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1 Introduction
Given A € R™*™ andb € R™, the linear least squares (LS) problem is

min | — Az];. (1)
It is well known that solving 1) is equivalent to solving the normal equations

AT Az = ATD, 2

We assume throughout thdthas full column rank. Under this assumption, the unique solutitmn(1)
and @) is
= (ATA)"1ATh = Alp. (3)

See for exampleZ] and [8] for useful background.

In this paper we propose practical stopping criteria for the iterative saolofitarge sparse LS prob-
lems. In particular, we consider the algorithm LSQR of Paige and Saupdérss], which we briefly
review in Sectior. Our results, however, could also be applicable to other conjugate graitiipe al-
gorithms, such as the method of conjugate gradierisdpplied to the system of normal equatio&, (
called CGLS in [ §]; see also ¥, 3].

In Section3 we define what we mean by an acceptable LS solution and review two cosdition
recently presented irv] to determine if a given iteratey, is an acceptable LS solution. The first criterion
requires the computation of the projectipR7||2, whereP4 = AAT is the orthogonal projector onto
the range ofd andr, = b — Axy, while the second involves the computation of the so-called minimal
backward error for the LS problem, which we denpte

Both | P47 ||2 and . are much too expensive to compute to be used directly in large sparse appli-
cations. A contribution of this paper is finding estimates of these two quantitiesghde computed
efficiently at every iteration of LSQR. We discuss methods to estimate the foojg@ 47| in Sec-
tion 4 and the backward errgrin Section5.

We generally use upper-case letters for matrices, lower-case Romas fetteectors and indices,
and lower-case Greek letters for scalars. The vectis the j-th column of the unit matrix. We use
|Al|2 and||A|| r to denote the 2-norm and Frobenius normdgfrespectively, and| A||> » when either
can be used (consistently throughout an expression). Assurhihgs full column rank, its Moore-
Penrose generalized inverse is givendy= (AT A)~1AT. We usePy = AATandP; = I — P,
for the orthogonal projectors onto the rangeAfand its orthogonal complement (the null-space of
AT), respectively. Finallyg .. (A) andomi, (A) stand for the largest and smallest singular valud of
respectively, and, (A) = || Allz.¢ || AT||2.£-

Throughout this paper we illustrate our results with convergence plottupea using MATLAB
with IEEE 754 double precision arithmetic with the unit roundeffz 10~16. Test problem 1 comes
from a surveying application. The matrik is “well1850.mtx”, a1850 x 712 matrix from the Matrix
Market [4] with 8755 non-zero entries, 2-norrh7, and 2-norm condition numbeér1 x 102. In test
problem 2 we use am x n matrix A = UXV7T, wherem = 800 andn = 200. The following factors
are used:U € R™™ andV € R™*™ are the full orthogonal) factors of the QR decomposition of
random matrices, andl = diag(o;) € R"*" with

oy = (L(i—1+5)/5j .5/n)3, i=1,...,n

Integer division is used here to obtain repeated singular values. This hai@-norml.0 and 2-norm
condition numbe6.4 x 10%. For each test problem the right-hand side veatsrformed as follows:

b=Aln,n—1,..., 17 +107°[1,2,...,m]T.
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2 Algorithm LSQR

In this section we give a brief overview of the method LSQR proposed inl3]. The algorithm is
based on a variant of the Golub-Kahan iterative bidiagonalization puoedd, §2], which, given the
matrix A and the starting vectdr, generates the sequences of vectgrs; and scalarsy;, 8; satisfying
the recurrences

Brur = b, aqv; = Aluy,

fork=1,2,...

Brt1ug1 = Avg — agug,

(4)

T
Qg 1V+1 = A" U1 — Bry1Vk-

The coefficientsy; > 0 andg; > 0 are computed such thét;||2 = ||v;||2 = 1. Gathering the vectors

Uy = [ug,...,ux], Vi = [v1,...,v;], and defining the lower bidiagonal matricBs € R(*+1)** and
By, by i
-
B2
By = pB3 : Bi, = Bk, aht1€k41], )
. o
| Br+1]]

the relations4) can be written in the compact matrix form

Uky1(Brer) =0, (6a)
AV = Upq1 By, (6b)

=T
ATUk_H = VkBE + ak+1vk+1e£+1 = Vi1 By, . (6¢)

In exact arithmetic the matricé$,, ; andVj,, each have orthonormal columns; however, the orthogo-
nality is lost very quickly in presence of rounding errors. The bidiafipation algorithm can be derived
by considering the Lanczos proces$][applied to the symmetric indefinite system

e oL =1

which is the augmented system associated to the LS proldlgmf([2, §1.1.4].
Thek-th iterate of LSOR has the form, = V. y., where the vector of coordinatgs is chosen such
that the residuat, = b — Ax; has minimal 2-norm. Usings@) and @b), r;, can be expressed as

1y =b—AViyr = Ugale,  tx = Prer — By (7)
Thereforey, has the minimal 2-norm if and only if;. is the solution of the LS problem
myin |Brer — Bryl|2- (8)
It can be shown by induction that
range(V;) = span {ATb, (AT A)ATb, ..., (ATA)k‘lATb} = Kp(AT A, ATD),

i.e., the columns o¥}, form an orthonormal basis of the Krylov subspace generated by the migtrix
and the vectorA”h. Thusz;, is the minimum residual approximation éfin the Krylov subspace
Kr(AT A, ATb). Becausey; is the exact solution o], we have using@b) and (7) that

ri AVy = 1 U1 By, = (Brer — Byyx)” By = 0. 9
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In other words, the LSQR approximation is characterized by
xp € Ki(ATA, ATD),  rp=b— Az, L AKL(AT A, ATD). (10)

Note that the bidiagonalization algorithm breaks down when eithef = 0 or Gy, = 0in (4). In
such a case the iteratg is the exact solution of the least squares probl&nkut 3,1 = 0 can happen
only if the systemAx = b in (1) is consistent; see for exampled.

