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Abstract

We derive backward error formulas for a linear system of equi#ons in general
norms induced by given symmetric positive de nite matricesand consider a special
case of a backward error induced by the energy norm when the sfem matrix is sym-
metric positive de nite. We study the convergence of the corfugate gradient method
(CG) with respect to this energy backward error. For that pur pose we construct a
hypothetical variant of CG called CGBACK which constructs t he approximations
that actually minimize the energy backward error over the asociated Krylov sub-
spaces and can therefore be considered as an analog of the GNBK/MINPERT
algorithms of Kasenally and Simoncini. We show that the optmal CGBACK ap-
proximation is a scalar multiple of the current CG approximation with the coe cient
depending only on the weighting parameters appearing in thale nition of the back-
ward error and on the relative energy norm of the error of the arrent CG iterate.
In addition when CG makes a moderate progress in terms of thereergy norm of the
error then the energy backward errors of the subsequent CG gpoximations start
to be very close to the optimal energy backward errors of CGBAK approxima-
tions. In this way we deduce that CG approximations almost minimize the energy
backward error.

Key words.  symmetric positive de nite linear systems, conjugate gradent method,
minimum backward perturbation.

AMS subject classi cations. 65F10, 65F50.

June 18, 2010.

YINPT-IRIT, University of Toulouse and ENSEEIHT, 2 Rue Camic hel, BP 7122, 31071 Toulouse
Cedex 7, France (serge.gratton@enseeiht.fr)

*CERFACS, 42 Avenue Gaspard Coriolis, 31057 Toulouse Cedex 1,France (jiranek@cerfacs.fr) &
Faculty of Mechatronics, Technical University of Liberec, Studentska 2, 46117 Liberec, Czech Republic
(pavel.jiranek@tul.cz). The work of this author was supporte d by the grant No. 201/09/P464 of the
Grant Agency of the Czech Republic.

*CERFACS, 42 Avenue Gaspard Coriolis, 31057 Toulouse Cedex 1,France (vasseur@cerfacs.fr).



1 Introduction

We consider a system of linear algebraic equations
AXx =D (1)

where A 2 RN N is a symmetric and positive de nite matrix and b2 RN is a nonzero
right-hand side vector. When one has to decide whether a give approximation % to
the solution x of (1) is su ciently accurate the common criterion is to comp ute the
associated backward error [21, 20, 12] and compare it with amncertainty contained in
the problem (1) at hand. Such a strategy is often used and reaamended whenA is
large and sparse for the construction of stopping criteria ér iterative methods [1, 2].

Let & be an approximation of the solution of (1). The (normwise) backward error of
R is de ned as a size of perturbationsE and f of the data A and b, respectively, minimal
in a suitable norm such that (A + E)% = b+ f. Rigal and Gaches [21] provided the
explicit solution to the problem

minf ; (A+ E)% = b+ f; kEky kAky; kf ko kbkog (2)
given by the properly scaled Euclidean norm of the residual gctorb A% as

kb ARk, |
kAkokrks + kU(ZI

The de nition of the backward error depends on the choice of he norms. In (2) the
matrix A is considered as a mapping frorRN to RN where the distances in both the
solution space (wherex lies) and the images space (containing the right-hand siddo
and the residual vectorr = b AR) are measured equally by the Euclidean nornk k.
In [21] Rigal and Gaches derived their result for a (single) ector norm and the associated
operator matrix norm. However, other choices of the norms a@ possible. For instance
when (1) corresponds to a discretized self-adjoint ellipit PDE problem it was pointed
out in [2] that the use of the energy norm in the solution space(i.e., the vector norm
induced by the matrix A de ned by kxk% = xT Ax) and the associated dual norm (i.e.,
the vector norm induced by the inverseA 1) in the image space leads to a backward
error relevant in this context.

In [14, 15] Kasenally and Simoncini proposed variants of theGMRES method [22],
called GMBACK and MINPERT, which at a given iteration step n minimize the back-
ward perturbation in (1) with a generally nonsymmetric matr ix A. In particular, the
algorithm of MINPERT computes the approximation x, 2 Xo + Kn(A;ro) such that
(A + En)Xn = b+ f; with the backward perturbation [ Ep;f,] having a minimal Frobe-
nius norm, while in GMBACK the backward perturbations are restricted to A only.
By Kn(A;rg) we denote then-th Krylov subspace generated byA and the initial resid-
ual ro= b Axo, Kn(A;rg) sparfrg;Arg;:::;A" rog. If such an approximation of
MINPERT exists it satis es

. kb A%k . _
Xp = argmin = argmin  minfk[E;f ]ke; (A+ E)% = b+ f
n kZXo-i-gKn(A;ro) mg R‘ZXO'?Kn(A;rO) [ ]F ( ) g
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and the approximation x, is constructed by solving a total least squares problem posk
in the Krylov subspace [10, 26]. When the backward error stoping criterion is used,
minimizing the backward error in a Krylov subspace appears b be more natural than
minimizing the norm of the residual vector, in particular, if A is ill-conditioned and
the residual norm alone does not provide a good measure of thHevel of accuracy. It
may happen however that at some iteration steps the MINPERT gpproximation does
not exist due to the non-existence of the solution of the assoated total least squares
problem.

