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Abstract

We consider parameters estimation problems involving a set of m
physical observations, where an unknown vector of n parameters is
defined as the solution of a nonlinear least-squares problem. We as-
sume that the problem is regularized by a quadratic penalty term.
When solution techniques based on successive linearization are con-
sidered, as in the incremental four-dimensional variational (4D-Var)
techniques for data assimilation, a sequence of linear systems with
particular structure has to be solved. We exhibit a subspace of dimen-
sion m that contains the solution of these linear systems, and derive
a variant of the conjugate gradient algorithm that is more efficient
in terms of memory and computational costs than its standard form,
when m is smaller than n. The new algorithm, which we call the Re-
stricted Preconditioned Conjugate Gradient (RPCG), can be viewed as
an alternative to the so-called Physical-space Statistical Analysis Sys-
tem (PSAS) algorithm, which is another approach to solve the linear
problem. In addition, we show that the non-monotone and somehow
chaotic behavior of PSAS algorithm when viewed in the model space,
experimentally reported by some authors, can be fully suppressed in
RPCG.

Moreover, since preconditioning and reorthogonalization of residu-
als vectors are often used in practice to accelerate convergence in high
dimension data assimilation, we show how to reformulate these tech-
niques within subspaces of dimension m in RPCG. Numerical experi-
ments are reported, on an idealized data assimilation system based on
the heat equation, that clearly show the effectiveness of our algorithm
for large scale problems.
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1 Introduction

The aim of four-dimensional variational data assimilation is to find a model
state x(tp) at an initial time ¢g, such that some distance between the tra-
Jjectory of the model and a set of observations y§ at times ¢;,j =0,1,...,p,
is minimized, subject to x(ty) remaining close to a prior estimate x°, also
known as a background field. Mathematically, this can be expressed as a
nonlinear weighted least squares problem, for which we wish to find the
model state x(t9) that minimizes the 4D-Var functional

J[x(to)] = ( (to) — x") "B (x(to) — x")

> (H — ¥ TRy (Hy[x(4)] - ¥9), (1)
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where the state vector x(t;) satisfies the discrete nonlinear model of evo-
lution x(t;) = M;o[x(to)]. Here, the matrices B and R; are respectively
the background-error and observation-error covariance matrices, and H; is
an operator that maps the model field at time ¢; to the observation space.
Moreover, assumption that observation errors are uncorrelated has been
made.

For the problem of numerical weather prediction the size n of the state
vector is very large and situations where n = 2 x 10® are addressed on a
daily basis (Rabier, 2005). We focus in this paper on the case where m, the
number of physical observations, is significantly smaller than n, and propose
a new algorithmic approach to take this feature into account. Our approach
is attractive because it significantly reduces the memory storage needed by
the minimization algorithm, without alteration of its convergence properties.
Due to problem size, efficient methods are needed to minimize the function
J in (1). A common way of treating this problem is by a technique known
as the incremental method (Courtier et al., 1994), which has been shown to
be equivalent to applying a truncated Gauss-Newton iteration to minimize
a nonlinear least-squares function (Gratton et al., 2007). This algorithm
can be represented by the inner-outer Algorithm 1, in which a sequence
{x(k)(tg)}kzo,m of approximations of the solution is obtained by solving a
sequence of quadratic minimization problems. Increments vectors 5x(()k) are
obtained as (approximate) minimizers of the quadratic functions J*) defined
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and used to perform the update x*+1(¢5) = x*) (¢9) + 5X(()k). In the above
definition of J*), we have used the following notation:

e H; is a (possibly approximate) linearization of the observation opera-
tor H; around the state x (k) (t);

e the misfit vector is defined by

K _ o
a® = yo — 1, x B (t;)];

° M%) is a (possibly approximate) linearization of the model M o around
xo = xF(to);

L 5X]' = Mgfc())(;Xo
Each iteration of the steps 3, 4, 5 and 6 of Algorithm 1 is known as an outer
loop. Within each outer iteration, we must solve the minimization problem
involving J*) at step 5 by an iterative procedure (direct methods based on
matrix factorizations are not practicable in general, due to the size and the
lack of sparsity of the matrices involved in the problem). This procedure
is known as the inner loop minimization. An important question for this
algorithm is the choice of stopping criteria for the inner and outer iterations
that enables us to obtain a good minimizer x(*) (tj) of the 4D-Var functional
with the smallest computational time, see Lawless and Nichols (2006) for
a discussion. Finally, the analysis field at the initial time is then given by
Xg = Xék), where k is the outer-loop index where the iterations are stopped.

