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conjugate gradients�

Serge Grattony Pavel Jir�anekz Xavier Vasseurx

Abstract

We derive backward error formulas for a linear system of equations in general
norms induced by given symmetric positive de�nite matricesand consider a special
case of a backward error induced by the energy norm when the system matrix is sym-
metric positive de�nite. We study the convergence of the conjugate gradient method
(CG) with respect to this energy backward error. For that pur pose we construct a
hypothetical variant of CG called CGBACK which constructs t he approximations
that actually minimize the energy backward error over the associated Krylov sub-
spaces and can therefore be considered as an analog of the GMBACK/MINPERT
algorithms of Kasenally and Simoncini. We show that the optimal CGBACK ap-
proximation is a scalar multiple of the current CG approximation with the coe�cient
depending only on the weighting parameters appearing in thede�nition of the back-
ward error and on the relative energy norm of the error of the current CG iterate.
In addition when CG makes a moderate progress in terms of the energy norm of the
error then the energy backward errors of the subsequent CG approximations start
to be very close to the optimal energy backward errors of CGBACK approxima-
tions. In this way we deduce that CG approximations almost minimize the energy
backward error.

Key words. symmetric positive de�nite linear systems, conjugate gradient method,
minimum backward perturbation.
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1 Introduction

We consider a system of linear algebraic equations

Ax = b (1)

where A 2 RN � N is a symmetric and positive de�nite matrix and b 2 RN is a nonzero
right-hand side vector. When one has to decide whether a given approximation x̂ to
the solution x of (1) is su�ciently accurate the common criterion is to comp ute the
associated backward error [21, 20, 12] and compare it with anuncertainty contained in
the problem (1) at hand. Such a strategy is often used and recommended whenA is
large and sparse for the construction of stopping criteria for iterative methods [1, 2].

Let x̂ be an approximation of the solution of (1). The (normwise) backward error of
x̂ is de�ned as a size of perturbationsE and f of the data A and b, respectively, minimal
in a suitable norm such that (A + E)x̂ = b + f . Rigal and Gaches [21] provided the
explicit solution to the problem

minf � ; (A + E)x̂ = b+ f; kEk2 � � kAk2; kf k2 � � kbk2g (2)

given by the properly scaled Euclidean norm of the residual vector b� Ax̂ as

kb� Ax̂k2

kAk2kx̂k2 + kbk2
:

The de�nition of the backward error depends on the choice of the norms. In (2) the
matrix A is considered as a mapping fromRN to RN where the distances in both the
solution space (wherex lies) and the images space (containing the right-hand sideb
and the residual vector r = b� Ax̂) are measured equally by the Euclidean normk � k2.
In [21] Rigal and Gaches derived their result for a (single) vector norm and the associated
operator matrix norm. However, other choices of the norms are possible. For instance
when (1) corresponds to a discretized self-adjoint elliptic PDE problem it was pointed
out in [2] that the use of the energy norm in the solution space(i.e., the vector norm
induced by the matrix A de�ned by kxk2

A = xT Ax ) and the associated dual norm (i.e.,
the vector norm induced by the inverseA � 1) in the image space leads to a backward
error relevant in this context.

In [14, 15] Kasenally and Simoncini proposed variants of theGMRES method [22],
called GMBACK and MINPERT, which at a given iteration step n minimize the back-
ward perturbation in (1) with a generally nonsymmetric matr ix A. In particular, the
algorithm of MINPERT computes the approximation xn 2 x0 + Kn (A; r 0) such that
(A + En )xn = b+ f n with the backward perturbation [ En ; f n ] having a minimal Frobe-
nius norm, while in GMBACK the backward perturbations are restricted to A only.
By Kn (A; r 0) we denote then-th Krylov subspace generated byA and the initial resid-
ual r0 = b� Ax 0, Kn (A; r 0) � spanf r0; Ar 0; : : : ; An� 1r0g. If such an approximation of
MINPERT exists it satis�es

xn = arg min
x̂2 x0+ K n (A;r 0 )

kb� Ax̂k2p
1 + kx̂k2

2

= arg min
x̂2 x0+ K n (A;r 0 )

minfk [E; f ]kF ; (A + E)x̂ = b+ f g
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and the approximation xn is constructed by solving a total least squares problem posed
in the Krylov subspace [10, 26]. When the backward error stopping criterion is used,
minimizing the backward error in a Krylov subspace appears to be more natural than
minimizing the norm of the residual vector, in particular, i f A is ill-conditioned and
the residual norm alone does not provide a good measure of thelevel of accuracy. It
may happen however that at some iteration steps the MINPERT approximation does
not exist due to the non-existence of the solution of the associated total least squares
problem.

In this paper we are interested in minimizing the backward error with a di�erent
choice of norms that are more closely related to the PDE framework [2]. In Section 2 we
de�ne an analog of the backward error de�ned by (2) using general norms for the solution
space and image space induced byN � N symmetric positive de�nite matrices K and L,
respectively, and consider the special caseK = A and L = A � 1 called here theenergy
backward error. In Section 3 we review the Lanczos algorithm [16] and the method of
conjugate gradients [11] (CG). Starting from the initial guessx0 = 0 the convergence
of the CG approximations in the energy norm is monotonic, strictly decreasing at each
iteration, but not optimal. Motivated by the MINPERT algori thm [15] we can ask
whether the convergence in the energy backward error can be improved in the actual
Krylov subspace. For this purpose we de�ne in Section 4 an algorithm called CGBACK
which at a given iteration step minimizes the energy backward error in the Krylov
subspace. In Section 5 we analyze the relations between CGBACK and CG and illustrate
the results of Sections 4 and 5 in Section 6 on numerical experiments.

2 The energy backward error

The matrix A 2 RN � N represents a mapping from the spaceV = RN to W = RN . We
equip V and W with the inner products induced by symmetric positive de�ni te matrices
K and L and the corresponding normsk �kK and k �kL , respectively. The operator norm
of A is then given by

kAkK;L = max
z2 RN

z6=0

kAzkL

kzkK
: (3)

The matrix norm k � kK;L de�ned by (3) is related to the spectral matrix norm via
kAkK;L = kL 1=2AK � 1=2k2. We will de�ne the backward error using the K - and L-
norms by

� K;L
A;b (x̂; � A ; � b) � min

� 








�
kEkK;L

� A kAkK;L
;

kf kL

� bkbkL

� 








2
; (A + E)x̂ = b+ f

�
; (4)

where � A and � b are nonnegative weighting parameters not both equal to zero. We will
�rst provide the explicit formula for � K;L