In this paper we are interested in minimizing the backward eror with a di erent
choice of norms that are more closely related to the PDE frameork [2]. In Section 2 we
de ne an analog of the backward error de ned by (2) using geneal norms for the solution
space and image space induced by N symmetric positive de nite matrices K and L,
respectively, and consider the special cas = A and L = A ! called here theenergy
backward error. In Section 3 we review the Lanczos algorithm [16] and the méitod of
conjugate gradients [11] (CG). Starting from the initial guessxg = 0 the convergence
of the CG approximations in the energy norm is monotonic, stictly decreasing at each
iteration, but not optimal. Motivated by the MINPERT algori thm [15] we can ask
whether the convergence in the energy backward error can bemiproved in the actual
Krylov subspace. For this purpose we de ne in Section 4 an algrithm called CGBACK
which at a given iteration step minimizes the energy backwad error in the Krylov
subspace. In Section 5 we analyze the relations between CGEX and CG and illustrate
the results of Sections 4 and 5 in Section 6 on numerical expienents.

2 The energy backward error

The matrix A 2 RN N represents a mapping from the spac& = RN to W = RN, We
equip V and W with the inner products induced by symmetric positive de nite matrices
K and L and the corresponding normsk kx and k ki, respectively. The operator norm
of A is then given by

kAZkL

kAkgk L = :

KL = AN Kzke
z60

3)

The matrix norm k kg, dened by (3) is related to the spectral matrix norm via
kAkk.. = KL¥™AK '%2k,. We will de ne the backward error using the K- and L-
norms by

KEkk  Kfke
AKAKiL T pkbkL

np (R a3 b)) min C(A+E)R=b+f (4)
where A and p are nonnegative weighting parameters not both equal to zeroWe will
rst provide the explicit formula for Kt (%; a; p) for the case when bothK and L
are equal to the identity matrix |, i.e., the vector normsk kg and k k_ become the
Euclidean normsk kz and the matrix norm k kg.  turns out to be the spectral matrix
norm k k, and then extend it for the norms k kx and k ki .

3



Lemma 2.1. Let A2 RN N p2 RN 22 RN nonzero, andr = b AR. Let 5 and
b be nonnegative and not both equal to zero. Theni;;t (&; a; b) dened by (4) is for
K=L=1 equal to

" . KEk,  kf ko
b (X5 A5 p) =min ;  (A+ E)x=Db+f
AR A o) akAKy' okbko ( )
krk (5)

2KAKBKRKZ +  2Kbk2

In particular,

: kE k krk

H . 2 2

1o 0) = ) + _ — ) >

A;b(k, A;0) =min KAKy (A+E)%=Db 7AkAk2kkk2’ for o> 0,
and

Ll . ko krks

10 ) = ) - b+ — ) > 0.

Ap(R;0; p) =min R AR = Db+ f R for ,>0
Proof. Let both A and , be nonzero. First we show that

kr k2 kEk, kfk, 2 KkEky 2+ kfk, 2 ©)
%\ kA k%kkk% + gktk% akAko ' pkbko 2 aAkAks pkbko

for any perturbations E and f such that (A+ E)& = b+ f, i.e., that (5) is a lower bound
for the quantity minimized in |, (8 a; p). Using the identity (A + E)% = b+ f we
have that EX f = b AR =r and thus

krko k EkykRky + kf ky:

From the inequality ( + )2 (1+ 2) 2+(1+ 2) 2 valid for any real , , and
nonzero , we get with = kEkyk®ky, = kfky, and = ( pkbko)=( akAkok®ks) that
krk3  (KEkok®kp + Kkf k3)? 4 ) 4
2 2
Lok T g g akakkRl
akAkokRks pkiks

KEKZ  KfKE
ZKAKZ T 2K

k Ek3kgks 1+

( 2kAKZKRKS + 2Zkbk3);

which proves (6). Setting

2KAKZKRKE  rRT 2k r
ZKAKZKRKE + 2KIK3 KkRKZ' ZKAKZKRKZ +  2Kbi

we get (A + E)& = b+ f as well as the equality in (6). The particular cases with , =0
and A =0, respectively, can be veri ed in a similar way. Ol
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Theorem 2.2. Let A2 RN N p2 RN, 2 2 RN nonzero, andr = b AR. Let a
and p, be nonnegative and not both equal to zero. Ld¢;L 2 RN N be symmetric and
positive de nite. Then ' (&; a; b) de ned by (4) is equal to

krkL .
2KAKZ, kRKZ + 2Kbk? O
AKAK KRK T pKIK

N OISR

Proof. The identity (A + E)% = b+ f is equivalent to (A+ E)X = b+ 7, where A =
LAK 2 B = LY?EK 172, 2= K28, b= L¥Db, and f~ = L¥?f. Owing to
Lemma 2.1 we have

| )
Uik o pemin ok M e e b
A N
krko

2 KAKEKRKE +  2KDkZ

with + = B A% = L1%2r. From the relations between the Euclidean norm and the norms
induced by K and L and from the relation between the matrix normsk kg.. and k kz
we get therefore
keko
gmkgerkg + gkbkg
krkL .
%kAkﬁ;L kkkﬁ + gkbkﬁ

N NI E RN CNENE

|
£0

A particularly important case is when K = A andL = A 1 for a symmetric positive
de nite A. We have kAkaa 1 = KA 12AA 72k, = klky = 1, krky 1 = keka and
kbky 1 = kxka with r=b ARande=x R.

Theorem 2.3. Let A2 RN N pe symmetric positive de nite, b2 RN, 2 2 RN nonzero,
r=b AR ,ande=x R. Let o and , are nonnegative and not both equal to zero.
Then

AL krk
Ab(X; A b) ﬁ;’bA (% A; b= ¢ . : A 12 2
AKRKS + gkbks o
keka

21/K2 + 2kkZ

In Section 4 we derive a variant of CG called CGBACK which minimizes the energy
backward error A de ned by (8) at each iteration step. Note that one can insteal
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of (4) (which leads to a., in (8)) de ne the backward error in the usual way similar
to (2) by

5 (& A; b minf ;(A+ E)& = b+f;

9
kE kK;L AkAkK;L ; kf k|_ ka(L g ( )

However, it makes not a very big di erence when working with Kt than with ~§t .