The present paper presents in Section 2 the primal and dual minimiza-
tion approaches those are commonly used for the inner loop. Section 3 is
the principal section of this paper, where we show how to derive a conju-
gate gradient like method that is mathematically equivalent to the primal
approach, while making the quadratic minimization in a space of dimension
R™. This new approach can therefore be seen as a new algorithm (depicted
in Algorithm 5 and Algorithm 8, for different starting points) that possesses
the same convergence properties as the primal approach while keeping the
memory cost similar to that of the dual approach. This new algorithm also
allows preconditioning and reorthogonalization which make it suitable for



Algorithm 1 Incremental 4D-Var

1: For the first iteration, k = 0, we choose xéo) = x’, the background state.

2: while convergence criterion not satisfied do

3. Run the nonlinear model to calculate x(*) (tj) at each time step t;
from x(*) ().

4:  For each observation, calculate the innovation vectors dgk) = y;-’ —
H;[x M (t)].

5. Find the value of 5X((]k) that approximately minimizes the incremental
cost function defined in (2).

6:  Increment k& and perform the update

x50 (1) = x® (tg) + ox(. 3)

7. end while

large scale applications. The reorthogonalization issue is illustrated in Sec-
tion 3.6. In Section 4 we present an extension of the new algorithm and
numerical experiments are reported in Section 4.2 to illustrate the behavior
of the algorithm. Conclusions are finally given in Section 5.

2 Inner loop minimization: primal and dual for-
mulation

To clarify the presentation of the inner loop algorithms, we simplify the
notation. Since we are primarily interested in the computations performed in
a single inner loop, we suppress the outer loop superscript k. In addition, we
concatenate all observations into one vector and we introduce the following
notation:

do Hy
d; HiM,

d=| | e®R" H= . € Rxm,
dy H,M, o

and R = diag(Ro, R1,...,Rp) € R™*™ is the block diagonal matrix whose
¢-th diagonal block is Ry. The quadratic function J of step 5 can then be
written more compactly as

[y

Joxo] = =(dx¢— [xb — xo])TBfl(éxo — [xb — X))

[\

—i—%(H&Xg —d)TR ! (Héx, — d). (4)

Equating to zero the derivative of J with respect to dxg yields the follow-
ing linear system, which represents the first order necessary and sufficient



optimality condition for the minimization of J:

(B! +HTR'H)oxo =
B 1(x’—x) + H'R'd. (5)

It is well known that the preconditioned conjugate gradient method
(PCG) (Hestenes and Stiefel, 1952) is one of the most successful approach
for solving linear systems with a symmetric positive definite matrix like (5).
When suitably preconditioned, and for a well chosen starting point 5X8,
it often provides an acceptable approximation of the solution within a few
steps (van der Sluis and van der Vorst, 1986; Golub and Van Loan, 1996).
The method is therefore commonly used in Data Assimilation systems, ei-
ther in its standard form (Hestenes and Stiefel, 1952), or in equivalent for-
mulations based on either the Lanczos procedure, see CONGRAD in Fisher
(1998), or quasi-Newton approaches, see M1QN3 in Gilbert and Lemaréchal
(1989).

The standard PCG merely requires the storage of four n-dimensional vec-
tors. In terms of computational cost per iteration, only few vector-vector
operations: two scalar products and three vector sums (Nocedal and Wright,
1999, p. 111) are performed in addition to one matrix-vector product involv-
ing the matrix B~! + HTR~'H; this matrix is never stored, but its action
on a vector is evaluated.

