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1 Introduction

GivenA ∈ R
m×n andb ∈ R

m, the linear least squares (LS) problem is

min
x

‖b − Ax‖2. (1)

It is well known that solving (1) is equivalent to solving the normal equations

AT Ax = AT b. (2)

We assume throughout thatA has full column rank. Under this assumption, the unique solutionx̂ to (1)
and (2) is

x̂ = (AT A)−1AT b ≡ A†b. (3)

See for example [2] and [8] for useful background.
In this paper we propose practical stopping criteria for the iterative solution of large sparse LS prob-

lems. In particular, we consider the algorithm LSQR of Paige and Saunders[17, 18], which we briefly
review in Section2. Our results, however, could also be applicable to other conjugate gradients type al-
gorithms, such as the method of conjugate gradients [12] applied to the system of normal equations (2),
called CGLS in [18]; see also [2, 3].

In Section3 we define what we mean by an acceptable LS solution and review two conditions
recently presented in [5] to determine if a given iteratexk is an acceptable LS solution. The first criterion
requires the computation of the projection‖PArk‖2, wherePA ≡ AA† is the orthogonal projector onto
the range ofA andrk ≡ b − Axk, while the second involves the computation of the so-called minimal
backward error for the LS problem, which we denoteµ.

Both ‖PArk‖2 andµ are much too expensive to compute to be used directly in large sparse appli-
cations. A contribution of this paper is finding estimates of these two quantities that can be computed
efficiently at every iteration of LSQR. We discuss methods to estimate the projection ‖PArk‖2 in Sec-
tion 4 and the backward errorµ in Section5.

We generally use upper-case letters for matrices, lower-case Roman letters for vectors and indices,
and lower-case Greek letters for scalars. The vectorej is thej-th column of the unit matrixI. We use
‖A‖2 and‖A‖F to denote the 2-norm and Frobenius norm ofA, respectively, and‖A‖2,F when either
can be used (consistently throughout an expression). AssumingA has full column rank, its Moore-
Penrose generalized inverse is given byA† ≡ (AT A)−1AT . We usePA ≡ AA† andP⊥

A ≡ I − PA

for the orthogonal projectors onto the range ofA and its orthogonal complement (the null-space of
AT ), respectively. Finally,σmax(A) andσmin(A) stand for the largest and smallest singular value ofA,
respectively, andκ2,F (A) ≡ ‖A‖2,F ‖A†‖2,F .

Throughout this paper we illustrate our results with convergence plots produced using MATLAB
with IEEE 754 double precision arithmetic with the unit roundoffu ≈ 10−16. Test problem 1 comes
from a surveying application. The matrixA is “well1850.mtx”, a1850 × 712 matrix from the Matrix
Market [4] with 8755 non-zero entries, 2-norm1.7, and 2-norm condition number1.1 × 102. In test
problem 2 we use anm × n matrix A = UΣV T , wherem = 800 andn = 200. The following factors
are used:U ∈ R

m×m andV ∈ R
n×n are the full orthogonalQ factors of the QR decomposition of

random matrices, andΣ = diag(σi) ∈ R
m×n with

σi ≡
(

⌊(i − 1 + 5)/5⌋ · 5/n
)3

, i = 1, . . . , n.

Integer division is used here to obtain repeated singular values. This marixhas 2-norm1.0 and 2-norm
condition number6.4 × 104. For each test problem the right-hand side vectorb is formed as follows:

b = A[n, n − 1, . . . , 1]T + 10−5[1, 2, . . . , m]T .
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2 Algorithm LSQR

In this section we give a brief overview of the method LSQR proposed in [17, 18]. The algorithm is
based on a variant of the Golub-Kahan iterative bidiagonalization procedure [7, §2], which, given the
matrixA and the starting vectorb, generates the sequences of vectorsui, vi and scalarsαi, βi satisfying
the recurrences

β1u1 = b, α1v1 = AT u1,

for k = 1, 2, . . .

βk+1uk+1 = Avk − αkuk,

αk+1vk+1 = AT uk+1 − βk+1vk.

(4)

The coefficientsαi ≥ 0 andβi ≥ 0 are computed such that‖ui‖2 = ‖vi‖2 = 1. Gathering the vectors
Uk ≡ [u1, . . . , uk], Vk ≡ [v1, . . . , vk], and defining the lower bidiagonal matricesBk ∈ R

(k+1)×k and
Bk by

Bk ≡

















α1

β2 α2

β3
. . .
. . . αk

βk+1

















, Bk ≡ [Bk, αk+1ek+1], (5)

the relations (4) can be written in the compact matrix form

Uk+1(β1e1) = b, (6a)

AVk = Uk+1Bk, (6b)

AT Uk+1 = VkB
T
k + αk+1vk+1e

T
k+1 = Vk+1B

T
k . (6c)

In exact arithmetic the matricesUk+1 andVk+1 each have orthonormal columns; however, the orthogo-
nality is lost very quickly in presence of rounding errors. The bidiagonalization algorithm can be derived
by considering the Lanczos process [15] applied to the symmetric indefinite system

[

I A
AT 0

] [

r
x

]

=

[

b
0

]

,

which is the augmented system associated to the LS problem (1), cf. [2, §1.1.4].
Thek-th iterate of LSQR has the formxk = Vkyk, where the vector of coordinatesyk is chosen such

that the residualrk ≡ b − Axk has minimal 2-norm. Using (6a) and (6b), rk can be expressed as

rk = b − AVkyk = Uk+1tk, tk ≡ β1e1 − Bkyk. (7)

Therefore,rk has the minimal 2-norm if and only ifyk is the solution of the LS problem

min
y

‖β1e1 − Bky‖2. (8)

It can be shown by induction that

range(Vk) = span
{

AT b, (AT A)AT b, . . . , (AT A)k−1AT b
}

= Kk(A
T A, AT b),

i.e., the columns ofVk form an orthonormal basis of the Krylov subspace generated by the matrixAT A
and the vectorAT b. Thusxk is the minimum residual approximation of̂x in the Krylov subspace
Kk(A

T A, AT b). Becauseyk is the exact solution of (8), we have using (6b) and (7) that

rT
k AVk = rT

k Uk+1Bk = (β1e1 − Bkyk)
T Bk = 0. (9)
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In other words, the LSQR approximationxk is characterized by

xk ∈ Kk(A
T A, AT b), rk = b − Axk ⊥ AKk(A

T A, AT b). (10)

Note that the bidiagonalization algorithm breaks down when eitherαk+1 = 0 or βk+1 = 0 in (4). In
such a case the iteratexk is the exact solution of the least squares problem (1), butβk+1 = 0 can happen
only if the systemAx = b in (1) is consistent; see for example [16].