A;b (x̂; � A ; � b) for the case when bothK and L
are equal to the identity matrix I , i.e., the vector norms k � kK and k � kL become the
Euclidean normsk � k2 and the matrix norm k � kK;L turns out to be the spectral matrix
norm k � k2 and then extend it for the norms k � kK and k � kL .
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Lemma 2.1. Let A 2 RN � N , b 2 RN , x̂ 2 RN nonzero, and r = b � Ax̂. Let � A and
� b be nonnegative and not both equal to zero. Then� K;L

A;b (x̂; � A ; � b) de�ned by (4) is for
K = L = I equal to

� I;I
A;b(x̂; � A ; � b) = min

� 








�
kEk2

� A kAk2
;

kf k2

� bkbk2

� 








2
; (A + E)x̂ = b+ f

�

=
kr k2q

� 2
A kAk2

2kx̂k2
2 + � 2

bkbk2
2

:
(5)

In particular,

� I;I
A;b(x̂; � A ; 0) = min

�
kEk2

� A kAk2
; (A + E)x̂ = b

�
=

kr k2

� A kAk2kx̂k2
; for � A > 0,

and

� I;I
A;b(x̂; 0; � b) = min

�
kbk2

� bkbk2
; Ax̂ = b+ f

�
=

kr k2

� bkbk2
; for � b > 0.

Proof. Let both � A and � b be nonzero. First we show that

kr k2

� 2
A kAk2

2kx̂k2
2 + � 2

bkbk2
2

�










�
kEk2

� A kAk2
;

kf k2

� bkbk2

� 








2

2
=

�
kEk2

� A kAk2

� 2

+
�

kf k2

� bkbk2

� 2

(6)

for any perturbations E and f such that (A + E)x̂ = b+ f , i.e., that (5) is a lower bound
for the quantity minimized in � I;I

A;b(x̂; � A ; � b). Using the identity ( A + E)x̂ = b+ f we
have that E x̂ � f = b� Ax̂ = r and thus

kr k2 � k Ek2kx̂k2 + kf k2:

From the inequality ( � + � )2 � (1 + 
 2)� 2 + (1 + 
 � 2)� 2 valid for any real � , � , and
nonzero
 , we get with � = kEk2kx̂k2, � = kf k2, and 
 = ( � bkbk2)=(� A kAk2kx̂k2) that

kr k2
2 � (kEk2kx̂k2 + kf k2

2)2

� k Ek2
2kx̂k2

2

"

1 +
�

� bkbk2

� A kAk2kx̂k2

� 2
#

+ kf k2
2

"

1 +
�

� A kAk2kx̂k2

� bkbk2

� 2
#

=
�

kEk2
2

� 2
A kAk2

2
+

kf k2
2

� 2
bkbk2

2

�
(� 2

A kAk2
2kx̂k2

2 + � 2
bkbk2

2);

which proves (6). Setting

E =
� 2

A kAk2
2kx̂k2

2

� 2
A kAk2

2kx̂k2
2 + � 2

bkbk2
2

r x̂T

kx̂k2
2
; f = �

� 2
bkbk2

2

� 2
A kAk2

2kx̂k2
2 + � 2

bkbk2
2
r

we get (A + E)x̂ = b+ f as well as the equality in (6). The particular cases with� b = 0
and � A = 0, respectively, can be veri�ed in a similar way.
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Theorem 2.2. Let A 2 RN � N , b 2 RN , x̂ 2 RN nonzero, and r = b � Ax̂. Let � A

and � b be nonnegative and not both equal to zero. LetK; L 2 RN � N be symmetric and
positive de�nite. Then � K;L

A;b (x̂; � A ; � b) de�ned by (4) is equal to

� K;L
A;b (x̂; � A ; � b) =

kr kLq
� 2

A kAk2
K;L kx̂k2

K + � 2
bkbk2

L

: (7)

Proof. The identity ( A + E)x̂ = b+ f is equivalent to ( ~A + ~E) ~̂x = ~b+ ~f , where ~A =
L 1=2AK � 1=2, ~E = L 1=2EK � 1=2, ~̂x = K 1=2x̂, ~b = L 1=2b, and ~f = L 1=2f . Owing to
Lemma 2.1 we have

� I;I
~A;~b

( ~̂x; � A ; � b) = min

( 










 
k ~Ek2

� A k ~Ak2
;

k ~f k2

� bk~bk2

! 










2

; ( ~A + ~E) ~̂x = ~b+ ~f

)

=
k~r k2q

� 2
A k ~Ak2

2k~̂xk2
2 + � 2

bk~bk2
2

with ~r = ~b� ~A ~̂x = L 1=2r . From the relations between the Euclidean norm and the norms
induced by K and L and from the relation between the matrix norms k � kK;L and k � k2

we get therefore

� K;L
A;b (x̂; � A ; � b) = � I;I

~A;~b
( ~̂x; � A ; � b) =

k~r k2q
� 2

A k ~Ak2
2k~̂xk2

2 + � 2
bk~bk2

2

=
kr kLq

� 2
A kAk2

K;L kx̂k2
K + � 2

bkbk2
L

:

A particularly important case is when K = A and L = A � 1 for a symmetric positive
de�nite A. We have kAkA;A � 1 = kA � 1=2AA � 1=2k2 = kI k2 = 1, kr kA � 1 = kekA and
kbkA � 1 = kxkA with r = b� Ax̂ and e = x � x̂.

Theorem 2.3. Let A 2 RN � N be symmetric positive de�nite, b 2 RN , x̂ 2 RN nonzero,
r = b � Ax̂, and e = x � x̂. Let � A and � b are nonnegative and not both equal to zero.
Then

� A;b(x̂; � A ; � b) � � A;A � 1

A;b (x̂; � A ; � b) =
kr kA � 1

q
� 2

A kx̂k2
A + � 2

bkbk2
A � 1

=
kekAq

� 2
A kx̂k2

A + � 2
bkxk2

A

:
(8)

In Section 4 we derive a variant of CG called CGBACK which minimizes theenergy
backward error � A;b de�ned by (8) at each iteration step. Note that one can instead
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of (4) (which leads to � A;b in (8)) de�ne the backward error in the usual way similar
to (2) by

~� K;L
A;b (x̂; � A ; � b) � minf � ; (A + E)x̂ = b+ f;

kEkK;L � �� A kAkK;L ; kf kL � �� bkbkL g:
(9)

However, it makes not a very big di�erence when working with � K;L
A;b than with ~� K;L

A;b .
The explicit expression for (9) is

~� K;L
A;b (x̂; � A ; � b) =

kr kL

� A kAkK;L kx̂kK + � bkbkL
; (10)

see [21], [12, Theorem 7.1] for the Euclidean norm; the generalization as in Theorem 2.2
can be done in a similar way. From (7) and (10) it is easy to verify that

1
p

2
� K;L

A;b (x̂; � A ; � b) � ~� K;L
A;b (x̂; � A ; � b) � � K;L

A;b (x̂; � A ; � b)

so both backward errors de�ned by (9) and (4) are very close and hence minimizing (9) is
almost the same as minimizing (4). In addition, minimizing (7) (or (8)) is mathematically
easier and less technical than (10).

