. of N NE Time Number entries Nmb. of Backward
Finite (� 103) delayed error
Elements Est. Actual pivots

Analyse Factorize Solve Total
MA57+ MC64

2172 37339 3247757 .32 34.90 .20 35.42 17408 17426 109 .1E-10
2933 49530 4407126 .56 82.73 .39 83.68 28418 28478 285 .7E-10
4797 79078 7255406 .78 270.30 0.84 271.92 63004 63180 646 .4E-10