The bidiagonal LS problenB] can be solved by a successive transformatio®pto upper trian-
gular form using a product of reflection,, leading to

p1 02

. P

Qk[Bk,ﬁlel]z[}ff éﬁl], Ry=| 7 S =] (12)
vy )

Pk '

The k-th reflection is designed to zeffy; with the element directly above it, and has the form

[ck Sk] [ Dk 0 qbk} _ [Pk Okt1 ok ] (12)

Sk —Ck| |Br+1 ary1 O 0 Pry1 kst

wherep; = a; and¢, = 3.
From (11), the solution of the bidiagonal LS proble®) s v = R,;lfk, while the minimal residual
t, and corresponding residual = b — Axy in (7) can be expressed, respectively, as

th = dr1QF erta, 1 = Upp1tk = or1Ur+1Q% €ni1. (13)

Note from the above thalry||2 = éx.1, SO the2-norm of the residual vector can easily be obtained
without actually computing the residual vectgr. The relation|| AT 7|2 = ék+1ak+1|ck\ can also
easily be derived, whil@A||; is usually well estimated byBy||2; see L8, §5].

A short recurrence for the, can be obtained by noticing that the fikst- 1 elements off;. in (11)
form the vectorf;_; from the previous step. Defining

Wy = [wl, - ,wk] = Vlelek, D, = dla.(:,XRk)7 (14)
we obtain
_ D! _
T = kak = Wk:-Dk 1fk = [Wk_l,wk] |: k-1 _1:| |:fk 1:| = Tk—1 "‘ %’U)k (15)
Py, Pr Pk

A short recurrence for the, can also be obtained. SolvirigkaD,;lekH = Vi1 by forward

substitution gives
0

N k+1 .
Wg+1 = V41 — Tw/w wy = V1.
k

The implementation of LSQR shown in Algorithirrequires two matrix-vector multiplications with
A and AT per iteration and stores only the latest column#&/gf |, V;.,1, andW; together with the
actual iteratery,.

3 Acceptable LS Solutions

Following the nomenclature irb], we say that an iterate;, € R"™ anacceptable LS solutiowhen
it is the exact solution of a LS problem within some specified range of relatis in the data. In
other words, an iterate, is an acceptable LS solution if and only if there exist perturbatiorand f
satisfying

(A+ B (A+ B)ap = (A+ E) b+ ), |Bl2r < allAllzp, [Ifll2 < Blbl2,  (16)
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Algorithm 1 LSQR

e |nitialize:
Brur =b, arvy =ATwy, wi=v1, 20=0, ¢r =5, pr=m
e Main loop:
fork=1,2,3,...
e Continue the bidiagonalization:
Brt1ugr1 = Avg — agug
Wei1Vk1 = AT upyr — Brgvk
e Form thek-th reflection:
pe = (P2 + B2, )Y k= Pr/pre Sk = Bres1/pr
e Apply the reflection:
Okl = SkQkils Phal = —CkOhils Ok = CkOki Okl = SkPk
e Updater; andwy1:
Ty = 1 + (Or/pr) Wi
Wit 1 = Vg1 — (Okt1/pr)we

e Test for convergence and exitif, is an acceptable LS solution.

for some chosen values afandg (distinct from the elements;, andg3;, of By).

One choice for the parametetsand 5 of particular interest isx = O(u) andg = O(u), whereu
denotes the unit roundoff. IfLE) holds with this choice of parameters thepis a so-calledbackward
stable LS solutionStatistical arguments can also be used to piadnd 5. For example, one can show
that the statistical stopping criteria proposed by Arioli and Grattonl.jr3.1.1] are triggered if and
only if (16) holds witha: = 0 and chosen using the inverse cummulative distribution function of the
chi-squared probability distribution. We refer the interested reader taghass$ion in ].

In the following we review two conditions that can be used to verifyi#)(holds, one of which is
both necessary and sufficient.

For any chosen and3, (16) holds if and only if¢; p(z, o, 8) < 1, where

& r(op, 0. ) = min {€:(A+ B+ f - (A+ B =0,
o 17)
1Bz < €l Allrs [1£ll2 < 8]0l

The analytical solution ofi(7) remains an open question. Below we present tight bounds ey, c, 3).

Stopping criteria for the iterative solution of large sparse LS problemsoanenonly based on upper
bounds ort; i (zk, o, 3). For example, it is recommended ind §5] to stop as soon as an iteratg
with corresponding residua), = b — Ax;, satisfy

Irkll2 < allAllzpllaelz + Blbll2 - or  [ATre]2 < oA

2,7 ||7%||2- (18)

These stopping criteria are based on the following upper bounds fx, a, 5) of Rigal and Gaches
[19] and Stewart$0], [21, Theorem 5.5], respectively:

[7k]|2
allAlle,rllzk |l + Bl1b]27
| AT 7|2

al|Allo,rlIrxlle

§o.r(zp, 0, 3) <

§o.r(zp, 0, ) <
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They give sufficient but not necessary conditions§of-(xy, o, 5) < 1. It was shown in §, §4] that
in many practical situations the stopping criteria irf8)(can detect an acceptable LS solution several
iterations too late, or even fail altogether to detect that an acceptable Li®sdias been obtained.

The following asymptotically tight upper bound @5 (z, v, 3) was given in p, Theorem 5.1].