The explicit expression for (9) is

krki

KL oo oy = .
wb (oAt 0= A KRk + kb, (10)

see [21], [12, Theorem 7.1] for the Euclidean norm; the geredization as in Theorem 2.2
can be done in a similar way. From (7) and (10) it is easy to veffy that

1 . .
P Ko (B A D) (R A ) oAb (R A b)
so both backward errors de ned by (9) and (4) are very close ad hence minimizing (9) is
almost the same as minimizing (4). In addition, minimizing (7) (or (8)) is mathematically
easier and less technical than (10).

3 Lanczos algorithm and the conjugate gradient method

Consider the system (1) with a symmetric positive de nite matrix A. The Lanczos
algorithm [16] applied to A with the starting vector v; = b=, = kbky, gives at thenth
step

AVp = VpTop + (v (N7 (11)

Krylov subspace K,(A;b), €' denotes the nth vector of the standard basis, and the
matrix Ty, is tridiagonal and symmetric positive de nite with positiv e nonzero entries.

The nth CG [11] approximation x$€ (starting from the zero initial guess) is de ned
by

x$C = Vpy$e:  Thy$C= el (12)

It is well-known that the CG approximation minimizes the energy norm (the A-norm)
of the errore, = X Xn, Xn = Vhyn 2K, (A;b), ie.,

keSCka = kx  xSCka = min  kx  Rka
22K 1 (A;b)

and that keS®ka decreases at each iteration step. This can be also be obsedvérom
the identity

ken ki

erAen = xTAX  2xTAVpyn + Y] Toyn

13
kxk’z{\ Z(el)TTn lel + ke 1 TnYnk ( )

2 .
T t"



The A-norm of e, = €5€ is minimized if and only if the last term in (13) is zero, i.e.,
yn = y$© de ned in (12) giving then using

2(eN)T T, et = kyrOki, = kxpCka (14)

the value of the A-norm of the error e5©
ke®ki = keg®ka  %(eh)TT, 'et = kxki k x{Ckj: (15)
Note that since keS®ka decreases monotonically with increasing, the A-norms of the

CG iterate xSC strictly increase towards the A-norm of the solution x of (1).
From (8) we have that

keﬁG Ka

21xCGK2 + 2kxk2
AKXFCks + fkxkg

ab(XSC; A b) = &

and sincekeSCka is decreasing andkx$Cka increasing the energy backward errors of
CG approximations decrease as well.

4 Minimizing the energy backward error

In this section we introduce a variant of CG which actually minimizes the energy back-
ward error over the associated Krylov subspace and call it CBACK (as an analog of
GMBACK and MINPERT [14, 15]). We look for x$®B 2 K ,(A;b) such that
CGB. . - ; Y
b (X =  min b(X ;
Ab(Xn~75 A b) ML Ab(Xn; A; b)
Here we assume that p is positive since otherwise, when we restrict the perturbaibns
only to the right-hand side with 5 =0, it is clear from (8) that we would like in such a
case to minimize the expressiorkeka=( pkxka). But this is nothing but the A-norm of
e multiplied by a constant; CGBACK with o =0 is exactly CG.
Let X, = Vhyn be an arbitrary vector from K, (A;b). For the A-norm of the error
e, = X Xp we get from (13), (14), and (15) that
kenka = kxki k xSk + kel Tnynk$n .= keSCka + kel Tnynk$n o (16)
For the A-norm of x, we have

kxnk& = Yo Viy AVnyn = kynk2, (17)
using (11). Therefore from (8), (16), (17), and (12) we obtan
o Kenka  kefCKZ + kel Tk =
Ab(Xn; Aj b) = @ 2hok? + 2hek2 = ZTkynkZ + ZkxkZ

o (18)
kefFCKE + KTn(ys®  yn)KE +° 77 Kkinznko
ZkynkZ + Zkxk3 ~ KGnznky'




where the matricesLp, G, and the vector z, are given by
n CG # n #
ken Ka 0 pkXKa 0 1
= = =2 z : 19
n T[%L Zyr(];G Tr%L 2 n 0 ATr%L 2 n Vi ( )

Note that the matrix L, is nonsingular provided that CG did not reach the exact so-
lution x with eS¢ = 0. In such a case the choicex{®B = x$© clearly minimizes the
backward error ap(Xn; a; b) as well giving ap(XSE; a; b) = abp(X$C: A; b) = 0.

The CGBACK approximation can be thus found by minimizing the Rayleigh quotient
in (18) over all z, of the form (19) if such a minimum exists.

Lemma 4.1. Let the matricesL,, and G, for n > 1in (18) be given by(19), let A > 0,

b=a, and e5¢ 6 0. Then there is a unique vectorzC®E which minimizes the
Rayleigh quotientkL ,z,k>=kGzk2 over nonzeroz, and has the rst component equal
to one. We have that

n #1:2
KL z$CB ks _ kLnzpky 1 2
P eEEL. = Min ot = p n (20)
kG,zSCBk,  z,60 kGpznks A 1+ 2+ (1+ 22 422
where
p

,CGB _ 1 . ceB _  \CC. ) 1 %+ (1+ 22 422

n yEGB ’ n n 2(1 %) ,

and , k e$Cka=kxkpa is the relative error of the CG approximation x5©.