The bidiagonal LS problem (8) can be solved by a successive transformation ofBk to upper trian-
gular form using a product of reflectionsQk, leading to

Qk[Bk, β1e1] =

[

Rk fk

0 φ̄k+1

]

, Rk ≡













ρ1 θ2

ρ2
. . .
. . . θk

ρk













, fk ≡







φ1
...

φk






. (11)

Thek-th reflection is designed to zeroβk+1 with the element directly above it, and has the form
[

ck sk

sk −ck

] [

ρ̄k 0 φ̄k

βk+1 αk+1 0

]

=

[

ρk θk+1 φk

0 ρ̄k+1 φ̄k+1

]

, (12)

whereρ̄1 = α1 andφ̄1 = β1.
From (11), the solution of the bidiagonal LS problem (8) is yk = R−1

k fk, while the minimal residual
tk and corresponding residualrk = b − Axk in (7) can be expressed, respectively, as

tk = φ̄k+1Q
T
k ek+1, rk = Uk+1tk = φ̄k+1Uk+1Q

T
k ek+1. (13)

Note from the above that‖rk‖2 = φ̄k+1, so the2-norm of the residual vector can easily be obtained
without actually computing the residual vectorrk. The relation‖AT rk‖2 = φ̂k+1αk+1|ck| can also
easily be derived, while‖A‖2 is usually well estimated by‖Bk‖2; see [18, §5].

A short recurrence for thexk can be obtained by noticing that the firstk − 1 elements offk in (11)
form the vectorfk−1 from the previous step. Defining

Wk ≡ [w1, . . . , wk] ≡ VkR
−1
k Dk, Dk ≡ diag(Rk), (14)

we obtain

xk = Vkyk = WkD
−1
k fk = [Wk−1, wk]

[

D−1
k−1

ρ−1
k

] [

fk−1

φk

]

= xk−1 +
φk

ρk
wk. (15)

A short recurrence for thewk can also be obtained. SolvingWk+1D
−1
k+1Rk+1 = Vk+1 by forward

substitution gives

wk+1 = vk+1 −
θk+1

ρk
wk, w1 = v1.

The implementation of LSQR shown in Algorithm1 requires two matrix-vector multiplications with
A andAT per iteration and stores only the latest columns ofUk+1, Vk+1, andWk+1 together with the
actual iteratexk.

3 Acceptable LS Solutions

Following the nomenclature in [5], we say that an iteratexk ∈ R
n an acceptable LS solutionwhen

it is the exact solution of a LS problem within some specified range of relativeerrors in the data. In
other words, an iteratexk is an acceptable LS solution if and only if there exist perturbationsE andf
satisfying

(A + E)T (A + E)xk = (A + E)T (b + f), ‖E‖2,F ≤ α‖A‖2,F , ‖f‖2 ≤ β‖b‖2, (16)
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Algorithm 1 LSQR

• Initialize:
β1u1 = b, α1v1 = AT u1, w1 = v1, x0 = 0, φ̄1 = β1, ρ̄1 = α1

• Main loop:
for k = 1, 2, 3, . . .

• Continue the bidiagonalization:
βk+1uk+1 = Avk − αkuk

αk+1vk+1 = AT uk+1 − βk+1vk

• Form thek-th reflection:
ρk = (ρ̄2

k + β2
k+1)

1/2, ck = ρ̄k/ρk, sk = βk+1/ρk

• Apply the reflection:
θk+1 = skαk+1, ρ̄k+1 = −ckαk+1, φk = ckφ̄k, φ̄k+1 = skφ̄k

• Updatexk andwk+1:
xk = xk−1 + (φk/ρk)wk

wk+1 = vk+1 − (θk+1/ρk)wk

• Test for convergence and exit ifxk is an acceptable LS solution.

for some chosen values ofα andβ (distinct from the elementsαk andβk of Bk).
One choice for the parametersα andβ of particular interest isα = O(u) andβ = O(u), whereu

denotes the unit roundoff. If (16) holds with this choice of parameters thenxk is a so-calledbackward
stable LS solution. Statistical arguments can also be used to pickα andβ. For example, one can show
that the statistical stopping criteria proposed by Arioli and Gratton in [1, §3.1.1] are triggered if and
only if (16) holds withα = 0 andβ chosen using the inverse cummulative distribution function of the
chi-squared probability distribution. We refer the interested reader to the discussion in [1].

In the following we review two conditions that can be used to verify if (16) holds, one of which is
both necessary and sufficient.

For any chosenα andβ, (16) holds if and only ifξ2,F (xk, α, β) ≤ 1, where

ξ2,F (xk, α, β) ≡ min
E,f,ξ

{

ξ : (A + E)T [b + f − (A + E)xk] = 0,

‖E‖2,F ≤ ξα‖A‖2,F , ‖f‖2 ≤ ξβ‖b‖2

}

.
(17)

The analytical solution of (17) remains an open question. Below we present tight bounds onξ2,F (xk, α, β).
Stopping criteria for the iterative solution of large sparse LS problems are commonly based on upper

bounds onξ2,F (xk, α, β). For example, it is recommended in [18, §5] to stop as soon as an iteratexk

with corresponding residualrk ≡ b − Axk satisfy

‖rk‖2 ≤ α‖A‖2,F ‖xk‖2 + β‖b‖2 or ‖AT rk‖2 ≤ α‖A‖2,F ‖rk‖2. (18)

These stopping criteria are based on the following upper bounds onξ2,F (xk, α, β) of Rigal and Gaches
[19] and Stewart [20], [21, Theorem 5.5], respectively:

ξ2,F (xk, α, β) ≤ ‖rk‖2

α‖A‖2,F ‖xk‖2 + β‖b‖2
,

ξ2,F (xk, α, β) ≤ ‖AT rk‖2

α‖A‖2,F ‖rk‖2
.
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They give sufficient but not necessary conditions forξ2,F (xk, α, β) ≤ 1. It was shown in [5, §4] that
in many practical situations the stopping criteria in (18) can detect an acceptable LS solution several
iterations too late, or even fail altogether to detect that an acceptable LS solution has been obtained.

The following asymptotically tight upper bound onξ2,F (xk, α, β) was given in [5, Theorem 5.1].