Lemma 3.1. GivenA € R™*", b € R™ andz;, € R", definer, = b — Az, and &y p(xg, o, 5) as
in (17). Then

[ Park|2
i, o, B) < Yo p(ag, o, ) = , 19
52,F( k ﬁ) ¢2F( k /6) aHAHQ,Fka”Q"i_/@HbHZ ( )
and letting# denote the true LS solution df)(
lim & (@, @, 5) — 1. (20)

Tp—E wZ,F(xka «, B)

Recall that a given vectar, € R" is an acceptable LS solution if and only&if z(zx, o, ) < 1.
As a result of Lemma&.1, if

[ Parkllz < allAllz,rllzkll2 + 8116l (21)

thené, r(xy, o, 3) < 1 andzy, is an acceptable LS solution. Fro20f we can expect the bound i)
to be tight ifx;, is sufficiently close to the true LS solutian Numerical tests performed i[suggest
that this bound is often tight even wheq is very far fromz.

The minimization problem in Lemma.2 was solved in 15, §2]. It is commonly referred to as a
minimal backward error problefrsee for exampled and the references therein.

Lemma 3.2. GivenA € R™*" b € R™, 0 # x, € R™ andf > 0, define

0|72

V146 ai]3

re =b— Axp, wp = N = [4, wp(I — rkr};)].

Then

w(xg,0) = Arﬁigb {H [AA,0AD]|F: (A+ AA)T[(b + Ab) — (A+ AA)xzy] = 0}
’ (22)
= min {wk, O‘min(Nk)}.

We use the notation

i, 00) = Jim pu(ay, ) = min {HAAHF (AL AT — (At AA)zy] = o}.

Gu [10] gave a relationship between the quantifi€s;,, co) and&s r(zx, o, ) in the special case when

a = (. The following lemma, proven in5} Theorem 6.2], shows how we can ysery, #) with an
appropriate finité in (22) to determine ifry, is an acceptable LS solution in the Frobenius norm for any
choice ofa andg in (17).

Lemma 3.3. Given full column rankd € R™*" b € R™ and0 # x;, € R", definer, = b — Axy,
¢p(xg, o, B) asin (L7) and p(xg, 0) as in 22). Let

allAllr
3ol

0 =0

(23)

Then
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erena,B) < 10 Be 0. B). (24)
alAllr

Recall thate;, is an acceptable LS solution if and onlyif 7 (x, o, 3) < 1, but that at present no ex-
plicit formula is known for computing, »(zx, o, 3). Lemma3.3states that the quantipy zy, 0) /(|| Allr)

always lies within a factot/2 of £¢(z, a, 3). The following is therefore a near optimal test to verify if
a given iteratery, is an acceptable LS solution in the Frobenius norm, for any choieeaoid 5 in (17):

allAllp
Blvl

In summary, the quantitie$P4rx||2 and u(xy,#) can be used to determine if an iteratgis an
acceptable LS solution or a backward stable LS solution. Both these quaititéesirse, are much too
expensive to compute to be used directly in stopping criteria for the iterativéian of practical large
sparse problems. In the next sections we present new bounds ostemates of| P47y |2 andu(zy, 0)
that can be estimated efficiently at every iteration of LSQR. These estimatbs csed inZ1) and £5),
respectively, to give practical stopping criteria for the iterative solutfidarge sparse LS problems.

(. 0) < af|Alp,  with 6= (25)

4 Estimating || P4ry |2 efficiently

In this section we discuss ways to estimgte,ry || efficiently in LSQR.
The following lemma relates the quantitigB 47y ||2 and|| AT ry 2. It can easily be proven using the
singular value decomposition df;, see for exampled].

Lemma 4.1. GivenA € R™*" b € R™ andzy € R", definer, = b — Axy. Then
IA 7y ||2 = &5 Parkl2
for somegy, in the closed intervalo,in(A), omax (A)].

The following bounds o P4 7|2 follow immediately from Lemmat.1:

[ AT ]l |A 7|l
Umax(A) Umin<A> ’

The above lower bound can be estimated at virtually no extra cost in LSQE& eliable estimates
of ||ATry |2 andomay(A) are available essentially free at every iteration; see Se@tioAccurately
estimating the smallest singular value 4f however, is much more challenging, so the above upper
bound is not as practically useful.

These bounds are plotted in FigureHere we have explicitly computedd”r||» and the extreme
singular values ofi. Using LSQR’s estimates dfA” .|| ando,ax(A) in the lower bound gave very
similar results. It is easy to see frord] that the bounds are simultaneously tight only in very well-
conditioned problems (in whichy(A) = omax(A4)/omin(A) = 1). In the problems we have tested, we
have observed that the lower bound is usually tighter than the upper bespetially late in the LSQR
iteration process.

With & = A'b denoting the true LS solution ofl), the quantity|| — z3|[ 474 = ||A(Z — 21)]|2
is often referred to as thenergy normof the error. The following lemma shows that the projection
|| Park|l2 is in fact||z — xg|| g7 4-

< [[Parkl2 < (26)

Lemma 4.2. Given A € R™*"™ with full column rank and € R™, let & be the true LS solution ofl).
For any approximate solutiom;, € R"”, definer, = b — Axz;. Then

[Parllz = |2 — zx] a7 a- (27)
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Test Problem 1 . Test Problem 2

100 200 300 400 500 600 700 800 50 100 150 200 250 300 350 400

LSQR Iteration Number LSQR lteration Number
| AT 7|2 | AT 7|2
—h— || P12 . — ——————, === u(||All2||xkl|2 + [|b]|2
[Parella, —= =52, — (1Al + [e]2)

Figure 1: The bound26) on || Pry||2

Proof. SinceP4, = AAT and the true LS solution iz = A'b,
[Parill2 = JAAT(b — Azy)|l2 = [|A(E — z1)[|2 = |& — @]l a7 a-
L]

It follows from (10) that, at least in exact arithmetic, LSQR is equivalent to the method of cdrjuga
gradients (CG) of Hestenes and Stiefel][applied to the normal equation®)( Many estimates of the
energy norm of the error in CG have been studied, as discusseddimpéxin P2, 23], and these can
be extended to estimatgP4r«||2 in LSQR. In the following we derive one such estimate, originally
proposed for CG in12, Theorem 6.1], and recently extended to CGLSIij flirectly for LSQR. We
also provide a useful new way to interpret this estimate.