Proof. Sincee$® 6 0 the matrix L, is nonsingular and we have

kGnzS®Bky 2,60 kGpznkso 21)
i KGnLatweke T KGoL,'wS%Pk, T
T w60 kwpko - kwSGB ky

It also follows from eﬁG 6 0, n> 1, and the monotonicity of the A-norms of the errors
iNnCGthat0 < < 1. If w§®B =[1;(w5®B)T]" in (21) then
n #

1

CGB _ 1 — L.CG 1,,CGB _
z = = kexkal,"w = 1=2
n CGB n n n yr?G + keﬁG kATn Wr(];GB

yG (22)

(note that the vectors z, and w, in (21) are de ned up to a scalar multiple; we choose
to relate them by Lnz, = keS€kaw, in order to normalize the rst component of zSCB

to 1). Using the Courant-Fisher theorem [13, Theorem 4.2.11p. 179] the maximum of
KGnL , twnko=kwn ko in (21) is given by the largest singular value ofG,L,* or equiv-
alently by the square root of the largest eigenvalue oL, " G] G,L,* where the vector
wSCB | for which the maximum is attained, is equal to the correspomling (properly scaled)
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eigenvector. We have also to show that this eigenvector hasamzero rst component.
The matrix L, "G G,L,! can be written as

2 keSCk,2( 2kxk2 + kx§CK2) Kk eSCk,H(Ta 2y§e)T

TA~T 1_
tn GnGnba®= k eSCk,1Tq2ySe |

(23)

using (19) and (14). Owing to (15) we get
" #

I—nTGIGnLn:L = ,%\

where h, = ke$© kAlTnl:Zy,?G, khnk3 = (1  2)= 2, and hence the largest eigenvalue of
L,TGrGnL,tis the Z-multiple of the largest eigenvalue of

n no. (24)

The matrix (24) has the eigenvalue 1 of the multiplicity n 1 because there aren 1
linearly independent eigenvectorsw of the form [0;w"]" such that w"h, = 0. Now let
w=[1; h 1" where is a (real) scalar. The equation

" #
2 2
==Lt hf 1 _ 1
hn | hn hn
leads to the equations
1+ 2 2 @1 3= z @a H)=1: (25)

Substituting the rst equation into the second one leads to the quadratic equation for
in the form

FPoa+ B o+ =0 (26)
The roots of (26) are
i

o h

p
2
52 1+ 1+ 92 4232

and are always real due to the symmetry of (24). This follows &o from the positivity
of the discriminant (1+ 2)2 42 2. We have (1+ %2 422> 0if and only if
1+2 2@ 22+ 4> 0 which holds because the quadratic polynomial in 2 on the
left-hand side has complex roots and has positive constanterm equal to 1. It can also
be veri ed that the \+" root . of (26) is always greater than 1. Indeed, + > 1 if and
only if

"W 27 472>22 @+ 2 (27)

This inequality is trivially satis ed if the right-hand sid e is negative. On the other hand,
if the right-hand side in (27) is nonnegative, we obtain by saiaring both sides of (27)
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that . > 1if 2< 1+ 2+ 4 Thisis clearly satis ed since 2 < 1. Hence the largest

eigenvalue of the matrixL, "Gl G,L,* in (23) is

h i

1+ 24P @ 92 473 28)

2
_A
2
24

and the minimum in (21) (as well as in (20)) is equal to the squae root of the reciprocal
value of (28). The scalar is from (25) given by

1 2+ w7 473

i 20 ) )
Comparing the eigenvector [1 h 11T with w$®B maximizing (21) we get
WESB = hy = kelCk, ITAES
and from (22) and (29) we obtain
P =4S K kT, TR =1y
1 2+ 1+ %2 42r%yr(]:G. 0

219

Theorem 4.2. Let x$© 6 0 denote the approximation of CG starting with the initial
guessx§® =0 atthe stepn> 1. Let o >0, p 0 ,and = = . Then the unique
x$CB minimizing the backward error an(X; a; b) over all R 2 K, (A;b) is given by

xSCB = xSC; (30)
where p
1 2+ (1+ 92 427 ke$Cka
n 5 ; n= . (31)
21 3 kxka

The energy backward error of the iteratexS®8 is

' #1=2
2

1+ 2+ (1+ 22 422

n: (32)

1
ab(XSCB: A p) = N

The approximation x$®B which minimizes the energy backward error (8) over the
Krylov subspace K, (A; b) is thus given by a scalar multiple of the CG approximation
xSC with the coe cient |, given by (31). Note that even though we derived Lemma 4.1
with the assumption that eS¢ 6 0 the formulas for the , and Ap(X$CB; A5 b) in
Theorem 4.2 are still valid for €5© =0 (i.e., , =0). We obtain in this case from (31)
and (32) that , =1 leading to x§¢B = x5$© = x and Ap(X$CB; a; b) =0, respectively.