Lemma 3.1. GivenA ∈ R
m×n, b ∈ R

m and xk ∈ R
n, definerk ≡ b − Axk and ξ2,F (xk, α, β) as

in (17). Then

ξ2,F (xk, α, β) ≤ ψ2,F (xk, α, β) ≡ ‖PArk‖2

α‖A‖2,F ‖xk‖2 + β‖b‖2
, (19)

and lettingx̂ denote the true LS solution of (1),

lim
xk→x̂

ξ2,F (xk, α, β)

ψ2,F (xk, α, β)
= 1. (20)

Recall that a given vectorxk ∈ R
n is an acceptable LS solution if and only ifξ2,F (xk, α, β) ≤ 1.

As a result of Lemma3.1, if

‖PArk‖2 ≤ α‖A‖2,F ‖xk‖2 + β‖b‖2 (21)

thenξ2,F (xk, α, β) ≤ 1 andxk is an acceptable LS solution. From (20) we can expect the bound in (19)
to be tight ifxk is sufficiently close to the true LS solution̂x. Numerical tests performed in [5] suggest
that this bound is often tight even whenxk is very far fromx̂.

The minimization problem in Lemma3.2 was solved in [25, §2]. It is commonly referred to as a
minimal backward error problem; see for example [9] and the references therein.

Lemma 3.2. GivenA ∈ R
m×n, b ∈ R

m, 0 6= xk ∈ R
n andθ > 0, define

rk ≡ b − Axk, ωk ≡ θ‖rk‖2
√

1 + θ2‖xk‖2
2

, Nk ≡ [A, ωk(I − rkr
†
k)].

Then

µ(xk, θ) ≡ min
∆A,∆b

{

‖[∆A, θ∆b]‖F : (A + ∆A)T [(b + ∆b) − (A + ∆A)xk] = 0
}

= min
{

ωk, σmin(Nk)
}

.
(22)

We use the notation

µ(xk,∞) ≡ lim
θ→∞

µ(xk, θ) = min
∆A

{

‖∆A‖F : (A + ∆A)T [b − (A + ∆A)xk] = 0
}

.

Gu [10] gave a relationship between the quantitiesµ(xk,∞) andξ2,F (xk, α, β) in the special case when
α = β. The following lemma, proven in [5, Theorem 6.2], shows how we can useµ(xk, θ) with an
appropriate finiteθ in (22) to determine ifxk is an acceptable LS solution in the Frobenius norm for any
choice ofα andβ in (17).

Lemma 3.3. Given full column rankA ∈ R
m×n, b ∈ R

m and0 6= xk ∈ R
n, definerk ≡ b − Axk,

ξF (xk, α, β) as in (17) andµ(xk, θ) as in (22). Let

θ = θ̂ ≡ α‖A‖F

β‖b‖2
. (23)

Then



P. JIRÁNEK AND D. TITLEY-PELOQUIN 7

ξF (xk, α, β) ≤ µ(xk, θ̂)

α‖A‖F
≤

√
2ξF (xk, α, β). (24)

Recall thatxk is an acceptable LS solution if and only ifξ2,F (xk, α, β) ≤ 1, but that at present no ex-
plicit formula is known for computingξ2,F (xk, α, β). Lemma3.3states that the quantityµ(xk, θ̂)/(α‖A‖F )
always lies within a factor

√
2 of ξF (xk, α, β). The following is therefore a near optimal test to verify if

a given iteratexk is an acceptable LS solution in the Frobenius norm, for any choice ofα andβ in (17):

µ(xk, θ̂) ≤ α‖A‖F , with θ̂ =
α‖A‖F

β‖b‖2
. (25)

In summary, the quantities‖PArk‖2 andµ(xk, θ̂) can be used to determine if an iteratexk is an
acceptable LS solution or a backward stable LS solution. Both these quantities, of course, are much too
expensive to compute to be used directly in stopping criteria for the iterative solution of practical large
sparse problems. In the next sections we present new bounds on and estimates of‖PArk‖2 andµ(xk, θ)
that can be estimated efficiently at every iteration of LSQR. These estimates can be used in (21) and (25),
respectively, to give practical stopping criteria for the iterative solution of large sparse LS problems.

4 Estimating ‖PArk‖2 efficiently

In this section we discuss ways to estimate‖PArk‖2 efficiently in LSQR.
The following lemma relates the quantities‖PArk‖2 and‖AT rk‖2. It can easily be proven using the

singular value decomposition ofA; see for example [5].

Lemma 4.1. GivenA ∈ R
m×n, b ∈ R

m andxk ∈ R
n, definerk ≡ b − Axk. Then

‖AT rk‖2 = σ̄k‖PArk‖2

for somēσk in the closed interval[σmin(A), σmax(A)].

The following bounds on‖PArk‖2 follow immediately from Lemma4.1:

‖AT rk‖2

σmax(A)
≤ ‖PArk‖2 ≤ ‖AT rk‖2

σmin(A)
. (26)

The above lower bound can be estimated at virtually no extra cost in LSQR, since reliable estimates
of ‖AT rk‖2 andσmax(A) are available essentially free at every iteration; see Section2. Accurately
estimating the smallest singular value ofA, however, is much more challenging, so the above upper
bound is not as practically useful.

These bounds are plotted in Figure1. Here we have explicitly computed‖AT rk‖2 and the extreme
singular values ofA. Using LSQR’s estimates of‖AT rk‖2 andσmax(A) in the lower bound gave very
similar results. It is easy to see from (26) that the bounds are simultaneously tight only in very well-
conditioned problems (in whichκ2(A) = σmax(A)/σmin(A) ≈ 1). In the problems we have tested, we
have observed that the lower bound is usually tighter than the upper bound, especially late in the LSQR
iteration process.

With x̂ = A†b denoting the true LS solution of (1), the quantity‖x̂ − xk‖AT A ≡ ‖A(x̂ − xk)‖2

is often referred to as theenergy normof the error. The following lemma shows that the projection
‖PArk‖2 is in fact‖x̂ − xk‖AT A.