Theorem 4.1. Given A € R™*™ with full column rank and € R™, let z be the true LS solution oflf
andx;, be thek-th iterate of LSQR withy, = b — Ax;.. Then using the notation of Algorithin for any
non-negative scalarg andd,

k+d

|12 = 2lZr g = & — 2hpaldr g + D 6. (28)
i=k-+1

Proof. We can write

12 —klira = 118 = zhe1 + @i — 2rllhr 4
& — 2ps1 i + Trer — 2l dr g + 201 — A) T Al — ). (29)

The last term in the above equation is identically 0, since b6th = 0 and from @)

M1 AT — 2k) = 14 AVi <yk+1 B [%k]) -0
Furthermore in LSQR we have, ;1 = z + (¢r+1/pr+1)wi+1; See 5). Thus @9) becomes

12 = 2% 4 = & = TrsaFr 4 + (D1 /o) (| Awpea |13
Repeating this argument— 1 times gives

k+d

18 — 2l ir s = 12 — Tppallir g + Z (6i/pi)?[| Aws]3.
i=k-+1
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It remains to show thdtAw;||2 = p;. Using (L4) along with Eb) and (L1), we obtain

Aw; = AWie; = AViR; ' Die; = Uiy 1 BiR; ' Die; = Ui Q] [ﬂ pi€i,
and thug|Aw;||2 = p;, completing the proof. O

We can use Theorem.1 to estimate||Pari|ls = ||Z — x|/ 474 @s follows. Ignoring the|z —
Trtd| s, termin 28) gives

k+d
12 —ailZrs = Y 6F = Aj(an). (30)
i=k+1
The hope is that
12 = 2l%r g > 12 — zprall i o (31)

in (28), and thus that the bound iB8@) is tight. This is certainly reasonable for large enodgkince in
LSQR the quantity| P47y ||2 = || — x| 47 4 IS theoretically strictly monotonically decreasing with
and converges to 0; see for example the discussion.in [

Notice that the estimatg,;(z)) can be computed at essentially no extra cost in LSQR/ faddi-
tional iterations have to be performed in order to estinfate- x|| 4= 4. A larger value ofl results in a
longer such delay; however, it also produces a larger differen&ljragd thus a tighter bound i130).
Values ofd as small asl = 5 can give excellent results in well-conditioned problems, as illustrated
with test problem 1 in Figur2. Higher values ofl are required in more ill-conditioned problems, when
||Pary||2 decreases very slowly or in a staircase pattern &iyli§ thus not valid for smaltl; see for
example test problem 2 in Figuge The use of smaller values df however, is usually sufficient when
a good preconditioner is applied. A better understanding of why this pimjecan decrease in such a
pattern would allow us to make a more informed choicé,@ven perhaps to modityat each iteration.
We leave this for a future investigation.

Test Problem 1 Test Problem 2

100 200 300 400 500 600 700 800 50 100 150 200 250 300 350 400
LSQR Iteration Number LSQR lteration Number

—A— || Parkll2, = As(xr), —t— Awo(wr), —— Aos(as),

----- u([[All2]lzkll2 + [0]]2)

Figure 2: Estimatind| Par||2 usingAq(z) in (30) with various values ofl.

Note in Figure2 that \;(z)) continues to decrease even wheRsr |2 hits a plateau near the
toleranceu(||A||2]|zx|l2 + ||bl|2). In practice, as soon d&Parklla = O(u)(||All2||lzkll2 + [|b]l2) we
should conclude from Lemmntalthatxy is a backward stable iterate and stop the iteration. SeedIso [
for the discussion on the attainable accuracy of conjugate gradients tyhedador LS problems in
terms of the backward error.

The following theorem gives another useful way of interpreting the estimgte; ).
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Theorem 4.2. The estimate\;(xx) in (30) satisfies
Na(2k) = | By 4Bl gt (32)

where By, is the matrix defined in5j at the iteration steg: + d and#, = [t}, 0]7, with ¢t given
in (7).

Proof. Due to (L1), B}, = [R; !, 0]Qy+a. Note that
Qkta=Hypa.. - Hi,  Qp = diag(Qx, Ia) = Hy ... Hy,

where eachl; € Rk x(k+d 1) s the elementary reflection described l)( Using (13), i), =
QT ¢r11er4+1, Whereey 1 is the(k + 1)-st column ofl; 4. It follows that

. O B
Qrtdtk = QrtdQf Prr1er+1 = Hppq - .. Hyp10p11€841

_ (33)
=00, ..., 0, sty -y Grds Prratr]
and therefore
- Rital e .
Bk+dBlz+dtk = Q14 [ 0+ ] (Rl 01Qk+dlr
= Q£+d[07 sy 07 ¢k+17 ceey ¢k+d7 O]T
Taking the norm we obtain finally
k+d
1By sy BLogtills = > 67 = Nj(ax).
i=k+1
Ol

Consider the iterate;, = Viyi with residual, computed at step of LSQR. In the baseg; ; and
Uk+as1, the vectorse, andr, have coordinates

k ~ tk N
Tk = Viyk = Vitd [yo} = ViwdOk, 7k = Upprte = Ukyat [0] = Uksdsi1ti.