In large scale data assimilation problems, where evaluating this matrix-
vector product is the major computational task, any additional technique
that can accelerate, even by a few steps, the convergence of PCG is there-
fore of interest. Two such techniques are commonly used in operational sys-
tems: limited memory preconditioning (see Fisher (1998); Morales and No-
cedal (2000); Tshimanga et al. (2008)) and re-orthogonalization (see Fisher
(1998)). In limited memory preconditioning (see Tshimanga (2007) for an
overview), a set of vectors of size n is retained from past PCG computa-
tions, and used together with B, to derive an approximation of the inverse
of B~ + HTR'H; this approximation is then used to precondition the
PCQG iterations on the next outer iteration. Re-orthogonalization techniques
stem from the observation that, because of computing round-off errors, the
PCG residual vectors tend to loose their conjugacy properties, thereby de-
grading the convergence rate (van der Vorst, 2003, p. 123). A remedy to
this phenomenon is to re-conjugate the current residual with respect to
the previous residuals using, for example, Gram-Schmidt procedures. Re-
orthogonalization requires the storage of the residuals from past iterations
(Fisher, 1998). Both acceleration techniques (preconditioning and reorthog-
onalization) therefore require the storage of several vectors of size n, which is
expected to become a serious problem for future data assimilation systems.
In particular, the dimension n of the problem is expected to increase signif-
icantly with the advent of so-called weak constraint 4D-Var problems (see



Trémolet (2007) and Tremolet (2006)) which include additional variables to
the control vector to account for the model error. The main idea that has
been used to alleviate the memory cost is to exploit the quadratic structure
on the inner-loop problem to replace a minimization in a space of dimension
n with a minimization in the space of dimension m. This approach relies on
the fact that the solution of Equation (5) can be written

Xb—X()

+(B'+H'R'H) 'H'R™! (d CH(x - xo)) , (6)

or equivalently, using the Sherman-Morrison-Woodbury formula (Golub and
Van Loan (1996, p. 50); Conn et al. (2000, p. 57)),

Xb — X0

+BH" (R+HBH") ™ (d CH(xb - XO)) . (7)

A data assimilation algorithm based on (7) is described in Courtier
(1997) in which the solution of the m-order symmetric and positive def-
inite linear system (R + HBHT)0x = d — H(x® — x¢) is iteratively ap-
proximated (in our case we could use PCG for this task). If ix; € R™
stands for the iterate corresponding to iteration ¢ where PCG is stopped,
the approximate solution to the inner-loop problem is recovered readily from
x? — xg + BHT0X; € ®" using (7). In the present paper, the approach de-
scribed in Courtier (1997) is referred to as the dual approach, and we use
the term primal approach for the corresponding approach based on (6).

Comparing the dual and primal approaches in general is not an easy
task. Many points should be taken into account for a fair comparison,
including the availability of good preconditioners, the choice of reasonable
starting points for the quadratic minimizations, and the existence of efficient
parallel implementations on modern computers. Such a comparison is out
of the scope of the present paper and we just provide now a brief overview
of the principal well-known facts concerning the two approaches. All vectors
in the iterative part of the dual approach are in ", which is advantageous
in terms of storage or computational cost if m < n. In addition, concerning
condition numbers, which are known to be important for describing the
convergence of iterative algorithms for linear systems, the following result
holds: when R™! is used as a preconditioner in the dual approach, the
same condition number is obtained as in the corresponding primal approach
preconditioned by B, see Courtier (1997).

Let us consider now the merits of the approximate solutions obtained
when the primal and dual inner loops are truncated before full convergence
(if the iterative solvers used for the linear systems could be pushed to full
convergence, the two approaches would give the same result). It has been



seen that, when a zero initial guess is taken and when few steps are per-
formed within the inner loop, the approximate solution obtained from the
dual approach may be a very bad approximation of the solution of Equa-
tion (5) (Akkraoui et al., 2008; Auroux, 2007). When PCG is considered in
the inner loop, we shall show an example in Section 4.2 where the incremen-
tal cost function J minimized at step 5 of the incremental algorithm may
even increase during the initial iterations of the inner loop of the dual algo-
rithm. This situation is theoretically excluded when the primal approach is
considered, because PCG is precisely minimizing J on an increasing sequence
of nested Krylov subspaces (Nocedal and Wright, 1999). This explains why
the dual approach may not be convenient for cases where performing a large
number of iterations is not allowed due, for example, to the unacceptable
computational cost that would then be implied (Gratton et al., 2007; Lawless
et al., 2005b,a).