Lemma 4.2. GivenA ∈ R
m×n with full column rank andb ∈ R

m, let x̂ be the true LS solution of (1).
For any approximate solutionxk ∈ R

n, definerk ≡ b − Axk. Then

‖PArk‖2 = ‖x̂ − xk‖AT A. (27)
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LSQR Iteration Number

N ‖PArk‖2, ∗ ‖AT rk‖2

σmax(A)
,

‖AT rk‖2

σmin(A)
, u(‖A‖2‖xk‖2 + ‖b‖2)

Figure 1: The bounds (26) on‖PArk‖2

Proof. SincePA = AA† and the true LS solution iŝx = A†b,

‖PArk‖2 = ‖AA†(b − Axk)‖2 = ‖A(x̂ − xk)‖2 = ‖x̂ − xk‖AT A.

It follows from (10) that, at least in exact arithmetic, LSQR is equivalent to the method of conjugate
gradients (CG) of Hestenes and Stiefel [12] applied to the normal equations (2). Many estimates of the
energy norm of the error in CG have been studied, as discussed for example in [22, 23], and these can
be extended to estimate‖PArk‖2 in LSQR. In the following we derive one such estimate, originally
proposed for CG in [12, Theorem 6.1], and recently extended to CGLS in [1], directly for LSQR. We
also provide a useful new way to interpret this estimate.

Theorem 4.1. GivenA ∈ R
m×n with full column rank andb ∈ R

m, let x̂ be the true LS solution of (1)
andxk be thek-th iterate of LSQR withrk ≡ b − Axk. Then using the notation of Algorithm1, for any
non-negative scalarsk andd,

‖x̂ − xk‖2
AT A = ‖x̂ − xk+d‖2

AT A +
k+d
∑

i=k+1

φ2
i . (28)

Proof. We can write

‖x̂ − xk‖2
AT A = ‖x̂ − xk+1 + xk+1 − xk‖2

AT A

= ‖x̂ − xk+1‖2
AT A + ‖xk+1 − xk‖2

AT A + 2(rk+1 − r̂)T A(xk+1 − xk). (29)

The last term in the above equation is identically 0, since bothr̂T A = 0 and from (9)

rT
k+1A(xk+1 − xk) = rT

k+1AVk+1

(

yk+1 −
[

yk

0

])

= 0.

Furthermore in LSQR we havexk+1 = xk + (φk+1/ρk+1)wk+1; see (15). Thus (29) becomes

‖x̂ − xk‖2
AT A = ‖x̂ − xk+1‖2

AT A + (φk+1/ρk+1)
2‖Awk+1‖2

2.

Repeating this argumentd − 1 times gives

‖x̂ − xk‖2
AT A = ‖x̂ − xk+d‖2

AT A +
k+d
∑

i=k+1

(φi/ρi)
2‖Awi‖2

2.
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It remains to show that‖Awi‖2 = ρi. Using (14) along with (6b) and (11), we obtain

Awi = AWiei = AViR
−1
i Diei = Ui+1BiR

−1
i Diei = Ui+1Q

T
i

[

Ii

0

]

ρiei,

and thus‖Awi‖2 = ρi, completing the proof.

We can use Theorem4.1 to estimate‖PArk‖2 = ‖x̂ − xk‖AT A as follows. Ignoring the‖x̂ −
xk+d‖2

AT A
term in (28) gives

‖x̂ − xk‖2
AT A ≥

k+d
∑

i=k+1

φ2
i ≡ λ2

d(xk). (30)

The hope is that
‖x̂ − xk‖2

AT A ≫ ‖x̂ − xk+d‖2
AT A (31)

in (28), and thus that the bound in (30) is tight. This is certainly reasonable for large enoughd, since in
LSQR the quantity‖PArk‖2 = ‖x̂ − xk‖AT A is theoretically strictly monotonically decreasing withk
and converges to 0; see for example the discussion in [5].

Notice that the estimateλd(xk) can be computed at essentially no extra cost in LSQR, butd addi-
tional iterations have to be performed in order to estimate‖x̂− xk‖AT A. A larger value ofd results in a
longer such delay; however, it also produces a larger difference in (31) and thus a tighter bound in (30).
Values ofd as small asd = 5 can give excellent results in well-conditioned problems, as illustrated
with test problem 1 in Figure2. Higher values ofd are required in more ill-conditioned problems, when
‖PArk‖2 decreases very slowly or in a staircase pattern and (31) is thus not valid for smalld; see for
example test problem 2 in Figure2. The use of smaller values ofd, however, is usually sufficient when
a good preconditioner is applied. A better understanding of why this projection can decrease in such a
pattern would allow us to make a more informed choice ofd, even perhaps to modifyd at each iteration.
We leave this for a future investigation.
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LSQR Iteration Number

N ‖PArk‖2, λ5(xk), ∗ λ10(xk), λ25(xk),
u(‖A‖2‖xk‖2 + ‖b‖2)

Figure 2: Estimating‖PArk‖2 usingλd(xk) in (30) with various values ofd.

Note in Figure2 that λd(xk) continues to decrease even when‖PArk‖2 hits a plateau near the
toleranceu(‖A‖2‖xk‖2 + ‖b‖2). In practice, as soon as‖PArk‖2 = O(u)(‖A‖2‖xk‖2 + ‖b‖2) we
should conclude from Lemma3.1thatxk is a backward stable iterate and stop the iteration. See also [3]
for the discussion on the attainable accuracy of conjugate gradients type methods for LS problems in
terms of the backward error.

The following theorem gives another useful way of interpreting the estimateλd(xk).
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Theorem 4.2. The estimateλd(xk) in (30) satisfies

λd(xk) = ‖B†
k+dB

†
k+dt̂k‖2 (32)

whereBk+d is the matrix defined in (5) at the iteration stepk + d and t̂k ≡ [tTk , 0]T , with tk given
in (7).

Proof. Due to (11), B†
k+d = [R−1

k+d, 0]Qk+d. Note that

Qk+d = Hk+d . . . H1, Q̂k ≡ diag(Qk, Id) = Hk . . .H1,

where eachHi ∈ R
(k+d+1)×(k+d+1) is the elementary reflection described by (12). Using (13), t̂k =

Q̂T
k φ̄k+1ek+1, whereek+1 is the(k + 1)-st column ofIk+d+1. It follows that

Qk+dt̂k = Qk+dQ̂
T
k φ̄k+1ek+1 = Hk+d . . .Hk+1φ̄k+1ek+1

= [0, . . . , 0, φk+1, . . . , φk+d, φ̄k+d+1]
T ,

(33)

and therefore

B†
k+dB

†
k+dt̂k = QT

k+d

[

Rk+d

0

]

[R−1
k+d, 0]Qk+dt̂k

= QT
k+d[0, . . . , 0, φk+1, . . . , φk+d, 0]T .