The de nition of CGBACK depends on the choice of the weighting parameters a
and , appearing in the backward error ap(X; a; b) in (8). In the following we discuss
several important choices of the weights.
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41 Thecase p=1and ,=0

If we set o =1 and =0 in (8) we restrict the backward perturbation in (8) only
to the matrix A. We get the analog of GMBACK [14]. Using CGBACK we obtain a
sequence of iteratex$®B 2 K ,(A; b) for which

kx Rk

CGB. 1.\ — : D10 — . A

p(X :1;0)= min p(%:1;0)= mn ——m—

Ab(Xn ) 22K 1 (Asb) Ab( ) 22K 0 (Ab)  KRKa

By (15) and Theorem 4.2 we have

1 kxk2 keCCk

CGB _ CG. _ _ A . CGB. 1.1\ — _ K&y KA,
X = X377 = = : (X :1:0) = = :
n n&n n 1 r% kXEGk% A,b( n ) n kxka

The coe cient |, is equal to the square of the ratio of theA-norms of the exact solution
x and of the CG approximation x$€, while the corresponding energy backward error is
precisely given by the relative A-norm of the CG error. In addition, from (8) the A-norm
of the CGBACK approximation satis es keS®Bka = kx$®Bka ap(x$CB;1;0) and thus

keﬁGB Ka _ keﬁG ka _ keﬁG ka . 1 .
kxka — kxGCka ~ kxka T ecop, 2
kaA

From (8) we obtain the energy backward error of the CG approxmation

keﬁG Ka _ keﬁG Ka . 1 .
kaA

ab(xSC;1,0) = (33)

In this special case we obtain a sort of symmetry between CG ahCGBACK: the energy
backward error of the CGBACK approximation is equal to the relative A-norm of the
error of the CG approximation while the energy backward erra of the CG approximation
is equal to the relative A-norm of the error of the CGBACK iterate. Their ratio satise s

Ab(X§CB;1;0)  kx$Cka
Ab(X6G;1;0)  kxka

which increases monotonically towards one so in this senseoth CG and CGBACK are
\asymptotically" equivalent. Notice also the monotonic convergence of the coe cient ,
to the value of one.

If the CG method nearly stagnates in terms of the A-norm of the error in the early
stage of the convergence, the value dixka=kx$®ka can be much larger than one and
so is the coe cient , and the energy backward error of the CG approximation as well
This corresponds to the stagnation of CGBACK in terms of the energy backward error.
However, when the relative A-norm of the CG error drops slightly, e.g., by order of one
to 10 ! then the energy backward error of the current CGBACK approximation is equal
to 10 1 as well while the energy backward error in CG is from (33) equito 1:005. It
means that the energy backward errors of both CG and CGBACK agroximations are
already very close and get even closer in further iterations
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42 Thecase p=1and ,=1

If A=1and p=1the CGBACK approximation x$®B satis es

. . kx Rk
ab(XSCB L) = min ap(®;L1)= min g— A
22K 1 (Ab) R2K 1 (Ab) KRK2 + kxk2
From (15) and Theorem 4.2 we have
1 kxk
CGB — CG. - _ A L
X = aX7 = p—-= ; 34
n nan n ~ 1 r% kX%G kA ( )
and -
1 ker~ ka
ap(X5oP i L1) = === 5= o (39)
1+ 1 r% keSG kp 2 A
1+ 1 KxKa

It follows from (34) that kx$®Bka = kxka. We can again express the relativeA-norm
of the error of the CGBACK iterate x$CB by

keﬁGB ka e P 2 keﬁG Ka

kx kA 2 kx kA

=T

keﬁG kA
1+ 1 kxKa

and the energy backward error of the CG approximationx$© as

1 keﬁG kA .

kege kA 2 kX kA
kaA

ap(X$C;L1) = ¢ (36)

2

From (35) and (36) we obtain the relation for the ratio of the energy backward errors of
CGBACK and CG with respect to the relative A-norm of the error of the CG iterate in
the form

v
¥ keSCka 2
ab(x§e8;1;1) U 2r KXKa . 37)
Ab(X§C;1;1) t l ke§® k 2
1+ 1 ok

When the relative error in CG is high (around one) the ratio is close to one as well. It
means that in comparison with the case discussed in Section4if the CG method nearly
stagnates in the initial stage the energy backward error of he CG iterate is close to the
optimal one of CGBACK and cannot be arbitrarily high. Again as CG approaches the
exact solution the ratio (37) is approaching 1 as well as the &lue of the coe cient |,
in (34).

The behavior of the ratio (37) is quite di erent than in Secti on 4.1 { its convergence
to 1 is not monotonic even though the convergence of, to 1 is monotonic. The question
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is what is the maximal di erence between both backward erros of CGBACK and CG
approximations, i.e., what is the minimum of the ratio (37) with respect to the relative
A-norm of the error in CG. Let

2 2

=P

be the function de ned for 2 (0; 1) representing the square of the ratio (37). At the
endpoints of the interval the function g satis es g(OF; = pggl) = 1. In the next section

we will show that g attains the minimum for = "~ 2( 2 1)¥?  0:9102 for which
g( ) 0:8284 so the ratio of the energy backward errors (37) is minimlaf the relative

A-norm of the error in CG is about 0:9102 (or equivalently tl}? energy backward error
of CGBACK is about 0:8409) and this minimum is given by g( ) 0:9102. If the
relative error in CG further decreases the ratio (37) appro&hes 1 monotonically.

43 Thecase po=0and ,=1

By setting p =1 and A = 0 in (8) the energy backward error becomes the relative
energy norm of the error, i.e.,

kx Rk
A;b(k;();l) = “]z&]z;‘fi:

In such a case CGBACK is equivalent to CG. Note that Theorem 42 is consistent with
CG in the sense that setting , =1 and letting A ! 0 we obtain

keSCk

cGB _ (CG. CGB. . — — AL

Xn - Xn ’ A,b(xn 101 1) - n — L
kaA

5 Relations between CGBACK and CG

In this section we study the mutual relations between CGBACK and CG. We concentrate
on the behavior of the coe cient , and the relation between the energy backward errors
of CGBACK and CG with respect to the weights A and p, (or more precisely their ratio
= = a) and with respect to the convergence of CG described by the tative A-norm
of the error , = keS®ka=kxka.
The coe cient |, de ning the CGBACK approximation by xS$¢B = x$C is equal

to p
1 %+ @+ 97 472
" 2(1 3 '
We can also de ne
kaA 1 1
= F =p 38
n kX%GkA keSS ki 2 Ld 1 r2] ( )
kaA

13
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(a) The function f {the coecient . (b) The function g { the (squared) ratio of the

energy backward errors of CGBACK and CG.