3 Lanczos algorithm and the conjugate gradient method

Consider the system (1) with a symmetric positive de�nite matrix A. The Lanczos
algorithm [16] applied to A with the starting vector v1 = b=� , � = kbk2, gives at the nth
step

AVn = VnTn + � (n+1) vn+1 (en )T ; (11)

where the columns of the matrix Vn = [ v1; : : : ; vn ] form an orthonormal basis of the
Krylov subspace Kn (A; b), en denotes the nth vector of the standard basis, and the
matrix Tn is tridiagonal and symmetric positive de�nite with positiv e nonzero entries.

The nth CG [11] approximation xCG
n (starting from the zero initial guess) is de�ned

by
xCG

n = VnyCG
n ; TnyCG

n = �e 1: (12)

It is well-known that the CG approximation minimizes the energy norm (the A-norm)
of the error en = x � xn , xn = Vnyn 2 K n (A; b), i.e.,

keCG
n kA = kx � xCG

n kA = min
x̂2K n (A;b)

kx � x̂kA

and that keCG
n kA decreases at each iteration step. This can be also be observed from

the identity

kenk2
A = eT

n Aen = xT Ax � 2xT AVnyn + yT
n Tnyn

= kxk2
A � � 2(e1)T T � 1

n e1 + k�e 1 � Tnynk2
T � 1

n
:

(13)
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The A-norm of en = eCG
n is minimized if and only if the last term in (13) is zero, i.e.,

yn = yCG
n de�ned in (12) giving then using

� 2(e1)T T � 1
n e1 = kyCG

n k2
Tn

= kxCG
n k2

A (14)

the value of the A-norm of the error eCG
n

keCG
n k2

A = keCG
0 k2

A � � 2(e1)T T � 1
n e1 = kxk2

A � k xCG
n k2

A : (15)

Note that since keCG
n kA decreases monotonically with increasingn, the A-norms of the

CG iterate xCG
n strictly increase towards the A-norm of the solution x of (1).

From (8) we have that

� A;b(xCG
n ; � A ; � b) =

keCG
n kAq

� 2
A kxCG

n k2
A + � 2

bkxk2
A

and sincekeCG
n kA is decreasing andkxCG

n kA increasing the energy backward errors of
CG approximations decrease as well.

4 Minimizing the energy backward error

In this section we introduce a variant of CG which actually minimizes the energy back-
ward error over the associated Krylov subspace and call it CGBACK (as an analog of
GMBACK and MINPERT [14, 15]). We look for xCGB

n 2 K n (A; b) such that

� A;b(xCGB
n ; � A ; � b) = min

xn 2K n (A;b)
� A;b(xn ; � A ; � b):

Here we assume that� A is positive since otherwise, when we restrict the perturbations
only to the right-hand side with � A = 0, it is clear from (8) that we would like in such a
case to minimize the expressionkekA =(� bkxkA ). But this is nothing but the A-norm of
e multiplied by a constant; CGBACK with � A = 0 is exactly CG.

Let xn = Vnyn be an arbitrary vector from Kn (A; b). For the A-norm of the error
en = x � xn we get from (13), (14), and (15) that

kenk2
A = kxk2

A � k xCG
n k2

A + k�e 1 � Tnynk2
T � 1

n
= keCG

n k2
A + k�e 1 � Tnynk2

T � 1
n

: (16)

For the A-norm of xn we have

kxnk2
A = yT

n V T
n AVnyn = kynk2

Tn
(17)

using (11). Therefore from (8), (16), (17), and (12) we obtain

� A;b(xn ; � A ; � b) =
kenkAq

� 2
A kxnk2

A + � 2
bkxk2

A

=

 
keCG

n k2
A + k�e 1 � Tnynk2

T � 1
n

� 2
A kynk2

Tn
+ � 2

bkxk2
A

! 1=2

=

 
keCG

n k2
A + kTn (yCG

n � yn )k2
T � 1

n

� 2
A kynk2

Tn
+ � 2

bkxk2
A

! 1=2

=
kL nznk2

kGnznk2
;

(18)
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where the matricesL n , Gn , and the vector zn are given by

L n �

"
keCG

n kA 0

T1=2
n yCG

n T1=2
n

#

; Gn �

"
� bkxkA 0

0 � A T1=2
n

#

; zn �
�

1
� yn

�
: (19)

Note that the matrix L n is nonsingular provided that CG did not reach the exact so-
lution x with eCG

n = 0. In such a case the choicexCGB
n = xCG

n clearly minimizes the
backward error � A;b(xn ; � A ; � b) as well giving � A;b(xCGB

n ; � A ; � b) = � A;b(xCG
n ; � A ; � b) = 0.

The CGBACK approximation can be thus found by minimizing the Rayleigh quotient
in (18) over all zn of the form (19) if such a minimum exists.

Lemma 4.1. Let the matrices L n and Gn for n > 1 in (18) be given by(19), let � A > 0,
� � � b=� A , and eCG

n 6= 0 . Then there is a unique vectorzCGB
n which minimizes the

Rayleigh quotient kL nznk2=kGnznk2 over nonzerozn and has the �rst component equal
to one. We have that

kL nzCGB
n k2

kGnzCGB
n k2

= min
zn 6=0

kL nznk2

kGnznk2
=

1
� A

"
2

1 + � 2 +
p

(1 + � 2)2 � 4� 2� 2
n

#1=2

� n ; (20)

where

zCGB
n =

�
1

� yCGB
n

�
; yCGB

n = � nyCG
n ; � n �

1 � � 2 +
p

(1 + � 2)2 � 4� 2� 2
n

2(1 � � 2
n )

;

and � n � k eCG
n kA =kxkA is the relative error of the CG approximation xCG

n .