Taking the norm we obtain finally

‖B†
k+dB

†
k+dt̂k‖2

2 =
k+d
∑

i=k+1

φ2
i = λ2

d(xk).

Consider the iteratexk = Vkyk with residualrk computed at stepk of LSQR. In the basesVk+d and
Uk+d+1, the vectorsxk andrk have coordinates

xk = Vkyk = Vk+d

[

yk

0

]

≡ Vk+dŷk, rk = Uk+1tk = Uk+d+1

[

tk
0

]

= Uk+d+1t̂k.

Theorem4.2 states that the estimateλd(xk) is precisely the 2-norm of the projected residualt̂k =
β1e1 − Bk+dŷk associated to the projected problem (8) solved by LSQR at the iterationk + d.

The estimateλd(xk) of ‖PArk‖2 allows us to use (21) as a practical stopping criterion in LSQR.
In the next section we turn our attention to estimatingµ(xk, θ̂) in (22) efficiently, using the ideas of
Theorem4.2, so that (25) can also be used as a stopping criterion in practical large sparse applications.

5 Estimating µ(xk, θ)

Recall from Lemma3.3 that we are interested in estimatingµ(xk, θ̂), with a specific finiteθ̂. Many
estimates ofµ(xk,∞) exist in the literature; see for example [9, §4] and the references therein. These
can readily be generalized to estimateµ(xk, θ) for any finite θ > 0. Very few of these estimates,
however, are truly suitable for use in large sparse applications, since most either costO(mn2) flops to
compute, assume that a factorization ofA is available, or are themselves iterative. (Here we are not
interested in nesting an iterative method to computeµ(xk, θ̂) at each iteration of LSQR.)

In Section5.1 we give practical new bounds onµ(xk, θ) that are analogous to the estimateλd(xk)
for ‖PArk‖2 given in Section4. In Section5.2we show how an asymptotic estimate ofµ(xk, θ) can be
estimated efficiently, using the ideas of Theorem4.2.
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5.1 Practical bounds onµ(xk, θ)

Suppose thatP andQ are orthogonal projectors onto the subspacesrange(P ) ⊂ R
m andrange(Q) ⊂

R
n, and consider the least squares problem

min
z∈range(Q)

‖P (b − Az)‖2. (34)

Let the columns of the matricesU andV form orthonormal bases ofrange(P ) andrange(Q), respec-
tively, so thatP = UUT andQ = V V T . DenotingB = UT AV , c = UT b, andz = V y, we have

min
z∈range(Q)

‖P (b − Az)‖2 = min
y

‖c − By‖2. (35)

Note from (6) that choosingU = Uk+d+1 andV = Vk+d leads toc = β1e1 andB = Bk+d, that is,
the bidiagonal least squares problem (8) solved by LSQR at the iteration stepk + d, while choosing
U = Uk+d+1 andV = Vk+d+1 leads toc = β1e1 andB = Bk+d.

Given an approximate solution of the formxk = V ỹ, here thek-th iterate of LSQR, we can ask
how well the vector of coordinates̃y satisfies the suitably projected least squares problem (35). In other
words, we can approximate the value ofµ(xk, θ) by computing the minimal backward error defined in
Lemma3.2of the vectorỹ associated to the projected problem. In the following, we show that for any
d ≥ 0 the choiceU = Uk+d+1 andV = Vk+d leads to a lower bound onµ(xk, θ), while U = Uk+d+1

andV = Vk+d+1 leads to an upper bound. In the basesVk+d andVk+d+1, the vectorxk has coordinates

xk = Vk+d

[

yk

0d

]

= Vk+dŷk, xk = Vk+d+1

[

yk

0d+1

]

≡ Vk+d+1yk.

We define

µ
d
(xk, θ) ≡ min

∆B,∆c

{

‖[∆B, θ∆c]‖F :

(Bk+d + ∆B)T [(β1e1 + ∆c) − (Bk+d + ∆B)ŷk] = 0
}

,
(36a)

µd(xk, θ) ≡ min
∆B,∆c

{

‖[∆B, θ∆c]‖F :

(Bk+d + ∆B)T [(β1e1 + ∆c) − (Bk+d + ∆B)yk] = 0
}

.
(36b)

Using Lemma3.2and the fact that

t̂k = β1e1 − Bk+dŷk = β1e1 − Bk+dyk,

we obtain

µ
d
(xk, θ) = min{ωk, σmin(Nk,d)}, µd(xk, θ) = min{ωk, σmin(Nk,d)}, (37)

where
Nk,d ≡ [Bk+d, ωk(I − t̂k t̂

†
k)], Nk,d ≡ [Bk+d, ωk(I − t̂k t̂

†
k)]. (38)

Theorem 5.1. Let A ∈ R
m×n, b ∈ R

m, and letxk = Vkyk be the approximate solution to the least
squares problem(1) computed by LSQR at the iteration stepk. Letµ(xk, θ) be the minimal backward
error defined in Lemma3.2associated toxk for a givenθ > 0 and letµ

d
(xk, θ) andµd(xk, θ) be defined

by (37) for a givend ≥ 0. Then

µ
d
(xk, θ) ≤ µ(xk, θ) ≤ µd(xk, θ). (39)

In addition,

0 = µ
0
(xk, θ) ≤ · · · ≤ µ

l
(xk, θ) = µ(xk, θ) = µl(xk, θ) ≤ · · · ≤ µ0(xk, θ) (40)

for somel ≤ n − k.
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Proof. First we prove the lower bound in (39). If σmin(Nk) > ωk thenµ
d
(xk, θ) ≤ µ(xk, θ) holds since

µ
d
(xk, θ) = min{ωk, σmin(Nk,d)} ≤ ωk = min{ωk, σmin(Nk)} = µ(xk, θ).