3 A restricted preconditioned conjugate gradient
algorithm (RPCG)

Let us begin with a short review of the preconditioned conjugate gradient
algorithm for solving large symmetric positive definite linear systems.

3.1 The preconditioned conjugate gradient algorithm in ex-
act arithmetic

Algorithm 2 is the preconditioned conjugate gradient (PCG) method (Golub
and Van Loan, 1996; van der Vorst, 2003), with preconditioning matrix F, for
the solution of an n-by-n symmetric and positive definite system Av = b.
This iterative algorithm starts from an initial guess vy and generates a
sequence of iterates v; converging to the solution of the linear system in less
than n steps.

We mention, for further use, the following useful properties (Axelsson,
1996, p. 472-473; Theorem 11.5) of the PCG algorithm:

1. the iterate v; minimizes the quadratic function %VTAV —vTb+cover
the subspace vg+span (rg, AFry, ..., (AF)i_er), whererg = Avy—b;

2. the residuals vectors r; = Av; — b are mutually conjugate w.r.t. F.
This means that rZ-TFrj = 0 whenever i # j.

3. the descent directions p; are mutually conjugate w.r.t. A, i.e. p;prj =
0 whenever i # j.

Properties 2 and 3 may not hold when the method is used in the presence
of round-off errors. This is why a reorthogonalization may be implemented
to cope with this problem.



Algorithm 2 Preconditioned Conjugate Gradient

1: vg = initial estimate

221r9g = Avg—Dh

3: z9g = Frg

4: po = —Zo

5.1 = 0

6: while stopping criterion not satisfied do
o1 =141

8 Q-1 = Api

9 o1 = r;F_1Zi—1/CI;F_1pi—1
10 vy = vi1 + a-1Pi-1

1. r; = ri-1 + ®-19i—1

12: z; = Fr;

13: 52 = riTzi/r;f_lzi_l

4:  p; = —2z; + BiPi-1

15: end while.

Now, we adapt the PCG to Equation (5) to take into account the struc-
ture of the problem. This iterative algorithm generates at step ¢ of the inner
loop an approximate of the solution of (5) which we simply denote by v;.
Our goal is of course to write the recurrences of PCG in terms of vectors
of R"™ to minimize as much as possible the memory space needed by the
algorithm.

3.2 Derivation of the algorithm

Assume that Algorithm 2 is applied to solve Equation (5) using a precondi-
tioning matrix F. We obtain Algorithm 3 in which, at each iteration 4, the
vectors vy, Iy, q;, Z; and p; belong to R".

To further transform the algorithm we assume that there exists a matrix
G € R™*™ gsuch that the preconditioner satisfies

Assumption 1: BH'G =FH". (8)

Note that if F is given, the m? entries of G are defined in (8) as a solution
of a linear system with nm equations. Consequently, if m < n, the system
is overdetermined, and may not have any solution. However, we shall see
in Section 3.4 that Assumption 1 is not overly restrictive, since it is satis-
fied e.g. by the limited memory preconditioners used in some large scale
applications (Fisher, 1998). Note also that for F = B (which corresponds to
the preconditioning by the background error covariance matrix), a possible
choice that obeys Assumption 1 is simply G = I,,,, where I,,, is the identity
matrix of order m.



Algorithm 3 Preconditioned Conjugate Gradient on Equation (5)

1: vo = initial estimate

2: Tg = (HTR_lH + B_I)VQ - B_l(xb — X()) —HTRd
3: z9g = Frg

4: po = —Zo

5:17 = 0

6: while stopping criterion not satisfied do
o1 =1+1

8 q-1 = HR'H+ B pi,

9 o1 = I';F_lzifl/q;r_ﬂ)ifl

10 vy = vi1 + o-1Pi-1

11: r; = ri—1 + ®-19i-1

12: z; = Fr;

13: B = riTzi/r;F_lzi_l

14:  p; = —z; + Bipi—1

15: end while.