Theorem4.2 states that the estimate;(x;,) is precisely the 2-norm of the projected residéal=
0B1e1 — Briqyi associated to the projected problesh golved by LSQR at the iteratiadhn+ d.
The estimate\;(zy) of [|Par||2 allows us to useZl) as a practical stopping criterion in LSQR.

In the next section we turn our attention to estimatir(gy, 6) in (22) efficiently, using the ideas of
Theoremd.2, so that £5) can also be used as a stopping criterion in practical large sparse éppkca

5 Estimating u(z, 0)

Recall from Lemma3.3 that we are interested in estimatipgz;, f), with a specific finited. Many
estimates of(xy, o) exist in the literature; see for exampl& 4] and the references therein. These
can readily be generalized to estimatéery, §) for any finited > 0. Very few of these estimates,
however, are truly suitable for use in large sparse applications, sindeeitteer costO(mn?) flops to
compute, assume that a factorization/fs available, or are themselves iterative. (Here we are not
interested in nesting an iterative method to compute;, é) at each iteration of LSQR.)

In Section5.1 we give practical new bounds gr{x, #) that are analogous to the estimatgxy,)
for || Park||2 given in Sectiord. In Section5.2we show how an asymptotic estimate;dfc, §) can be
estimated efficiently, using the ideas of Theorém
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5.1 Practical bounds onu(xy, 6)

Suppose thaP and(@ are orthogonal projectors onto the subspaeage(P) C R™ andrange(Q) C
R™, and consider the least squares problem
min P(b— Az)||s. 34
L min [P = A2)] (34)
Let the columns of the matricéd$ andV” form orthonormal bases ofinge(P) andrange(()), respec-
tively, so that? = UUT and@Q = VV7. DenotingB = UT AV, ¢ = U”b, andz = Vy, we have
min _ ||P(b— Az)|l2 = min ||c — By||2. (35)
z€erange(Q) Y
Note from @) that choosing/ = Uy 441 andV = V.4 leads toc = fie; and B = By 4, that is,
the bidiagonal least squares probledh ¢olved by LSQR at the iteration stép+ d, while choosing
U = Upigr1 andV = Vj 4,1 leads tac = Bie; andB = Bjq.

Given an approximate solution of the formp = Vg, here thek-th iterate of LSQR, we can ask
how well the vector of coordinatgssatisfies the suitably projected least squares prob®&n In other
words, we can approximate the valuedfc, 6) by computing the minimal backward error defined in
Lemma3.2 of the vectory associated to the projected problem. In the following, we show that for any
d > 0 the choicell = Uy 44+1 andV = Vi, leads to a lower bound om(xy, 0), while U = Uj.4 441
andV = Vi 441 leads to an upper bound. In the bas$gs,; andVi 4.1, the vectorr;, has coordinates

T = Vigd [g’j = VitdUk, Tk = Vitds1 [O'Zij = Vitrd 1V

We define

w (z,0) = min < ||[[AB,0Ad| F :
Eq\k AB,AC{ F (36a)
(Bira + ABY[(Brer + Ac) — (Bira + AB)in] = 0},

Falar.0) = min {|[AB.0AC|r : a6
(Bita + AB)[(Bre1 + Ac) — (Bya + AB),] = 0}-

Using Lemma3.2 and the fact that
tr = Bie1 — Brralk = B1e1 — Bryal
we obtain
Hd(ajk’ 0) = min{wy, omin(Nk.qd)}, Tg(zk, 0) = min{wg, omin(Nk.a)}, (37)

where o B
Nia = [Brra, wp(I — )], Nia = [Brra, wi(l — ith)]. (38)

Theorem 5.1. Let A € R™*" b € R™, and letz, = V,y; be the approximate solution to the least
squares problengl) computed by LSQR at the iteration stepLet x.(zy, 8) be the minimal backward
error defined in Lemma.2associated ta, for a givend > 0 and lety ,(zy, 0) andfiy(x, 0) be defined
by (37) for a givend > 0. Then

py(zk,0) < plzg, 0) < frg(xk, 0). (39)
In addition,
0=p(z,0) < < py (g, 0) = pag, 0) = W2k, 0) < - < ok, 0) (40)

for somel < n — k.
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Proof. Firstwe prove the lower bound i89). If owin(Nk) > wy thenp (zy, 0) < pu(xx, 0) holds since
By(@k, 0) = min{wy, omin(Nga)} < wp = min{wy, omin(Ng)} = plzk, 0).

On the other hand assume thgfin (Ny) < wk, i.€., 1z, 0) = owmin(Ni). LetU andV be such that
U = [Ugtda+1, U] andV = [Vj.44, V] are orthogonal matrices. Then usirigp and (L3),

Voo Bira Clwp —#d)) 0
TN _ k+d k kb 41
Uhelo o 0 D) 0 ol | (41)

whereC = U,€T+d+1AV andD = UTAV. Owing to the interlacing property of singular values, see,
e.g., [L3, Corollary 3.1.3], the smallest singular value/gf is not less than the smallest singular value
of the matrix

[ Bira | wi(I —#t)) 0 ] _ [Nk,d 0 ]

0 0 ol || 0wl

obtained from 41) after deleting the columns corresponding to the matri¢cesid D. Hence
M(xky 9) = min{wk, Umin(Nk)} = Umin(Nk) > min{wk, Umin(Nk,d)} = Hd(xlm 9)

due to the assumptiodi,in(Nk) < wg. The lower bounds40) on p(zy,d) follow from the inter-
lacing property as well. Sincg, is the exact solution of the least squares probl8nif follows that
Ko(@k, 0) = 0, while the existence dfsuch thagy, (2, ) = p(zy, 0) follows from the finite termination
property of LSQR.