Figure 1: The dependence of the function$ and g de ned in (39) and (40), respectively,
on the variables and (please notice the reversed orientation of the - and -axes).

and rewrite the expression for ,, as

h [
=3h1 2@ 2Eea i
Note that the ratio |, is strictly decreasing with n towards 1 as the CG approximations
converge to the exact solution of (1). We analyze the behavioof the coe cient |, with
respectto and ,. For this purpose we de ne the function
1, ,p '
f(; ):é 1 + (1 22+4 22 for 2[0;1), 2[11). (39)
Next we address the relation between the energy backward eor of the CGBACK
and CG approximations x$®B and x$©, respectively, in terms of their ratio. From (8)
and (15) we have that the backward error of the CG approximation x5$€ is equal to

With (32) and (38) we obtain

2
ab(X5C8; A b)) 21+ > )
Ab(X§C; A; b) 1+ 2+ (1+ 22 422
2(%+ 49
\1

1+ 2+ (1 2)2+4 2,2

We de ne the function

)= 3+ 9 for 2[01), 2[L1 40
o )= by o 2[01), 2[51) @)




representing the square of the ratios of the energy backwardrrors of the CGBACK and
CG approximations.
In the following two lemmas we summarize the dependence of Ilo f and gon and
; see Figure 1. The proofs are elementary but technical and wpostpone them to the
appendix.

Lemma 5.1. Let the function f be de ned by (39). For a xed > 1 the function f

is strictly decreasing with the argument , f(0; )= 2, f(; )= ,andf(; )! 1
as !1 . Fora xed the function f is strictly increasing with the argument and
f(;1) =1. In addition, if O 1thenf(; )!'1 andf(; )=2! 1 ?as

11 .If > 1thenf(; )! 252 1as !1

Lemma 5.2. Let the function g be de ned by (40). For a xed the function g is
strictly increasing with the argument , g(0; )= 2, andg(; )! las !1 . Fora
xed ,g(; )! 1as ! 1L If0 1theng(; )! “2as !1 andif > 1then
g(; )! las !1 .If issuchthat 2 (5 1)=2then the function g is strictly
decreasing with . Otherwise, there isa such thatg is strictly decreasing in the interval
1< < and strictly increasing for > . In addition, °=( 2+1) g(; ) 1for
all 2 (1;1).

Thanks to the Lemma 5.1 and 5.2 we can draw the following concisions. As the
CG approaches the exact solution both the values of the coe éent ,, and the ratios
of the energy backward errors ap(XS$B; a; b)= ab(X$C; a; b) of CGBACK and CG
converge to one. Therefore CGBACK and CG are \asymptotically" equivalent in the
same sense as claimed in Sections 4.1 and 4.2 for any choicewagfighting parameters

A and . The convergence of , to 1 as x$¢ | x is always monotonic. On the
other hand the convergence of the ratios of the energy backwd errors of CGBACK and
CG approximations to one (from below) is either monotonic orstarts to be monotonic
from some point. When using CGBACK we cannot hence expect to btain a substantial
di erence in the sense of the energy backward errors in the k&r phase of the convergence.
From Lemma 5.2 we have that

s
kx§©ka KeSSka 2 an(X§°%; A b)

kxka ! kxka Ab(X§C; A; b) L (41)

Whenever CG makes a moderate progress in terms of thé&-norm of the error this
bound indicates that in such a case the di erence between theenergy backward errors
of CGBACK and CG approximations will be very small. The lower bound is attained
with =0 which reduces to the analog of GMBACK discussed in Sectiom.1. Thus we
can expect the largest di erences between the CGBACK and CG terates in terms of
the energy backward error in the early stage of the convergere when =0 (or 1;
cf. Figure 1(b)). With  increasing this di erence is getting smaller (for a xed step of
CG) with CGBACK approaching CGas !1 (when 1 it practically disappears).
We studied the relations between CGBACK and CG with respect o the convergence
of CG in terms of the relative A-norm of the error. The inequality (41) indicates that
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Figure 2: The dependence of the ratio of the relative energy éckward error of CGBACK
and of the relative A-norm of the error in CG on and

the di erence described by the ratio of the energy backward erors of CGBACK and CG
approximations disappears when the relativeA-norm of the error of the CG approxima-
tion is small. We can also ask whether a decrease of the relag A-norm of the error
in CG implies a decrease of the energy backward error in CGBAK. First we have to
identify a relative decrease of the energy backward error. e energy backward error
does not need to be well de ned fom = 1 (we set x§®B = 0 consistently with the initial
guess in CG). However, the expression for the energy backwarerror of the CGBACK
approximation (32), which we can rewrite in terms of , = kxka=kx$%ka as
2 31=

1 2(1 2
Ab(XSCB; A; )= —4 q( n’) S
A 14 24 1+ 2)2+4 2n2

has a nite limitas ! 1 orequivalently ,!1 . This limitis equal to

Azt foro 1;
° ,boforl<
Hence the relative energy backward error of CGBACK approxination divided by the

relative A-norm of the error of the CG approximation can be written as
8

N 2 < p_—2 for 0 1;
2 A;b(X%GB v A b)_ 0 — 1+ 2+ = 1+ 2)2+4 2 2 ’
n keSG ka =kxka ; p_2° for1< :

1+ 24" (1+ 2)2+4 2 n?