Our approach to keep the conjugate gradient vectors in spaces of dimen-
sion m is to detect when H™' can be factored in the vectors generated by
PCG. We shall see now that this can be easily done if the following holds:

Assumption 2: vy = x” — xq. 9)

Before going any further, let us make a comment on this assumption on vyg.
We see that for this particular value, the initial background term in (4) is
2(vo — [x* —x¢]) B! (v — [x? — x¢]) = 0. Therefore, with this assumption
the PCG iterations are started with a zero background term. This choice
is conventionally made in Weaver et al. (2003) and others. We shall see
that this assumption can be relaxed in Section 4, using a more complicated
derivation of the algorithm.

For the rest of this section, we suppose that Assumptions 1 and 2 hold.
Letting

T = R 'Hvy—-R'd,

zg = Gry,
Po = —Zo
v0 = 0)
we then have,
rp = HT?O) (10)
po = BH'py, (11)
z) — BHT/Z\(). (12)



In addition, from

q@ = (H'R'H+ B ')po
= (H'R'H + B")BH'p,
= HTY(R'HBH" + I,,)po,

we also have
do = HTa(b
where gp = (R""HBH" + L,,)po.
Suppose now that, as just seen for ¢ = 0, vectors T;, pi, Vi, 2z; and q;
exist for a given 4, such that

r;, = Hr;, (13)
pi = BH'p,, (14)
vi = vo+ BH'Y,, (15)
z; = BH'Z, (16)
@ = H'G (17)

hold. We will see now that it is possible to define quantities at step 7 + 1
such that relations in (13-16) hold with the index “i” replaced by “i + 1”.
Indeed, using the PCG algorithm, we obtain for the vector v;11 that

Vis1=Vit+ap; = vo+BH'V, +o,BH p;
= vo+BH'(V; + D))
= vo+BH'V,,
where we set V; 11 = V; + a;p;. For the vector r;;1, we see that
rit1 = Tj+ Q;-19;
= HT/I‘\i + ozi_lHTai
= H'F,

where T; 11 =T; + @;_1q;. Concerning the vector z;,1, we have

ziy1 = Frig
= FH'r,
= BH'Gr;
= BH"Z;4,

where z;,1 = Gr;11. And finally for the vector p;;1, from

Pit1 = —Ziy1+ Bit1Pi
= -BH'Z;41 + 8,1BH P
= BH'(~Zi11 + Bi+1P1),

10



we get,
pit1 = BH D, 1,

where pj11 = —Zi+1+ Bi+1Pi- With these transformations, the matrix-vector
product in step 8 of Algorithm 3 reads

e = H'R'H+B H)BHTp;
HY'(R'HBH' +1,,)p;,

which is consistent with the equality
4, = (R"'HBH' +1,,)p;.

Consequently, we have just proved by induction that it is possible to define
quantities T;, pi, Vi, z;, and q; such that relations in (13)-(17) hold for
any ¢ > 0. Putting together these results gives our first modified version
of the preconditioned conjugate gradient algorithm applied to Equation (5)
and that we describe in Algorithm 4. Note that, as originally planned, all
vectors used in the iterations now belong to R™.

Algorithm 4 Preliminary modified PCG on Equation (5)

1: 60 =0

2: Tg = R_lHVO —Rd

3: /Z\O = G/fo

4: Po = —Zo

5.9 =0

6: while stopping criterion not satisfied do
7 1 = 1+1

8 qi.1 = (RT'THBH! + 1,,)p; 1

9: o1 = /f;r_lHBHT/Z\i_l /a;F_IHBHTﬁi_l
10 Vi = Vi1 + 0—1Pi—1

1 T = Tio1 + 0-1Gi—1

12: /Z\Z = G/fl

13: B = TfHBH"Z; /v] \HBH'Z;,_,
14:  Pp; = —2; + BiPi—1

15: end while.
16: The solution is recovered from v; = vo + BHTv;

Each iteration of Algorithm 4 contains five matrix-vector products in-
volving HBH™. It turns out that, at the cost of introducing two new aux-
iliary vectors w and t, the number of matrix-vector products with HBHT
can be reduced down to one per iteration, as shown below. Consider w and
t defined as

w; = HBH'Z, and t, = HBH'p,.