To prove the upper bound iB9) we have

AT AT
Omin(NE) = min ]z < min [ }delé’
min (V) s lzlla=1 || Lwn(T = e )] 711, = & zlle=1 || lwr( = merf)] 5T
ATU,
—  min htd+l }2
Z [12l2=1 || [Uk+ar1wi(I — tity) ] |l

—T
. Vi B -
= min kt+d+18k+d 3

Z ||1Z]2=1 _Uk+d+1wk:(f - fkflt)

=T
= min Bk“‘fl N
z ||2l=1 || |wr (I — tity,)

Zl|| = Umin(Nk:,d)'

It hence follows thati(xy, 0) < @, (zk, 0). The upper boundslQ) follow from the fact that with growing
d we are enlarging the subspace rafige 4.1) over which we are minimizing to obtain the upper
bounds. SincéV,,; differs from N ; only by a zero column, we have the equalitfyy, 6) = 1, (zx, 0).

O

In order to evaluate the estimatgg(:ck,e) and i, (zk, 0) defined by 86) and @87), we need to
be able to efficiently compute the smallest singular value of the matigesand N, 4 in (38). Let

A~

Qi = diag(Qx, 1), whereQ)y, is the matrix ofk reflections from {1). Using (L3), the matrixNy, 4 is
orthogonally similar to the matrix

A I 0
My g = QrNia [ hid

N — 10 B I — T
0 Q%“:| [Qk k+d> wk( 6k+1€k+1)]7

whereey is the(k + 1)-st column ofl; 441 here. The matrixQ; Bi.q is the partially transformed
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matrix B4 and, using the notation of Algorithry has the form

p1 02
P2

QrBrta =

03

A2

Br+3

Schematically, the matrixZ;, 4 has the following structure:

X X

X

Ok+d
Br+d+1]

— k+1.

X

Due to the special structure 81}, 4, its smallest singular value can be computed using 61ly+d)
flops and storing only)(k + d) extra numbers. First we use Givens rotations to transfuafyy to upper
bidiagonal form. In the following, we present one way to do this.

We apply Givens rotations from the right to eliminate the elements mcﬁ;ghé»ekﬂefﬂ) block one
by one. The first: elements are zeroed with the corresponding diagonal,of, proceeding upwards
from the k-th element to the first. To avoid fill-in, each new non-zero element is immediatebed
with its neighbor. Below we illustrate schematically the first two such Givengioogfor the case
k = 3,d = 2. We usex’s to represent non-zero elements arglfor the elements that are modified at

the step shown.

X

X
° o (o)
e, X @1
X 0
X X X

X

Once the firsk elements of they, (I — ekﬂe{H) block have been zeroed, a similar process is applied
to the lastd elements, proceeding down elemehts 2 throughk + d + 1. Below we illustrate the first

two such Givens rotations:

X X
X X

X X X
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Note that in the last such transformation, the bottom right element is merely fehwith the corre-
sponding zero diagonal element:

X X 0

X
X
o

(42)

X X
(]
o

X @

After the entirew;, (I — ekHeZH) block has been eliminated, Givens rotations can be applied from the
left to bring the matrix to bidiagonal form:

X X

X X 0

X X 0
o o 0

1@.. 0

2 ° 0

Atotal of O(k+d) Givens rotations are required. The smallest singular value of the reshidizgonal
matrix can be computed using the method of bisection; see for exampe. 3.4 ank5.4.1]. Because
we require only one singular value (the smallest), this c6Xts + d) in flops and storage. Thus the
lower boundu (2, ) can be computed usirg(k + d) flops and storing)(k + d) numbers.

The computation ofi,(z, 0) can be treated in the same way. The maf¥ix ; is orthogonally
similar to the matrix

o I 0 L
Myqg=QrNga [ k+0d+1 QT} = [QkBrtda, we(I — extrefiq)]
k

= [QBrid, hrdrieridrts wi(l — €k+1€£+1)],

which differs fromM;, 4 by one columny q41ex44+1. The only difference is that the element in the
position(k + d + 1,2k + 2d + 1) is not permuted as i) but eliminated by a Givens rotation with
the diagonal element;4,1. Hence the results of bidiagonalizing, 4 andﬁk,d differ in just two
elements of the last nonzero column. However, we have to recompute théasinglues of\/;, ; and
M, 4 from scratch at every iteration, since the right block of both matricesriispen.;, and generally
changes at each step.

The lower boundg: ,(zy, ¢) and upper boundg,(zy, ¢) for the minimal backward errqu(zy;, 0)
are compared with the true valuéz;, ) in Figures3 and4 for various values of the parametér
Here we have set = 3 andd = 0 = ||A||r/||b|l2; see 23). Note from @0) that only the upper
bound is meaningful fod = 0. As suggested by Theoreml, the quality of the estimates seems to
be increasing with highef; this is the case in particular for the lower boq@gmk, ) in Figure3. In
fact, p,(zx, 0) seems to behave much in the same wapgs:;); see Figure2 and3. Recall from

Theorem4.2that \;(x;,) represents the 2-norm of the projected residyassociated to the bidiagonal
least squares problerB)(at the iteration step + d, while the lower boun@d(mk, 0) is the solution to

the minimal backward error problem3&g for the corresponding vector of coordinatizs Using @0)

and @4) we can claim that the estimatag(z, )/ (a[| Al p[|zk |2 + [|b]]2) andp , (z, 0)/(c||Al|r) of the
quantityép(x, v, 3) are in a sense asymptotically close, which could explain their similar behavior.
The comments on the choice dffor the estimate\,(x) in Section4 also apply toy (zy,¢) and

Tig(xr, 0) here.
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Test Problem 1 Test Problem 2

100 200 300 400 500 600 700 800 50 100 150 200 250 300 350 400

LSQR Iteration Number LSQR Iteration Number
—h— p(wg,0), —— p (k. 0), —t— p, (2, 0), —— p,(vx,0),
----- ul| Allr

Figure 3: Estimating:(x, 0) usingu ,(x, 6) with various values ofl.