It can be shown by using standard calculus tools thatp% n 1, see also Figure 2. It
means that the relative decrease of the energy backward errin CGBACK is at least the
same as the relative decrease of th&-norm of the errgr in CG. Conversely, the relative
decrease of theA-norm of the error in CG is at least 2 times the relative decrease of
the energy backward error in CGBACK.
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Figure 3: Test problem BCSSTK04, CGBACK with 5o =1 and = 0: the energy
backward errors an(X$€; a; p) (solid lines) and ap(X$8; a; b) (dashed lines), rel-
ative energy norm of the error keS®ka=kxka (gray solid lines with markers), and the
ratios of the energy backward errors ap(X5¢8; a; b)= apn(X§C; a; 1) (dotted lines)
with respect to the iteration number n.

6 Numerical experiments

We illustrate the behavior of CGBACK and CG on a system with the small symmetric
positive matrix BCSSTK04 (N = 132, »(A) 2:293 10°) from the Matrix Market
collection [5] and with the right-hand side b = [1;:::;1]". The construction of the
CGBACK approximation x$®B = xSC requires the value of the relative A-norm of
the errorinCG , = keﬁG ka=kxkpa obtained using a direct solver provided in MATLAB.
In Figures 3-5 we plot the energy backward errors o (X$C8; a; p)and an(X$C; a: 1)
of the CGBACK and CG approximations together with their rati o with respect to the
iteration number n. We also include the relative A-norm of the error , = keﬁG ka =kxka
in CG. In the initial stage the relative error |, nearly stagnates and equivalently the
values of , = kxkA:kxﬁG ka are much greater than 1. As we indicated in Section 5
the largest di erence between CGBACK and CG in terms of the erergy backward error
can be observed if = 0 (see Figure 3). This di erence gets smaller as increases; see
Figure 4 for =1=2 and Figure 5 for =1.

Please note that the CGBACK algorithm is in fact only hypothetical { the CGBACK
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Figure 4. Test problem BCSSTK04, CGBACK with o =1 and = 0:5: the energy
backward errors ap(X5C; a; b) (solid lines) and aAp(x$CB; a; b) (dashed lines), rel-
ative energy norm of the error ke§®ka=kxka (gray solid lines with markers), and the
ratios of the energy backward errors ap(X5¢8; a; )= an(X§C; a; 1) (dotted lines)
with respect to the iteration number n.

approximation is not computable. For computing the coe cie nt , we have to evaluate
or estimate the relative A-norm of the error in CG: the A-norm of the error as well as
the A-norm of the exact solution x to (1). Several authors proposed recently bounds for
the error norms in CG [3, 4, 6, 7, 8, 9, 17, 18, 23, 24]. One canfrfanstance estimate
keSCka using

keSCka = keSS ka + kxn  Xn+dKa K Xn  Xn+dKi

and usekxki = kxSC ki + keSS ka  k xSE ki to obtain an approximation of kxka,

which leads to the estimate
KXn  Xn+dKa

42
KXn+dka (42)

n
Note that kx, Xn+dka and kxn+ gka do not need to be computed directly but can be
evaluated cheaply using the coe cients computed during the CG iterations; see, e.g.,
[25, 23, 19]. In order to obtain an accurate estimate the regwement is that keﬁfdkA

keSCka < ke§Cka = kxka and thus the relative A-norm of the error eS¢, must be
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Figure 5: Test problem BCSSTK04, CGBACK with 5o =1 and = 1. the energy
backward errors an(X$€; a; p) (solid lines) and ap(X$8; a; b) (dashed lines), rel-
ative energy norm of the error keS®ka=kxka (gray solid lines with markers), and the
ratios of the energy backward errors ap(X5¢8; a; b)= apn(X§C; a; 1) (dotted lines)
with respect to the iteration number n.

su ciently smaller than 1. However, as indicated in Section 5 the small relative error in
CG implies that the energy backward error of the CG approximaion is already very close
to the optimal one of CGBACK. As a consequence a possible CGBBK implementation

using the estimate (42) could work properly only when CGBACK and CG are already
practically indistinguishable.

7 Conclusions

We introduced the energy backward error as a generalizatiof the standard backward
error de ned by Rigal and Gaches [21] for problems with a symretric positive de nite
matrix and analyzed the convergence of the conjugate gradi¢ method in this backward
error. For this purpose we introduced a variant of CG (called CGBACK in the paper)
which at each iteration constructs the approximation minimizing the energy backward
error over the given Krylov subspace as an analog of the MINPRT algorithm proposed
by Kasenally and Simoncini [15]. It appeared that such an appoximation is given by a
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scalar multiple of the actual CG approximation; no additional information is extracted

from the computed Krylov subspace in order to minimize the emrgy backward error.
We observed that the energy backward error of the CG approximtions (although the

convergence of CG in the energy backward error is monotoniojan be much higher than
the optimal one only in the initial stage of the convergence wen the energy norms of
the errors of CG approximations can nearly stagnate. When tie A-norm of the error

in CG mildly decreases the energy backward errors of the CG gpoximations start to

be very close to the optimal ones of CGBACK and in this way sucha scaling can be
regarded only as a sort of smoothing of the energy backward ssr in CG in the early

convergence phase.