On the other hand assume thatσmin(Nk) ≤ ωk, i.e.,µ(xk, θ) = σmin(Nk). Let Ũ andṼ be such that
U = [Uk+d+1, Ũ ] andV = [Vk+d, Ṽ ] are orthogonal matrices. Then using (6b) and (13),

UT Nk

[

V 0
0 U

]

=

[

Bk+d C ωk(I − t̂k t̂
†
k) 0

0 D 0 ωkI

]

, (41)

whereC = UT
k+d+1AṼ andD = ŨT AṼ . Owing to the interlacing property of singular values, see,

e.g., [13, Corollary 3.1.3], the smallest singular value ofNk is not less than the smallest singular value
of the matrix

[

Bk+d ωk(I − t̂k t̂
†
k) 0

0 0 ωkI

]

=

[

Nk,d 0
0 ωkI

]

obtained from (41) after deleting the columns corresponding to the matricesC andD. Hence

µ(xk, θ) = min{ωk, σmin(Nk)} = σmin(Nk) ≥ min{ωk, σmin(Nk,d)} = µ
d
(xk, θ)

due to the assumptionσmin(Nk) ≤ ωk. The lower bounds (40) on µ(xk, θ) follow from the inter-
lacing property as well. Sinceyk is the exact solution of the least squares problem (8), it follows that
µ

0
(xk, θ) = 0, while the existence ofl such thatµ

l
(xk, θ) = µ(xk, θ) follows from the finite termination

property of LSQR.
To prove the upper bound in (39) we have

σmin(Nk) = min
z; ‖z‖2=1

∥

∥

∥

∥

[

AT

ωk(I − rkr
†
k)

]

z

∥

∥

∥

∥

2

≤ min
z̃; ‖z̃‖2=1

∥

∥

∥

∥

[

AT

ωk(I − rkr
†
k)

]

Uk+d+1z̃

∥

∥

∥

∥

2

= min
z̃; ‖z̃‖2=1

∥

∥

∥

∥

[

AT Uk+d+1

Uk+d+1ωk(I − t̂k t̂
†
k)

]

z̃

∥

∥

∥

∥

2

= min
z̃; ‖z̃‖2=1

∥

∥

∥

∥

∥

[

Vk+d+1B
T
k+d

Uk+d+1ωk(I − t̂k t̂
†
k)

]

z̃

∥

∥

∥

∥

∥

2

= min
z̃; ‖z̃‖2=1

∥

∥

∥

∥

∥

[

B
T
k+d

ωk(I − t̂k t̂
†
k)

]

z̃

∥

∥

∥

∥

∥

2

= σmin(Nk,d).

It hence follows thatµ(xk, θ) ≤ µd(xk, θ). The upper bounds (40) follow from the fact that with growing
d we are enlarging the subspace range(Uk+d+1) over which we are minimizing to obtain the upper
bounds. SinceNk,l differs fromNk,l only by a zero column, we have the equalityµ(xk, θ) = µl(xk, θ).

In order to evaluate the estimatesµ
d
(xk, θ) andµd(xk, θ) defined by (36) and (37), we need to

be able to efficiently compute the smallest singular value of the matricesNk,d andNk,d in (38). Let
Q̂k = diag(Qk, Id), whereQk is the matrix ofk reflections from (11). Using (13), the matrixNk,d is
orthogonally similar to the matrix

Mk,d ≡ Q̂kNk,d

[

Ik+d 0

0 Q̂T
k

]

= [Q̂kBk+d, ωk(I − ek+1e
T
k+1)],

whereek+1 is the(k + 1)-st column ofIk+d+1 here. The matrixQ̂kBk+d is the partially transformed
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matrixBk+d and, using the notation of Algorithm1, has the form

Q̂kBk+d =



































ρ1 θ2

ρ2 θ3

. .. . ..
ρk θk+1

ρ̄k+1

βk+2 αk+2

βk+3
. . .
. . . αk+d

βk+d+1



































.

Schematically, the matrixMk,d has the following structure:






































× × ×
× × ×

.. . . . . . ..

× × ×
× 0

× × ×
× .. . ×

.. . × .. .

× ×







































← k+1 .

Due to the special structure ofMk,d, its smallest singular value can be computed using onlyO(k+d)
flops and storing onlyO(k+d) extra numbers. First we use Givens rotations to transformMk,d to upper
bidiagonal form. In the following, we present one way to do this.

We apply Givens rotations from the right to eliminate the elements of theωk(I−ek+1e
T
k+1) block one

by one. The firstk elements are zeroed with the corresponding diagonal ofMk,d, proceeding upwards
from thek-th element to the first. To avoid fill-in, each new non-zero element is immediately zeroed
with its neighbor. Below we illustrate schematically the first two such Givens rotations for the case
k = 3, d = 2. We use×’s to represent non-zero elements and•’s for the elements that are modified at
the step shown.





















× × ×
× • • •

• × •
× 0

× × ×
× ×

¨ ¥
§ ¦←−−−−−−−−−−

¨ ¥
§ ¦←−

1

2





















.

Once the firstk elements of theωk(I − ek+1e
T
k+1) block have been zeroed, a similar process is applied

to the lastd elements, proceeding down elementsk + 2 throughk + d + 1. Below we illustrate the first
two such Givens rotations:





















× × 0

× × 0

× × 0

× 0

× • •
• • •

¨ ¥
§ ¦←−−−−−−−−−−
¨ ¥
§ ¦−→

1

2





















.
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Note that in the last such transformation, the bottom right element is merely permuted with the corre-
sponding zero diagonal element:





















× × 0

× × 0

× × 0

× 0

× × 0

× • •¨ ¥
§ ¦←−−−−−−−−−−





















. (42)

After the entireωk(I − ek+1e
T
k+1) block has been eliminated, Givens rotations can be applied from the

left to bring the matrix to bidiagonal form:





















× × 0

× × 0

× × 0

• • 0

• • • 0

• • 0

¨ ¥

§ ¦
↑

¨ ¥

§ ¦
↑

1

2





















.

A total ofO(k+d) Givens rotations are required. The smallest singular value of the resultingbidiagonal
matrix can be computed using the method of bisection; see for example [6, §5.3.4 and§5.4.1]. Because
we require only one singular value (the smallest), this costsO(k + d) in flops and storage. Thus the
lower boundµ

d
(xk, θ) can be computed usingO(k + d) flops and storingO(k + d) numbers.

The computation ofµd(xk, θ) can be treated in the same way. The matrixNk,d is orthogonally
similar to the matrix

Mk,d ≡ Q̂kNk,d

[

Ik+d+1 0

0 Q̂T
k

]

= [Q̂kBk+d, ωk(I − ek+1e
T
k+1)]

= [Q̂kBk+d, αk+d+1ek+d+1, ωk(I − ek+1e
T
k+1)],

which differs fromMk,d by one columnαk+d+1ek+d+1. The only difference is that the element in the
position(k + d + 1, 2k + 2d + 1) is not permuted as in (42) but eliminated by a Givens rotation with
the diagonal elementαk+d+1. Hence the results of bidiagonalizingMk,d andMk,d differ in just two
elements of the last nonzero column. However, we have to recompute the singular values ofMk,d and
Mk,d from scratch at every iteration, since the right block of both matrices depends onωk and generally
changes at each step.