Proof. SinceeCG
n 6= 0 the matrix L n is nonsingular and we have

kL nzCGB
n k2

kGnzCGB
n k2

= min
zn 6=0

kL nznk2

kGnznk2

=
�

max
wn 6=0

kGnL � 1
n wnk2

kwnk2

� � 1

=
�

kGnL � 1
n wCGB

n k2

kwCGB
n k2

� � 1

:

(21)

It also follows from eCG
n 6= 0, n > 1, and the monotonicity of the A-norms of the errors

in CG that 0 < � n < 1. If wCGB
n = [1 ; ( �wCGB

n )T ]T in (21) then

zCGB
n =

�
1

� yCGB
n

�
= keCG

n kA L � 1
n wCGB

n =

"
1

� yCG
n + keCG

n kA T � 1=2
n �wCGB

n

#

(22)

(note that the vectors zn and wn in (21) are de�ned up to a scalar multiple; we choose
to relate them by L nzn = keCG

n kA wn in order to normalize the �rst component of zCGB
n

to 1). Using the Courant-Fisher theorem [13, Theorem 4.2.11, p. 179] the maximum of
kGnL � 1

n wnk2=kwnk2 in (21) is given by the largest singular value ofGnL � 1
n or equiv-

alently by the square root of the largest eigenvalue ofL � T
n GT

n GnL � 1
n where the vector

wCGB
n , for which the maximum is attained, is equal to the corresponding (properly scaled)
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eigenvector. We have also to show that this eigenvector has nonzero �rst component.
The matrix L � T

n GT
n GnL � 1

n can be written as

L � T
n GT

n GnL � 1
n = � 2

A

"
keCG

n k� 2
A (� 2kxk2

A + kxCG
n k2

A ) �k eCG
n k� 1

A (T1=2
n yCG

n )T

�k eCG
n k� 1

A T1=2
n yCG

n I

#

(23)

using (19) and (14). Owing to (15) we get

L � T
n GT

n GnL � 1
n = � 2

A

"
1+ � 2 � � 2

n
� 2

n
� hT

n

� hn I

#

;

where hn = keCG
n k� 1

A T1=2
n yCG

n , khnk2
2 = (1 � � 2

n )=� 2
n , and hence the largest eigenvalue of

L � T
n GT

n GnL � 1
n is the � 2

A -multiple of the largest eigenvalue of
"

1+ � 2 � � 2
n

� 2
n

� hT
n

� hn I

#

: (24)

The matrix (24) has the eigenvalue 1 of the multiplicity n � 1 because there aren � 1
linearly independent eigenvectorsw of the form [0; �wT ]T such that �wT hn = 0. Now let
w = [1 ; 
h T

n ]T where 
 is a (real) scalar. The equation
"

1+ � 2 � � 2
n

� 2
n

� hT
n

� hn I

# �
1


h n

�
= �

�
1


h n

�

leads to the equations

1 + � 2 � � 2
n � 
 (1 � � 2

n ) = �� 2
n ; 
 (1 � � ) = 1 : (25)

Substituting the �rst equation into the second one leads to the quadratic equation for �
in the form

� 2
n � 2 � (1 + � 2)� + � 2 = 0 : (26)

The roots of (26) are

� � =
1

2� 2
n

h
1 + � 2 �

p
(1 + � 2)2 � 4� 2� 2

n

i

and are always real due to the symmetry of (24). This follows also from the positivity
of the discriminant (1 + � 2)2 � 4� 2� 2

n . We have (1 + � 2)2 � 4� 2� 2
n > 0 if and only if

1 + 2� 2(1 � 2� 2
n ) + � 4 > 0 which holds because the quadratic polynomial in� 2 on the

left-hand side has complex roots and has positive constant term equal to 1. It can also
be veri�ed that the \+" root � + of (26) is always greater than 1. Indeed,� + > 1 if and
only if p

(1 + � 2)2 � 4� 2� 2
n > 2� 2

n � (1 + � 2): (27)

This inequality is trivially satis�ed if the right-hand sid e is negative. On the other hand,
if the right-hand side in (27) is nonnegative, we obtain by squaring both sides of (27)

9



that � + > 1 if � 2
n < 1 + � 2 + � 4. This is clearly satis�ed since � 2

n < 1. Hence the largest
eigenvalue of the matrix L � T

n GT
n GnL � 1

n in (23) is

� 2
A

2� 2
n

h
1 + � 2 +

p
(1 + � 2)2 � 4� 2� 2

n

i
(28)

and the minimum in (21) (as well as in (20)) is equal to the square root of the reciprocal
value of (28). The scalar
 is from (25) given by


 = 1 �
1 � � 2 +

p
(1 + � 2)2 � 4� 2� 2

n

2(1 � � 2
n )

: (29)

Comparing the eigenvector [1; 
h T
n ]T with wCGB

n maximizing (21) we get

�wCGB
n = 
h n = 
 keCG

n k� 1
A T1=2

n yCG
n

and from (22) and (29) we obtain

yCGB
n = yCG

n � k eCG
n kA T � 1=2

n �wCGB
n = (1 � 
 )yCG

n

=
1 � � 2 +

p
(1 + � 2)2 � 4� 2� 2

n

2(1 � � 2
n )

yCG
n :

Theorem 4.2. Let xCG
n 6= 0 denote the approximation of CG starting with the initial

guessxCG
0 = 0 at the stepn > 1. Let � A > 0, � b � 0, and � = � b=� A . Then the unique

xCGB
n minimizing the backward error � A;b(x̂; � A ; � b) over all x̂ 2 K n (A; b) is given by

xCGB
n = � nxCG

n ; (30)

where

� n �
1 � � 2 +

p
(1 + � 2)2 � 4� 2� 2

n

2(1 � � 2
n )

; � n =
keCG

n kA

kxkA
: (31)

The energy backward error of the iteratexCGB
n is

� A;b(xCGB
n ; � A ; � b) =

1
� A

"
2

1 + � 2 +
p

(1 + � 2)2 � 4� 2� 2
n

#1=2

� n : (32)

The approximation xCGB
n which minimizes the energy backward error (8) over the

Krylov subspace Kn (A; b) is thus given by a scalar multiple of the CG approximation
xCG

n with the coe�cient � n given by (31). Note that even though we derived Lemma 4.1
with the assumption that eCG

n 6= 0 the formulas for the � n and � A;b(xCGB
n ; � A ; � b) in

Theorem 4.2 are still valid for eCG
n = 0 (i.e., � n = 0). We obtain in this case from (31)

and (32) that � n = 1 leading to xCGB
n = xCG

n = x and � A;b(xCGB
n ; � A ; � b) = 0, respectively.