The practical implementation of such a smoothing is not straghtforward since the
energy backward error minimizing variant of CG needs to estinate the relative A-norm
of the error in order to compute the corresponding scaling ce cient for a given CG
approximation and thus CGBACK is not fully computable in pra ctical problems. Ex-
isting estimates, in particular the numerically stable lower bounds [11, 23], work well
only when the A-norm of the error in CG makes a su cient progress in a xed number
of subsequent CG iterations. Nevertheless in such a case tHeG approximations are
already very close to the CGBACK approximations in terms of the energy backward
error.

A Proofs

A.1 Proof of Lemma 5.1

We will prove only the monotonicity of f with respect to its arguments. The limiting
behavior of f can be veri ed using standard calculus tools (to prove the nite limit of
f(; as !'1 inthe case > 1 we can use the I'Hospital's rule). First we check the
monotonicity with respectto fora xed 2 (1;1 ). The derivative of f with respect
to is " #
2y 2
;)= pat ) 2 .
(1 2)2 +4 2 2

which is negative if and only if

2 2 (1 2) < P (1 2)2+4 2 2 (43)

The right-hand side is always positive and so if the left-hanl side is less or equal to
zero then (43) holds trivially. Assuming that the right-han d side is positive we get by
squaring that (43) is satis ed provided 2 < 1 which clearly holds. Hence the derivative
is negative for any 2 (1;1 ) and f is decreasing with . Taking the derivative of f
with respect to we get

22
(1 2)2+42 2

(9 )= @ 2+ @ PE+az 7

©
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so we have to check its positivity for all 2 (1;1 ). This is true if and only if

@a 2 2|O(1 22+4 2 2> (1 3?2 2% (44)

If O 1 then (44) holds trivially as the left-hand side is nonnegaive and the right-
hand side is always negative. If 1< then the left-hand side of (44) (as well as the
right-hand side) is negative and by squaring we get that (44)holds if and only if 0 < 4
which is clearly satis ed. Hence for any 2 [0;1 ) the function f is strictly increasing
with . O

A.2 Proof of Lemma 5.2

The monotonicity with respect to  and the limiting behavior can be checked similarly
as in the proof of Lemma 5.1. We look on the behavior ofj for a xed with respect to
2 (1;1 ). The derivative of g with respect to is equal to

422 2 2+2) 1 @+ 0@ ATea 7 7

0. =
;)= 45
g ) L+ 2+ (1 22+4 2 2)2° (1 2)2+4 2 2 (45)
We show that for some values of the derivative is equal to zero at = > 1. The
right-hand side of (45) is equal to zero if and only if
p
202 2 ?2+2) 1=(@1+ % @1 22+42 2 (46)

Note that (46) is possible only if the left-hand side is positve which in particular cannot

hold if = 0 and thus for (46) to have a (real) solution it is necessary hat > 0.

Assume that the left-hand side of (46) is positive, i.e., 2( 2 2 2+2) 1> 0. Since

12 (o; b it follows that it is moreover necessary that - must satisfy 442 2 1>0,
5 _

i.e., <> 2 1. By squaring (46) we get that the root has to be a solution of
2(%+ 2 1)% 2(%+2) *+1=0: (47)
The leading coecient  2( 4+ 2 1)in (47) is zero Bf = (p 5 1)=2> P 2 1.1In

such a case the positive root of (47) is given by =1=( 5+3) which is however clearly
smaller than one, i.e., out of the interval of interest. If the leading coe cient in (47) is
nonzero then we will distinguish two cases: rst Wg assume tht itpi§ negative, i.e., we
consider rst the interval of positiv suchthat 2 1< 2< ( 5 1)=2, and next
we assume that it is positive, i.e., ( 5 1)=2< 2. By = 2 we transform (47) into
the quadratic equation

204+ 2 1)2 2(%+2) +1=0: (48)
which has the roots

2(2+2) (2+1)3:2'
2(2+1) 1

(49)
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Fi;agall that we are interested only in a root greater than one.First let P 2 1< 2«<

(' 5 1)=2 so that the denominator of (49) is negative. In such a case wean consider
only the \ " root in (49) since the other one is negative. We hence checK this root is

greater than one, i.e., whether

2(2+2) (2+1)3=2
2(2+1) 1

>1

Which holds if apd only if “+ 2 1> 0. But the left-hand side,is negative for

2 1< ?< (5 1)=2 which leads to a contradiction. Nextlet ( 5 1)=2< 2
so that the denominator in (49) is positive. In a similar way we conclude that the \ "
root is not greater than one and therefore the only root of cosideration is the \+" one
and we again want the check if it is greater than one, i.e., if

2( 2+2)+ ( 2+1)3=2

>
2(2.,.1) 1 -

leadingto (1+ ?) < ( ?+1)%?2 which is always satis ed since the left-hand side is
negatiﬁgand the right-hand side is positive. Summarizing fi the positive is such that
2> (5 1)=2thenthereisa 2 (1;1) given by

2( 2+2)+ (2+1)3=2
2(2+1) 1

(50)

such that the deri\@tive of g with respect to is zero; otherwise there is no such nite
,ie,if 2 ("5 1)=2then ¢°; ) is nonzero for any 2 (1;1). We have
alsog®(; 1) = 2=(1+ »?2< 0andg’; )! Oas !1 forany 2 (0;1).
If 2> ( 5 1)=2 it follows from (46) that the derivative g°(; ) changes the sign
at (the left-hand side decreases while the right-hand side imeases as functions of
2). Thus for such the derivative ¢°( ; ) is negative for 2 (1; ) and positive for
2 ( ;1). Otherwise, if 2 (' 5 1)=2 the derivative g°( ; ) is negative for any
2 (1;1). O
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