The lower boundsµ
d
(xk, θ) and upper boundsµd(xk, θ) for the minimal backward errorµ(xk, θ)

are compared with the true valueµ(xk, θ) in Figures3 and4 for various values of the parameterd.
Here we have setα = β andθ = θ̂ = ‖A‖F /‖b‖2; see (23). Note from (40) that only the upper
bound is meaningful ford = 0. As suggested by Theorem5.1, the quality of the estimates seems to
be increasing with higherd; this is the case in particular for the lower boundµ

d
(xk, θ) in Figure3. In

fact, µ
d
(xk, θ) seems to behave much in the same way asλd(xk); see Figures2 and3. Recall from

Theorem4.2thatλd(xk) represents the 2-norm of the projected residualt̂k associated to the bidiagonal
least squares problem (8) at the iteration stepk + d, while the lower boundµ

d
(xk, θ) is the solution to

the minimal backward error problem (36a) for the corresponding vector of coordinatesŷk. Using (20)
and (24) we can claim that the estimatesλd(xk)/(α‖A‖F ‖xk‖2 + ‖b‖2) andµ

d
(xk, θ̂)/(α‖A‖F ) of the

quantityξF (xk, α, β) are in a sense asymptotically close, which could explain their similar behavior.
The comments on the choice ofd for the estimateλd(xk) in Section4 also apply toµ

d
(xk, θ) and

µd(xk, θ) here.
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Figure 3: Estimatingµ(xk, θ) usingµ
d
(xk, θ) with various values ofd.
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Figure 4: Estimatingµ(xk, θ) usingµd(xk, θ) with various values ofd.

5.2 An asymptotic estimate ofµ(xk, θ)

The literature (see [9], [10], [14], and [24]) indicate that the following quantity can be used as an estimate
of µ(xk,∞):

ν(xk,∞) ≡
∥

∥

∥

∥

(

‖xk‖2
2A

T A + ‖rk‖2
2I

)−1/2
AT rk

∥

∥

∥

∥

2

. (43)

It is easy to show (see for example [24] or [14, §2]) that

ν(xk,∞) =

∥

∥

∥

∥

∥

[

A
(‖rk‖2/‖xk‖2)I

] [

A
(‖rk‖2/‖xk‖2)I

]† [

rk/‖xk‖2

0

]

∥

∥

∥

∥

∥

2

.

Note thatν(xk,∞) is a projection, much like the projection‖PArk‖2 = ‖AA†rk‖2 discussed in Sec-
tion 4.

Recall from Lemma3.3 that we are interested in estimatingµ(xk, θ̂) and notµ(xk,∞). Su [24,
§2.7] extended the asymptotic estimateν(xk,∞) to estimateµ(xk, θ) for any finiteθ > 0:

ν(xk, θ) ≡
∥

∥

∥

∥

∥

[

A
ωkI

] [

A
ωkI

]† [

ωkrk/‖rk‖2

0

]

∥

∥

∥

∥

∥

2

, (44)
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where, as previously,ωk is defined in Lemma3.2. It is straightforward to verify that many relations
betweenµ(xk,∞) andν(xk,∞) also hold betweenµ(xk, θ) andν(xk, θ). In particular,µ(xk, θ) and
ν(xk, θ) are asymptotically equivalent:

lim
xk→x̂

µ(xk, θ)

ν(xk, θ)
= 1. (45)

In Section4 we discussed ways to estimate‖PArk‖2 efficiently in LSQR, and we can proceed in a
similar way to estimate the projectionν(xk, θ). Applying Lemma4.1to (44) gives

ν(xk, θ) ≤ ν(xk, θ) ≤ ν(xk, θ), (46)

where

ν(xk, θ) ≡
ωk

√

ω2
k + σ2

max(A)

‖AT rk‖2

‖rk‖2
, ν(xk, θ) ≡

ωk
√

ω2
k + σ2

min(A)

‖AT rk‖2

‖rk‖2
.

It immediately follows from the above that

ν(xk, θ)

ν(xk, θ)
=

√

ω2
k + σ2

max(A)

ω2
k + σ2

min(A)
. (47)

We can interpret (47) as follows. The bounds onν(xk, θ) in (46) are tight whenωk ≫ σmax(A). They
are also tight whenωk ≈ σmax(A), as well as whenωk ≪ σmax(A) providedκ2(A) is not too large.
These new bounds on the asymptotic estimate only fail to be tight whenωk ≪ σmax(A) andκ2(A) ≫ 1.

The computation of the lower boundν(xk, θ) requires essentially no extra cost in LSQR, since
reliable estimates of‖rk‖2, ‖AT rk‖2, andσmax(A) are available at essentially no extra cost in LSQR.
As in (26), the upper boundν(xk, θ) is much harder to compute, since it involves the smallest singular
value ofA.

We illustrate these bounds in Figure5. As in Figures3 and4 we have setθ = ‖A‖F /‖b‖2. The
asymptotic estimateν(xk, θ) seems to be an excellent estimate ofµ(xk, θ) not only asymptotically as
xk → x̂, but even in the first iterations when̂x is very far fromxk. As with the bounds on‖PArk‖2

in (26), the lower boundν(xk, θ) appears to be usually tighter thanν(xk, θ), especially late in the
iteration process. Both bounds oscillate in ill-conditioned problems. In well-conditioned problems,
however, the lower boundν(xk, θ) seems to give good order-of-magnitude estimates ofν(xk, θ) and
µ(xk, θ).
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Figure 5: The boundsν(xk, θ) andν(xk, θ) onν(xk, θ).
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In the following, we present estimates ofν(xk, θ) that are analogous to the estimateλd(xk) of
‖PArk‖2 from (32). We consider the asymptotic estimates associated to the minimal backward errors
µ

d
(xk, θ) andµd(xk, θ) in (36), namely

νd(xk, θ) ≡
∥

∥

∥

∥

∥

[

Bk+d

ωkIk+d

] [

Bk+d

ωkIk+d

]† [

ωk t̂k/‖t̂k‖2

0

]

∥

∥

∥

∥

∥

2

,

νd(xk, θ) ≡
∥

∥

∥

∥

∥

[

Bk+d

ωkIk+d+1

] [

Bk+d

ωkIk+d+1

]† [

ωk t̂k/‖t̂k‖2

0

]

∥

∥

∥

∥

∥

2

.