The de�nition of CGBACK depends on the choice of the weighting parameters � A

and � b appearing in the backward error � A;b(x̂; � A ; � b) in (8). In the following we discuss
several important choices of the weights.
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4.1 The case � A = 1 and � b = 0

If we set � A = 1 and � b = 0 in (8) we restrict the backward perturbation in (8) only
to the matrix A. We get the analog of GMBACK [14]. Using CGBACK we obtain a
sequence of iteratesxCGB

n 2 K n (A; b) for which

� A;b(xCGB
n ; 1; 0) = min

x̂2K n (A;b)
� A;b(x̂; 1; 0) = min

x̂2K n (A;b)

kx � x̂kA

kx̂kA
:

By (15) and Theorem 4.2 we have

xCGB
n = � nxCG

n ; � n =
1

1 � � 2
n

=
kxk2

A

kxCG
n k2

A
; � A;b(xCGB

n ; 1; 0) = � n =
keCG

n kA

kxkA
:

The coe�cient � n is equal to the square of the ratio of theA-norms of the exact solution
x and of the CG approximation xCG

n , while the corresponding energy backward error is
precisely given by the relativeA-norm of the CG error. In addition, from (8) the A-norm
of the CGBACK approximation satis�es keCGB

n kA = kxCGB
n kA � A;b(xCGB

n ; 1; 0) and thus

keCGB
n kA

kxkA
=

keCG
n kA

kxCG
n kA

=
keCG

n kA

kxkA

1
r

1 �
�

keCG
n kA

kxkA

� 2
:

From (8) we obtain the energy backward error of the CG approximation

� A;b(xCG
n ; 1; 0) =

keCG
n kA

kxCG
n kA

=
keCG

n kA

kxkA

1
r

1 �
�

keCG
n kA

kxkA

� 2
: (33)

In this special case we obtain a sort of symmetry between CG and CGBACK: the energy
backward error of the CGBACK approximation is equal to the relative A-norm of the
error of the CG approximation while the energy backward error of the CG approximation
is equal to the relative A-norm of the error of the CGBACK iterate. Their ratio satis�e s

� A;b(xCGB
n ; 1; 0)

� A;b(xCG
n ; 1; 0)

=
kxCG

n kA

kxkA

which increases monotonically towards one so in this sense both CG and CGBACK are
\asymptotically" equivalent. Notice also the monotonic convergence of the coe�cient � n

to the value of one.
If the CG method nearly stagnates in terms of theA-norm of the error in the early

stage of the convergence, the value ofkxkA =kxCG
n kA can be much larger than one and

so is the coe�cient � n and the energy backward error of the CG approximation as well.
This corresponds to the stagnation of CGBACK in terms of the energy backward error.
However, when the relativeA-norm of the CG error drops slightly, e.g., by order of one
to 10� 1 then the energy backward error of the current CGBACK approximation is equal
to 10� 1 as well while the energy backward error in CG is from (33) equal to 1:005. It
means that the energy backward errors of both CG and CGBACK approximations are
already very close and get even closer in further iterations.
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4.2 The case � A = 1 and � b = 1

If � A = 1 and � b = 1 the CGBACK approximation xCGB
n satis�es

� A;b(xCGB
n ; 1; 1) = min

x̂2K n (A;b)
� A;b(x̂; 1; 1) = min

x̂2K n (A;b)

kx � x̂kAq
kx̂k2

A + kxk2
A

:

From (15) and Theorem 4.2 we have

xCGB
n = � nxCG

n ; � n =
1

p
1 � � 2

n

=
kxkA

kxCG
n kA

; (34)

and

� A;b(xCGB
n ; 1; 1) =

� nq
1 +

p
1 � � 2

n

=
1

s

1 +

r

1 �
�

keCG
n kA

kxkA

� 2

keCG
n kA

kxkA
: (35)

It follows from (34) that kxCGB
n kA = kxkA . We can again express the relativeA-norm

of the error of the CGBACK iterate xCGB
n by

keCGB
n kA

kxkA
=

p
2

s

1 +

r

1 �
�

keCG
n kA

kxkA

� 2

keCG
n kA

kxkA

and the energy backward error of the CG approximationxCG
n as

� A;b(xCG
n ; 1; 1) =

1
r

2 �
�

keCG
n kA

kxkA

� 2

keCG
n kA

kxkA
: (36)

From (35) and (36) we obtain the relation for the ratio of the energy backward errors of
CGBACK and CG with respect to the relative A-norm of the error of the CG iterate in
the form

� A;b(xCGB
n ; 1; 1)

� A;b(xCG
n ; 1; 1)

=

vu
u
u
u
u
t

2 �
�

keCG
n kA

kxkA

� 2

1 +

r

1 �
�

keCG
n kA

kxkA

� 2
: (37)

When the relative error in CG is high (around one) the ratio is close to one as well. It
means that in comparison with the case discussed in Section 4.1 if the CG method nearly
stagnates in the initial stage the energy backward error of the CG iterate is close to the
optimal one of CGBACK and cannot be arbitrarily high. Again a s CG approaches the
exact solution the ratio (37) is approaching 1 as well as the value of the coe�cient � n

in (34).
The behavior of the ratio (37) is quite di�erent than in Secti on 4.1 { its convergence

to 1 is not monotonic even though the convergence of� n to 1 is monotonic. The question

12



is what is the maximal di�erence between both backward errors of CGBACK and CG
approximations, i.e., what is the minimum of the ratio (37) with respect to the relative
A-norm of the error in CG. Let

g(� ) =
2 � � 2

1 +
p

1 � � 2

be the function de�ned for � 2 (0; 1) representing the square of the ratio (37). At the
endpoints of the interval the function g satis�es g(0) = g(1) = 1. In the next section
we will show that g attains the minimum for � � =

p
2(

p
2 � 1)1=2 � 0:9102 for which

g(� � ) � 0:8284 so the ratio of the energy backward errors (37) is minimal if the relative
A-norm of the error in CG is about 0:9102 (or equivalently the energy backward error
of CGBACK is about 0:8409) and this minimum is given by

p
g(� � ) � 0:9102. If the

relative error in CG further decreases the ratio (37) approaches 1 monotonically.

4.3 The case � A = 0 and � b = 1

By setting � b = 1 and � A = 0 in (8) the energy backward error becomes the relative
energy norm of the error, i.e.,

� A;b(x̂; 0; 1) =
kx � x̂kA

kxkA
:

In such a case CGBACK is equivalent to CG. Note that Theorem 4.2 is consistent with
CG in the sense that setting � b = 1 and letting � A ! 0 we obtain

xCGB
n = xCG

n ; � A;b(xCGB
n ; 0; 1) = � n =

keCG
n kA

kxkA
:

5 Relations between CGBACK and CG

In this section we study the mutual relations between CGBACK and CG. We concentrate
on the behavior of the coe�cient � n and the relation between the energy backward errors
of CGBACK and CG with respect to the weights � A and � b (or more precisely their ratio
� = � b=� A ) and with respect to the convergence of CG described by the relative A-norm
of the error � n = keCG

n kA =kxkA .
The coe�cient � n de�ning the CGBACK approximation by xCGB

n = � nxCG
n is equal

to

� n =
1 � � 2 +

p
(1 + � 2)2 � 4� 2� 2

n

2(1 � � 2
n )

:

We can also de�ne

� n �
kxkA

kxCG
n kA

=
1

r

1 �
�

keCG
n kA

kxkA

� 2
=

1
p

1 � � 2
n

(38)
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(a) The function f { the coe�cient � n .
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(b) The function g { the (squared) ratio of the
energy backward errors of CGBACK and CG.