11



From the definitions above, it follows that multiplying lines 4 and 14 of
Algorithm 4 by HBH" gives

¢ = 1 —wo if 1 =0,
L —w; + Biti_q if i >0,

for i = 0,1,... Then we can incorporate these relations and after a slight
algebraic arrangement, to transform Algorithm 4 into Algorithm 5.

Algorithm 5 The Restricted Preconditioned Conjugate Gradient (RPCG)
under Assumption 2

1: 60 =0

: /I'\O = R_lHVU —~Rd

zo = G1y

Po = —7Zo

wo = HBH'Z,

t() = —Wyp

1 =10

: while stopping criterion not satisfied do
1 = 1+1

gi-1 = R7'ti-1 + pia

i1 = W Ti1 /4t

Vi = Vic1 + 0-1Pi—1

T, = Tio1 + 0101

z; = Gr;

w; = HBH'Z;

B, = wrt /Wl 5

Pi = 2z + BiPi-1

ti = —w; + Bitig

: end while.

. The solution is recovered from v; = vo + BH'v;

© X NPT e

N — = B = = == e
L XIS PQ

We summarize here the main features of Algorithm 5:

e It is derived under Assumption 1 on the preconditioner and Assump-
tion 2 on the initial guess of the iterations.

e It is mathematically equivalent to Algorithm 3 in the sense that, in
exact arithmetic, both algorithms generate exactly the same iterates.

e [t contains a single occurrence of the matrix-vector products by B, H,
HT and R~! per iteration. Note that, contrary to some implementa-
tion where a change of variable is done using B/ (see Weaver et al.
(2003), for example), no matrix square root is needed by the algorithm.
Indeed, when the background matrix is used as a preconditioner, i.e.
F = B, we simply have G =1, in Algorithm 5.

12



3.3 Recovering the increment, the gradient and the cost
function for diagnostics

To recover vectors in the model space using information in Algorithm 5,
one relies on the transformation in Equation (13). This should be the case
for the increment and the gradient vectors, v; and r;, respectively. The
increment v; is computed using

V; = Vg + BHT{/\Z'7
while from Equation (4), the gradient V.J[v;] is obtained by

VJvi|=B ' +H'RH)v;, - H'R'd - B~ lvg
=H" (Qv; + R"! (Hvy — d)),

with Q = (I, + R""HBH?").

Denote the Hessian matrix B~'+HTR™H of the quadratic cost function
J by V2J. Let P € ®"%9, ¢ < n, be a given full-rank matrix and define
v = v + Pz for some vector s € 7. Recall that ro = VJ[vo] and consider
the Taylor-series expansion

Jv] = Jvo] + (v — vo)TVJ[vo]

1
+§(V —vo)TV2I (v — vo)

1
= Jvo] +s"PTr + 5sTPTVQJPs, (18)

of J[v] about vo. Consider now the particular case where the columns of
P are formed with descent directions py, ..., p;—1 from PCG (Algorithms 2
or 3). We know that, starting with v as the initial iterate, PCG will mini-
mize J[v] over vo+span(po, . .., Pi—1), and that the corresponding minimizer
amounts to vo + [po, ..., Pi—1|s* with

s* = (ag,...,a;-1)7,

where g, ..., oi_1 are also from PCG. Since PTV2JP is symmetric and
positive definite, s* is also the solution of the equation

PTV2iPs = —PTr, (19)
obtained by nullifying the gradient of (18) with respect to s. It follows

that, putting s* in (19) and then substituting the result in (18), we find the
corresponding minimum, see also Tshimanga et al. (2008, p. 767),

1
Jvi] = J[vo]+§rgPs*.

13



Now, using lines 5 and 15 of Algorithm 5 and Equations (10) and (13), we
get

1
Jvi) = Jvol + 5r[{HBHTPS*
1 i—1
= J[Vo] + 5 Z aj?gtj.
j=0

Finally, observe that

(Hvo —d)"R™! (Hvo — d),

[N

J[vo] =

b

with vp = x” — x¢ from Assumption 2.