Test Problem 1 Test Problem 2

100 200 300 400 500 600 00 00 50 100 150 200 250 300 350 00

LSQR Iteration Number LSQR Iteration Number
—h— M(xkvg)i ﬁo(wlwe)i - ﬁ5(.’L’k,9), —fe— ﬁlO(xk70>’
—+— Hgs(zk,0), =+ - - ul|Allr

Figure 4: Estimating.(zy, 0) usingz,(xx, 6) with various values ofl.

5.2 An asymptotic estimate ofu(zy, 0)

The literature (see], [10], [ 14], and [24]) indicate that the following quantity can be used as an estimate
of u(, 00):

~1/2
viono0) = | (lonBATA + ) AT, (@3)

2
It is easy to show (see for exampi&] or [14, §2]) that

o) = H [(Hm\b/f’l\xkhﬂ] [(‘TkH?//ﬁIEkH?)[]T [Tk/H(;L'kHz]

Note thatv(zy, 00) is a projection, much like the projectidiPrx ||z = ||AATr.|» discussed in Sec-
tion 4.

Recall from Lemma3.3 that we are interested in estimatipgz;, ) and noty(zy, o). Su P4,
§2.7] extended the asymptotic estimate,, o) to estimateu(xy, 0) for any finited > 0:

[wff] [;;‘IT [wm{)nmuz]

2

v(zg,0) = , (44)

2
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where, as previouslyy;, is defined in Lemma.2. It is straightforward to verify that many relations
betweenu(z, o0) andv(zy, co) also hold betweep(xy, #) andv(zy, ). In particular,u(xy, #) and
v(z, 0) are asymptotically equivalent:

lim p(zk, 0)

=1. 45

In Section4 we discussed ways to estimate sy || efficiently in LSQR, and we can proceed in a
similar way to estimate the projectiorixy, ). Applying Lemmad.1to (44) gives

v(xg, 0) < v(zg,0) < v(zg,0), (46)
where

Wi | AT 7k |2

EEEREE

Wi | AT 7k |2

)
W+ T(4) e

v(zg,0) = v(xg, 0) =

It immediately follows from the above that

V(g 0)  [wp+ o2 (A)
v(zy,0) w% +02. (A)’ (“7)

min

We can interpret47) as follows. The bounds on(xy, #) in (46) are tight whenvy, >> o,ax(A). They
are also tight whewy, ~ omax(A), as well as whew, < omax(A) providedrz(A) is not too large.
These new bounds on the asymptotic estimate only fail to be tight wheti 1,ax(A) andrka(A) > 1.

The computation of the lower boundzy, §) requires essentially no extra cost in LSQR, since
reliable estimates dfr||2, [|AT7x||l2, andomax(A) are available at essentially no extra cost in LSQR.
As in (26), the upper bound(x, #) is much harder to compute, since it involves the smallest singular
value of A.

We illustrate these bounds in Figuse As in Figures3 and4 we have setl = || Al|#/||bll2. The
asymptotic estimate(z, §) seems to be an excellent estimateuéty, #) not only asymptotically as
xr — I, but even in the first iterations whehis very far fromz;. As with the bounds offf Par||2
in (26), the lower boundv(xy, 6) appears to be usually tighter thaaxy, ), especially late in the
iteration process. Both bounds oscillate in ill-conditioned problems. In weliliioned problems,
however, the lower bound(xy,#) seems to give good order-of-magnitude estimates(of;, #) and

p(wg, 0).

Test Problem 1 Test Problem 2

100 200 300 400 500 600 700 800 50 100 150 200 250 300 350 400
LSQR Iteration Number LSQR lteration Number

—— M(xk,9)1 —h— l/(iL'k,e), —t f(.l‘k,g), —i— Z(.Z’k,e), ---- U‘HAHF

Figure 5: The bounds(zy, 0) andv(xy, 0) onv(xy, 6).
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In the following, we present estimates ofzy, 0) that are analogous to the estimatg(xy) of
||Pary||2 from (32). We consider the asymptotic estimates associated to the minimal backwasd error
p,(z, 0) andgzg(zy, 0) in (36), namely

1- ~ ~
_ ||| Br+a } [ Biid ] [Wktk/ntk”Q]
VX ,9 = )
va(@k, 6) LJkaer Wilpta 0 )
48
Va(zy, 0) = [ Bi+a ][ Byta ]T [wkfk/llfkllz] e
U | wkdkrdr1] | wklktde 0 )

The above estimates can be compute®iit + d) flops and storage using the same ideas as in Theo-
rem4.2. Using the@ R factorization ofBy. 4 from (11), we obtain

[p1 62 1
P2
Ok+d
Qk+d ] [ Biya ] Pl+d
|: Ik-‘,—d wklk:—‘rd 0 0 . 0 k+d ( )
Wi
w,
L Wk |

We can eliminate they I 4 block in C4 using a product o2(k + d) — 1 Givens rotations, which
we denoteGG. 4. Below we illustrate schematically the first two such Givens rotations for tee ca
k+d=4.