Figure 1: The dependence of the functionsf and g de�ned in (39) and (40), respectively,
on the variables � and � (please notice the reversed orientation of the� - and � -axes).

and rewrite the expression for� n as

� n =
1
2

� 2
n

h
1 � � 2 +

p
(1 � � 2)2 + 4 � 2� 2

n

i
:

Note that the ratio � n is strictly decreasing with n towards 1 as the CG approximations
converge to the exact solution of (1). We analyze the behavior of the coe�cient � n with
respect to � and � n . For this purpose we de�ne the function

f (�; � ) =
1
2

� 2
h
1 � � 2 +

p
(1 � � 2)2 + 4 � 2� 2

i
for � 2 [0; 1 ), � 2 [1; 1 ). (39)

Next we address the relation between the energy backward error of the CGBACK
and CG approximations xCGB

n and xCG
n , respectively, in terms of their ratio. From (8)

and (15) we have that the backward error of the CG approximation xCG
n is equal to

� A;b(xCG
n ; � A ; � b) =

1
� A

� np
1 + � 2 � � 2

n

:

With (32) and (38) we obtain

�
� A;b(xCGB

n ; � A ; � b)
� A;b(xCG

n ; � A ; � b)

� 2

=
2(1 + � 2 � � 2

n )

1 + � 2 +
p

(1 + � 2)2 � 4� 2� 2
n

=
2(� 2 + � � 2

n )

1 + � 2 +
q

(1 � � 2)2 + 4 � 2� � 2
n

:

We de�ne the function

g(�; � ) =
2(� 2 + � � 2)

1 + � 2 +
p

(1 � � 2)2 + 4 � 2� � 2
for � 2 [0; 1 ), � 2 [1; 1 ) (40)
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representing the square of the ratios of the energy backwarderrors of the CGBACK and
CG approximations.

In the following two lemmas we summarize the dependence of both f and g on � and
� ; see Figure 1. The proofs are elementary but technical and wepostpone them to the
appendix.

Lemma 5.1. Let the function f be de�ned by (39). For a �xed � > 1 the function f
is strictly decreasing with the argument� , f (0; � ) = � 2, f (1; � ) = � , and f (�; � ) ! 1
as � ! 1 . For a �xed � the function f is strictly increasing with the argument � and
f (�; 1) = 1 . In addition, if 0 � � � 1 then f (�; � ) ! 1 and f (�; � )=� 2 ! 1 � � 2 as
� ! 1 . If � > 1 then f (�; � ) ! � 2=(� 2 � 1) as � ! 1 .

Lemma 5.2. Let the function g be de�ned by (40). For a �xed � the function g is
strictly increasing with the argument � , g(0; � ) = � � 2, and g(�; � ) ! 1 as � ! 1 . For a
�xed � , g(�; � ) ! 1 as � ! 1. If 0 � � � 1 then g(�; � ) ! � 2 as � ! 1 and if � > 1 then
g(�; � ) ! 1 as � ! 1 . If � is such that � 2 � (

p
5 � 1)=2 then the function g is strictly

decreasing with� . Otherwise, there is a� � such thatg is strictly decreasing in the interval
1 < � < � � and strictly increasing for � > � � . In addition, � 2=(� 2 + 1) � g(�; � ) � 1 for
all � 2 (1; 1 ).

Thanks to the Lemma 5.1 and 5.2 we can draw the following conclusions. As the
CG approaches the exact solution both the values of the coe�cient � n and the ratios
of the energy backward errors� A;b(xCGB

n ; � A ; � b)=�A;b(xCG
n ; � A ; � b) of CGBACK and CG

converge to one. Therefore CGBACK and CG are \asymptotically" equivalent in the
same sense as claimed in Sections 4.1 and 4.2 for any choice ofweighting parameters
� A and � b. The convergence of� n to 1 as xCG

n ! x is always monotonic. On the
other hand the convergence of the ratios of the energy backward errors of CGBACK and
CG approximations to one (from below) is either monotonic or starts to be monotonic
from some point. When using CGBACK we cannot hence expect to obtain a substantial
di�erence in the sense of the energy backward errors in the later phase of the convergence.
From Lemma 5.2 we have that

kxCG
n kA

kxkA
=

s

1 �
�

keCG
n kA

kxkA

� 2

�
� A;b(xCGB

n ; � A ; � b)
� A;b(xCG

n ; � A ; � b)
� 1: (41)

Whenever CG makes a moderate progress in terms of theA-norm of the error this
bound indicates that in such a case the di�erence between theenergy backward errors
of CGBACK and CG approximations will be very small. The lower bound is attained
with � = 0 which reduces to the analog of GMBACK discussed in Section4.1. Thus we
can expect the largest di�erences between the CGBACK and CG iterates in terms of
the energy backward error in the early stage of the convergence when� = 0 (or � � 1;
cf. Figure 1(b)). With � increasing this di�erence is getting smaller (for a �xed step of
CG) with CGBACK approaching CG as � ! 1 (when � � 1 it practically disappears).

We studied the relations between CGBACK and CG with respect to the convergence
of CG in terms of the relative A-norm of the error. The inequality (41) indicates that
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Figure 2: The dependence of the ratio of the relative energy backward error of CGBACK
and of the relative A-norm of the error in CG on � and � .

the di�erence described by the ratio of the energy backward errors of CGBACK and CG
approximations disappears when the relativeA-norm of the error of the CG approxima-
tion is small. We can also ask whether a decrease of the relative A-norm of the error
in CG implies a decrease of the energy backward error in CGBACK. First we have to
identify a relative decrease of the energy backward error. The energy backward error
does not need to be well de�ned forn = 1 (we set xCGB

0 = 0 consistently with the initial
guess in CG). However, the expression for the energy backward error of the CGBACK
approximation (32), which we can rewrite in terms of � n = kxkA =kxCG

n kA as

� A;b(xCGB
n ; � A ; � b) =

1
� A

2

4 2(1 � � � 2
n )

1 + � 2 +
q

(1 + � 2)2 + 4 � 2� � 2
n

3

5

1=2

;

has a �nite limit as � n ! 1 or equivalently � n ! 1 . This limit is equal to

� 0 =

(
� � 1

A for 0 � � � 1;

� � 1
b for 1 < � .