(48)

The above estimates can be computed inO(k + d) flops and storage using the same ideas as in Theo-
rem4.2. Using theQR factorization ofBk+d from (11), we obtain

[

Qk+d

Ik+d

] [

Bk+d

ωkIk+d

]

=



































ρ1 θ2

ρ2
.. .
.. . θk+d

ρk+d

0 0 . . . 0
ωk

ωk

.. .
ωk



































≡ Ck+d. (49)

We can eliminate theωkIk+d block in Ck+d using a product of2(k + d) − 1 Givens rotations, which
we denoteGk+d. Below we illustrate schematically the first two such Givens rotations for the case
k + d = 4:
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




















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↑


































,


































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×
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































.

This strategy is often employed in regularization algorithms for the solution of discrete ill-posed prob-
lems; see for example [11, §5.1.1].

Once the entireωkIk+d block ofCk+d has been zeroed in this way, we have

Gk+dCk+d = Gk+d

[

Qk+d

Ik+d

] [

Bk+d

ωkIk+d

]

=

[

R̃k+d

0

]

,

whereR̃k+d is upper bidiagonal, from which it follows that
[

Bk+d

ωkIk+d

]†

= [R̃−1
k+d, 0]Gk+d

[

Qk+d

Ik+d

]

.

Proceeding as in Theorem4.2, we obtain
[

Bk+d

ωkIk+d

] [

Bk+d

ωkIk+d

]† [

ωk t̂k/‖t̂k‖2

0

]

=

[

QT
k+d

Ik+d

]

GT
k+d

[

Ik+d

0

]

Gk+d

[

Qk+d

Ik+d

] [

ωk t̂k/‖t̂k‖2

0

]

.
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Using (33) and taking the 2-norm, we obtain

µ
d
(xk, θ) =

ωk

‖t̂k‖2

∥

∥

∥

∥

[

Ik+d

0

]

Gk+d[0k, φk+1, . . . , φk+d, φ̄k+d+1, 0k+d]
T

∥

∥

∥

∥

2

. (50)

Thus the estimateµ
d
(xk, θ) can be computed by applying2(k + d) − 1 Givens rotations to the vector

[0k, φk+1, . . . , φk+d, φ̄k+d+1, 0k+d]
T and computing the 2-norm of the vector formed by its first

k + d elements. The cost of this computation isO(k + d) flops and storage.
The estimateνd(xk, θ) can be computed in a similar way. Instead of (49) we have

[

Qk+d

Ik+d+1

] [

Bk+d

ωkIk+d+1

]

=







































ρ1 θ2

ρ2
. . .
. . . θk+d

ρk+d θk+d+1

0 0 . . . 0 ρ̄k+d+1

ωk

ωk

. . .
ωk

ωk







































, (51)

which differs fromCk+d by only one extra column. Thusµd(xk, θ) can be computed much in the same
way asµ

d
(xk, θ), using only two extra Givens rotations. As withµ

d
(xk, θ) andµd(xk, θ), the estimates

νd(xk, θ) andνd(xk, θ) must be recomputed at every iteration, since they require the quantityωk that
generally changes at each step.
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Figure 6: Estimatingν(xk, θ) usingνd(xk, θ) with various values ofd.

The estimatesνd(xk, θ) andνd(xk, θ) are compared withν(xk, θ) in Figures6 and7 for various
values of the parameterd andθ = ‖A‖F /‖b‖2. The behaviour of these estimates is very similar to that
of µ

d
(xk, θ) andµd(xk, θ) in Figures3 and4, not only asymptotically asxk → x̂, but also very early in

the iteration process.

6 Conclusion

In this paper we have proposed efficient methods to estimate the quantities‖PArk‖2 in (19) andµ(xk, θ)
in (22), which are both much too expensive to compute to be used directly in large sparse applications.
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Figure 7: Estimatingν(xk, θ) usingνd(xk, θ) with various values ofd.

Although we have focussed our discussion on the algorithm LSQR, these results could be applicable to
other conjugate gradients type algorithms, such as CGLS.

In our experience, the bound (19) involving ‖PArk‖2 is often tight. It should be noted, however,
that in some problems, in particular when the right-hand side vector is not wellcorrelated with the data,
the stopping criterion in (25) based onµ(xk, θ) can be triggered much earlier than that in (21) involving
‖PArk‖2, which is generally exact only asymptotically—compare (19) and (20) with (24). This justifies
the use of the estimates ofµ(xk, θ) in (25), rather than of‖PArk‖2 in (21), as stopping criteria in some
cases.

The quantityλd(xk) in (30) is a very practical lower bound on‖PArk‖2. It can be computed at step
k + d of LSQR at essentially no extra cost.

The minimal backward errorµ(xk, θ) can be estimated using the boundsµ
d
(xk, θ) andµd(xk, θ)

given in (36) and (37). One can also consider the asymptotic estimatesνd(xk, θ) andνd(xk, θ) given
in (48). All of these estimates can be computed at the stepk + d at a cost ofO(k + d) flops and storage.
Although this is slightly less efficient than the computation ofλd(xk) (and not as trivial to implement)
it is certainly feasible for practical large sparse problems. One might choose not to recompute these
estimates at each iteration, but rather at the step when another stopping criterion, e.g.,

λd(xk) ≤ α‖A‖2,F ‖xk‖2 + β‖b‖2

is triggered.
All the estimates discussed above “lag behind” byd iterations, in other words, they can only be

used to estimate‖PArk‖2 or µ(xk, θ) at the iteration numberk + d. To avoid such a delay, one can
consider the upper boundµ0(xk, θ) on µ(xk, θ), as well as its asymptotic estimateν0(xk, θ). One can
also use Lemma4.1 to estimate‖PArk‖2 with its lower bound‖AT rk‖2/‖A‖2 andµ(xk, θ) with the
lower boundν(xk, θ) on its asymptotic estimate; see (26) and (46). Both these estimates are available
essentially free at stepk of LSQR. Although they tend to oscillate in ill-conditioned problems, they are
usually fairly tight and give good order of magnitude estimates in well-conditioned problems.

The estimates of‖PArk‖2 andµ(xk, θ) discussed in this paper can be used in (21) and (25). As
a result of this work, (21) and (25) can now be used as stopping criteria for the iterative solution of
practical large sparse LS problems.
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