_0. ] _X i
X X

X X

X

00 0 0, 00 0 O

(o) o 0

; 2
X X

X X

This strategy is often employed in regularization algorithms for the solution ofetesill-posed prob-
lems; see for examplée [, §5.1.1].
Once the entirey; I;44 block of Cy. 4 has been zeroed in this way, we have

Qk+d ] | Biyd ] [Rmd]
GrrdCrra =G = ,
k+dCk+d k+d [ Iia) |wndira 0
whereR,ﬁLd is upper bidiagonal, from which it follows that
-'- -
Biya } H—1 Qk+d ]
=[R, ,,0]G :
[kak+d Fisa )G i Tiva

Proceeding as in Theoref2, we obtain

{ Bl } [ By ]* {wkfk/nfkrz] _

Welptd] (Wklk+d 0

T I, Q witr/ ||tk
k+d GT k+d ] G [ k+d ] [ kUk k 2] .
[ Ik+d] hd { 0] Tkt Tita 0
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Using (33) and taking the 2-norm, we obtain

Wk

[ 2

Thus the estimatgd(:ck, ) can be computed by applyiijk + d) — 1 Givens rotations to the vector

Ok, Pk+1s ---y Pktd, $k+d+1, Ok+d]T and computing the 2-norm of the vector formed by its first
k + d elements. The cost of this computatiorQék + d) flops and storage.
The estimat@;(z, #) can be computed in a similar way. Instead 48)(we have

I _
By (g, 0) = [ i 0} GrtdlOks Oht1s -5 Ohrds Phrdst, Okral” (50)

p1 b 1
P2
Ok+d
_ Pr+d | Oktrdr1
[Qk+d ] [ Bita ]: 0o 0 ... 0 | Pktd+1 (51)
Iivar] |welkran Wi, ’
W
Wk
L Wk

which differs fromCj,_4 by only one extra column. Thys;(z, #) can be computed much in the same
way asy (zy, ¢), using only two extra Givens rotations. As wjth(zy, 0) andziy(zy, ), the estimates

v,(zk, 0) andvg(z, 0) must be recomputed at every iteration, since they require the quantityat
generally changes at each step.

Test Problem 1 Test Problem 2

100 200 300 400 500 600 700 800 50 100 150 200 250 300 350 400
LSQR Iteration Number LSQR lteration Number

—h— I/(.%'k,a), g5(xk,0), —le— 210(3%79)1 B — Z25(17%9)’

----- ull Al

Figure 6: Estimating/(xy, ) usingr,(xx, 6) with various values ofl.

The estimateg ;(xy,0) andvy(zy, ) are compared withv(zy, ) in Figures6 and7 for various
values of the parametdrand® = || A||»/||b||2. The behaviour of these estimates is very similar to that
of u,(xk, 0) andfzy(xy, ) in Figures3 and4, not only asymptotically as;, — &, but also very early in
the iteration process.

6 Conclusion

In this paper we have proposed efficient methods to estimate the quahiities||» in (19) andu(zy, 0)
in (22), which are both much too expensive to compute to be used directly in laageesppplications.



P. JRANEK AND D. TITLEY-PELOQUIN 19

Test Problem 1 Test Problem 2

________

AN

17 L L L L L L - Il L L L L L L L Il

100 200 300 400 500 600 700 800 50 100 150 200 250 300 350 400
LSQR Iteration Number LSQR lteration Number

—Ah— v(xy,0),

vo(zk, 0), Us(xg,0), =t Tio(xy,0),
—— Uos(wk, 0), -+ --- ul|Allp

Figure 7: Estimating/(xy, ) usingv,(xx, €) with various values ofl.

Although we have focussed our discussion on the algorithm LSQR, thssks could be applicable to
other conjugate gradients type algorithms, such as CGLS.

In our experience, the bound9) involving || P4r|2 is often tight. It should be noted, however,
that in some problems, in particular when the right-hand side vector is notoredllated with the data,
the stopping criterion in45) based onu(zy, 8) can be triggered much earlier than that2i)(involving
||Park||2, which is generally exact only asymptotically—compak8)@nd @0) with (24). This justifies
the use of the estimates pfzy, 0) in (25), rather than of| P4r||2 in (21), as stopping criteria in some
cases.

The quantity\;(xy) in (30) is a very practical lower bound dfP4r||2. It can be computed at step
k 4+ d of LSQR at essentially no extra cost.

The minimal backward errg(x, #) can be estimated using the boundgzy, 0) andfiy(x, )
given in (36) and 37). One can also consider the asymptotic estimaigsy, ¢) andv,(z, 6) given
in (48). All of these estimates can be computed at the st¢pl at a cost ofD(k + d) flops and storage.
Although this is slightly less efficient than the computatiomgfz) (and not as trivial to implement)
it is certainly feasible for practical large sparse problems. One mightsehoot to recompute these
estimates at each iteration, but rather at the step when another stoppingrgriey.,

)\d(xk) S CVHA

2. ||zkl2 + BIb]2

is triggered.

All the estimates discussed above “lag behind”diterations, in other words, they can only be
used to estimat@Pary||2 or u(zk, 6) at the iteration numbek + d. To avoid such a delay, one can
consider the upper bound,(xx, #) on u(zy, 0), as well as its asymptotic estimatg(xy, #). One can
also use Lemma.1to estimate]| Par||2 with its lower bound|| AT r.||2/||Al|2 and pu(xx, 8) with the
lower boundv(zy, ) on its asymptotic estimate; se26f and @6). Both these estimates are available
essentially free at stepof LSQR. Although they tend to oscillate in ill-conditioned problems, they are
usually fairly tight and give good order of magnitude estimates in well-conditigognoblems.

The estimates of Par||2 and u(z, 8) discussed in this paper can be useddf) @nd @5). As
a result of this work, Z1) and @5) can now be used as stopping criteria for the iterative solution of
practical large sparse LS problems.
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