Hence the relative energy backward error of CGBACK approximation divided by the
relative A-norm of the error of the CG approximation can be written as

� 2
n �

�
� A;b(xCGB

n ; � A ; � b)=�0

keCG
n kA =kxkA

� 2

=

8
<

:

2
1+ � 2+

p
(1+ � 2 )2+4 � 2 � � 2

n
for 0 � � � 1;

2� 2

1+ � 2+
p

(1+ � 2 )2+4 � 2 � � 2
n

for 1 < �:

It can be shown by using standard calculus tools that 1p
2

� � n � 1, see also Figure 2. It
means that the relative decrease of the energy backward error in CGBACK is at least the
same as the relative decrease of theA-norm of the error in CG. Conversely, the relative
decrease of theA-norm of the error in CG is at least

p
2 times the relative decrease of

the energy backward error in CGBACK.
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Figure 3: Test problem BCSSTK04, CGBACK with � A = 1 and � b = 0: the energy
backward errors � A;b(xCG

n ; � A ; � b) (solid lines) and � A;b(xCGB
n ; � A ; � b) (dashed lines), rel-

ative energy norm of the error keCG
n kA =kxkA (gray solid lines with markers), and the

ratios of the energy backward errors� A;b(xCGB
n ; � A ; � b)=�A;b(xCG

n ; � A ; � b) (dotted lines)
with respect to the iteration number n.

6 Numerical experiments

We illustrate the behavior of CGBACK and CG on a system with th e small symmetric
positive matrix BCSSTK04 ( N = 132, � 2(A) � 2:293 � 106) from the Matrix Market
collection [5] and with the right-hand side b = [1 ; : : : ; 1]T . The construction of the
CGBACK approximation xCGB

n = � nxCG
n requires the value of the relativeA-norm of

the error in CG � n = keCG
n kA =kxkA obtained using a direct solver provided in MATLAB.

In Figures 3-5 we plot the energy backward errors� A;b(xCGB
n ; � A ; � b) and � A;b(xCG

n ; � A ; � b)
of the CGBACK and CG approximations together with their rati o with respect to the
iteration number n. We also include the relativeA-norm of the error � n = keCG

n kA =kxkA

in CG. In the initial stage the relative error � n nearly stagnates and equivalently the
values of � n = kxkA =kxCG

n kA are much greater than 1. As we indicated in Section 5
the largest di�erence between CGBACK and CG in terms of the energy backward error
can be observed if� = 0 (see Figure 3). This di�erence gets smaller as� increases; see
Figure 4 for � = 1=2 and Figure 5 for � = 1.

Please note that the CGBACK algorithm is in fact only hypothe tical { the CGBACK
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Figure 4: Test problem BCSSTK04, CGBACK with � A = 1 and � b = 0 :5: the energy
backward errors � A;b(xCG

n ; � A ; � b) (solid lines) and � A;b(xCGB
n ; � A ; � b) (dashed lines), rel-

ative energy norm of the error keCG
n kA =kxkA (gray solid lines with markers), and the

ratios of the energy backward errors� A;b(xCGB
n ; � A ; � b)=�A;b(xCG

n ; � A ; � b) (dotted lines)
with respect to the iteration number n.

approximation is not computable. For computing the coe�cie nt � n we have to evaluate
or estimate the relative A-norm of the error in CG: the A-norm of the error as well as
the A-norm of the exact solution x to (1). Several authors proposed recently bounds for
the error norms in CG [3, 4, 6, 7, 8, 9, 17, 18, 23, 24]. One can for instance estimate
keCG

n kA using

keCG
n k2

A = keCG
n+ dk2

A + kxn � xn+ dk2
A � k xn � xn+ dk2

A

and usekxk2
A = kxCG

n+ dk2
A + keCG

n+ dk2
A � k xCG

n+ dk2
A to obtain an approximation of kxkA ,

which leads to the estimate

� n �
kxn � xn+ dkA

kxn+ dkA
: (42)

Note that kxn � xn+ dkA and kxn+ dkA do not need to be computed directly but can be
evaluated cheaply using the coe�cients computed during the CG iterations; see, e.g.,
[25, 23, 19]. In order to obtain an accurate estimate the requirement is that keCG

n+ dkA �
keCG

n kA < keCG
0 kA = kxkA and thus the relative A-norm of the error eCG

n+ d must be
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Figure 5: Test problem BCSSTK04, CGBACK with � A = 1 and � b = 1: the energy
backward errors � A;b(xCG

n ; � A ; � b) (solid lines) and � A;b(xCGB
n ; � A ; � b) (dashed lines), rel-

ative energy norm of the error keCG
n kA =kxkA (gray solid lines with markers), and the

ratios of the energy backward errors� A;b(xCGB
n ; � A ; � b)=�A;b(xCG

n ; � A ; � b) (dotted lines)
with respect to the iteration number n.

su�ciently smaller than 1. However, as indicated in Section 5 the small relative error in
CG implies that the energy backward error of the CG approximation is already very close
to the optimal one of CGBACK. As a consequence a possible CGBACK implementation
using the estimate (42) could work properly only when CGBACK and CG are already
practically indistinguishable.

7 Conclusions

We introduced the energy backward error as a generalizationof the standard backward
error de�ned by Rigal and Gaches [21] for problems with a symmetric positive de�nite
matrix and analyzed the convergence of the conjugate gradient method in this backward
error. For this purpose we introduced a variant of CG (calledCGBACK in the paper)
which at each iteration constructs the approximation minimizing the energy backward
error over the given Krylov subspace as an analog of the MINPERT algorithm proposed
by Kasenally and Simoncini [15]. It appeared that such an approximation is given by a
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scalar multiple of the actual CG approximation; no additional information is extracted
from the computed Krylov subspace in order to minimize the energy backward error.
We observed that the energy backward error of the CG approximations (although the
convergence of CG in the energy backward error is monotonic)can be much higher than
the optimal one only in the initial stage of the convergence when the energy norms of
the errors of CG approximations can nearly stagnate. When the A-norm of the error
in CG mildly decreases the energy backward errors of the CG approximations start to
be very close to the optimal ones of CGBACK and in this way sucha scaling can be
regarded only as a sort of smoothing of the energy backward error in CG in the early
convergence phase.

The practical implementation of such a smoothing is not straightforward since the
energy backward error minimizing variant of CG needs to estimate the relative A-norm
of the error in order to compute the corresponding scaling coe�cient for a given CG
approximation and thus CGBACK is not fully computable in pra ctical problems. Ex-
isting estimates, in particular the numerically stable lower bounds [11, 23], work well
only when the A-norm of the error in CG makes a su�cient progress in a �xed number
of subsequent CG iterations. Nevertheless in such a case theCG approximations are
already very close to the CGBACK approximations in terms of the energy backward
error.

A Proofs

A.1 Proof of Lemma 5.1

We will prove only the monotonicity of f with respect to its arguments. The limiting
behavior of f can be veri�ed using standard calculus tools (to prove the �nite limit of
f (�; � ) as � ! 1 in the case� > 1 we can use the l'Hospital's rule). First we check the
monotonicity with respect to � for a �xed � 2 (1; 1 ). The derivative of f with respect
to � is

f 0
� (�; � ) = �

"
2 � (1 � � 2)� 2

p
(1 � � 2)2 + 4 � 2� � 2

� � 2

#

;

which is negative if and only if

2� � 2 � (1 � � 2) <
p

(1 � � 2)2 + 4 � 2� � 2: (43)

The right-hand side is always positive and so if the left-hand side is less or equal to
zero then (43) holds trivially. Assuming that the right-han d side is positive we get by
squaring that (43) is satis�ed provided � � 2 < 1 which clearly holds. Hence the derivative
is negative for any � 2 (1; 1 ) and f is decreasing with � . Taking the derivative of f
with respect to � we get

f 0
� (�; � ) = � (1 � � 2 +

p
(1 � � 2)2 + 4 � 2� � 2) �

2� 2

�
p

(1 � � 2)2 + 4 � 2� � 2
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so we have to check its positivity for all � 2 (1; 1 ). This is true if and only if

(1 � � 2)� 2
p

(1 � � 2)2 + 4 � 2� � 2 > � (1 � � 2)� 2 � 2� 2: (44)

If 0 � � � 1 then (44) holds trivially as the left-hand side is nonnegative and the right-
hand side is always negative. If 1< � then the left-hand side of (44) (as well as the
right-hand side) is negative and by squaring we get that (44)holds if and only if 0 < � 4

which is clearly satis�ed. Hence for any� 2 [0; 1 ) the function f is strictly increasing
with � .

A.2 Proof of Lemma 5.2

The monotonicity with respect to � and the limiting behavior can be checked similarly
as in the proof of Lemma 5.1. We look on the behavior ofg for a �xed � with respect to
� 2 (1; 1 ). The derivative of g with respect to � is equal to

g0
� (�; � ) =

4� � 3[� 2(� 2 � 2� � 2 + 2) � 1 � (1 + � 2)
p

(1 � � 2)2 + 4 � 2� � 2]

(1 + � 2 +
p

(1 � � 2)2 + 4 � 2� � 2)2
p

(1 � � 2)2 + 4 � 2� � 2
: (45)

We show that for some values of� the derivative is equal to zero at � = � � > 1. The
right-hand side of (45) is equal to zero if and only if

� 2(� 2 � 2� � 2 + 2) � 1 = (1 + � 2)
p

(1 � � 2)2 + 4 � 2� � 2: (46)

Note that (46) is possible only if the left-hand side is positive which in particular cannot
hold if � = 0 and thus for (46) to have a (real) solution it is necessary that � > 0.
Assume that the left-hand side of (46) is positive, i.e.,� 2(� 2 � 2� � 2 + 2) � 1 > 0. Since
� � 1 2 (0; 1) it follows that it is moreover necessary that � must satisfy � 4 + 2 � 2 � 1 > 0,
i.e., � 2 >

p
2 � 1. By squaring (46) we get that the root � � has to be a solution of

� � 2(� 4 + � 2 � 1)� 4 � 2(� 2 + 2) � 2 + 1 = 0 : (47)

The leading coe�cient � � 2(� 4 + � 2 � 1) in (47) is zero if � 2 = (
p

5 � 1)=2 >
p

2 � 1. In
such a case the positive root of (47) is given by� � = 1=(

p
5+3) which is however clearly

smaller than one, i.e., out of the interval of interest. If the leading coe�cient in (47) is
nonzero then we will distinguish two cases: �rst we assume that it is negative, i.e., we
consider �rst the interval of positive � such that

p
2 � 1 < � 2 < (

p
5 � 1)=2, and next

we assume that it is positive, i.e., (
p

5 � 1)=2 < � 2. By � = � 2 we transform (47) into
the quadratic equation

� � 2(� 4 + � 2 � 1)� 2 � 2(� 2 + 2) � + 1 = 0 : (48)

which has the roots
� 2(� 2 + 2) � � (� 2 + 1) 3=2

� 2(� 2 + 1) � 1
: (49)
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Recall that we are interested only in a root greater than one.First let
p

2 � 1 < � 2 <
(
p

5 � 1)=2 so that the denominator of (49) is negative. In such a case wecan consider
only the \ � " root in (49) since the other one is negative. We hence check if this root is
greater than one, i.e., whether

� 2(� 2 + 2) � � (� 2 + 1) 3=2

� 2(� 2 + 1) � 1
> 1

which holds if and only if � 4 + � 2 � 1 > 0. But the left-hand side is negative forp
2 � 1 < � 2 < (

p
5 � 1)=2 which leads to a contradiction. Next let (

p
5 � 1)=2 < � 2

so that the denominator in (49) is positive. In a similar way we conclude that the \� "
root is not greater than one and therefore the only root of consideration is the \+" one
and we again want the check if it is greater than one, i.e., if

� 2(� 2 + 2) + � (� 2 + 1) 3=2

� 2(� 2 + 1) � 1
> 1

leading to � (1 + � 2) < � (� 2 + 1) 3=2 which is always satis�ed since the left-hand side is
negative and the right-hand side is positive. Summarizing if the positive � is such that
� 2 > (

p
5 � 1)=2 then there is a� � 2 (1; 1 ) given by

� 2
� =

� 2(� 2 + 2) + � (� 2 + 1) 3=2

� 2(� 2 + 1) � 1
(50)

such that the derivative of g with respect to � is zero; otherwise there is no such �nite
� � , i.e., if � 2 � (

p
5 � 1)=2 then g0

� (�; � ) is nonzero for any � 2 (1; 1 ). We have
also g0

� (�; 1) = � 2=(1 + � 2)2 < 0 and g0
� (�; � ) ! 0 as � ! 1 for any � 2 (0; 1 ).

If � 2 > (
p

5 � 1)=2 it follows from (46) that the derivative g0
� (�; � ) changes the sign

at � � (the left-hand side decreases while the right-hand side increases as functions of
� � 2). Thus for such � the derivative g0

� (�; � ) is negative for � 2 (1; � � ) and positive for
� 2 (� � ; 1 ). Otherwise, if � 2 � (

p
5 � 1)=2 the derivative g0

� (�; � ) is negative for any
� 2 (1; 1 ).
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