3.4 Preconditioning issues

We restrict ourselves to show that the spectral preconditioner, that is used
in Fisher (1998) as well as in Weaver et al. (2003), satisfies Assumption 1.
It is the object of forthcoming work to generalize the approach to the LMP
class (Tshimanga et al., 2008). In data assimilation, the preconditioning is
often performed in two steps. First, a preconditioning by the background
matrix is ilmplemented as a change of variable from v to v via the square-root
matrix B2, that is,
v =Biv.

Thus, the matrix of the preconditioned system reads

B:(B~! +HTR 'H)B: =1, + B:H'R 'HB:. (20)

Second, suppose that (A\j,u;), j =1,...,1, are eigenpairs of matrix (20), i.e.

ulw; =6, and (I, + B-H'R'HB2)u; = \juy,

or, equivalently
ulu; = §j; and (A — u; = B:H'R'HB?u,, (21)

where 6;; is the Kronecker symbol defined by d; = 1, 6;; = 0 for 7 # j.
Then, the so-called spectral preconditioner is defined by

l
1 T
K:In+z<)\j—1>ujuj.
j=1

It is well-known that performing a preconditioned CG is equivalent to im-
plementing a change of variable (see Nocedal and Wright (1999, p. 118);

14



Demmel (1997, p. 317-318)). It follows that the whole preconditioning pro-
cedure, consisting in a preconditioning of B~'+HTR~'H by the background
matrix B followed by the spectral preconditioning with K, is equivalent to
using PCG on tlhe system matrix B~! + HTR™'H preconditioned with the
product F = B2KBz2.

F =

l
1
= B-BH'R™')_ [ HBiuu/B:.
j=1"7

Therefore, we get

l
_ 1 1 1
FH'=BH' |I,,- R 1§ )\—jHBzujuJTBzHT ,
j=1

which corresponds to Assumption 1 with

l
1
G = I,-R') ~HBiuu/B:H'
— A

jf
‘1
_ —1 TyyT
R o
j=1

where u; = B%uj € R™ which shows that the spectral preconditioner sat-

isfies Assumption 1. Finally, with A = B~! + H'R~'H, note that u; are
eigenvectors of BA = I, + BHTR'H associated with eigenvalues Aj, for
j=1,...,1. This shows that, if these eigenpairs of BA are available.

3.5 Loss (and recovery) of orthogonality

We recalled in the introduction that current conjugate gradient based quadratic
solvers used in Data Assimilation, use re-orthogonalization techniques, to
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alleviate the convergence delay due to loss of orthogonality that may arise
when round-off errors occur. For Algorithm 3, these techniques require the
storage of vectors of ™ against which orthogonality is restored, which can
be a serious problem when large problems are considered.

This section explores how the modifications of PCG we propose can be
used to implement an orthogonalization scheme involving only vectors be-
longing to R™. In PCG, the residuals are mutually orthogonal with respect
to the inner product induced by the preconditioner, which can be expressed
as r;Fr; = 0 if i # j. In the presence of round-off errors, a (modified)
Gram-Schmidt re-orthogonalization scheme writes

I‘Z<—H ( r]r F) r;.

]

(See Golub and Van Loan (1996, p. 231) and Higham (2002, p. 370) for
the description of the algorithm that can be used to restore orthogonality.
Observe that vectors Fr; = z; and scalars roFrj = ijrj are by-products of
Algorithm 3. This leads to

r] z]
r; < H r;.
I' Zj

J

Now, using r; = H'%;, z; = BH'Z; and w; = HBH"z; (see expression
in line 5 of Algorithm 5) we obtain that for i # j, the relation rJTFri =

z}rri = 0 implies that f“;rHBHTfy- = f';-Fwi = 0. It follows that the vectors
r; are orthogonal with respect to the inner product induced by HBH".

Consequently, we suggest the following re-orthogonalization scheme

T
£+ H < WJ) ;. (22)

J

Note that the total number of pairs to be stored can be reduced if selective
reorthogonalization is performed instead of the complete one. We refer the
reader to Golub and Van Loan (1996, p. 483) for a discussion about the
concept of selective (re)orthogonalization.

3.6 Numerical experiments

We show on a particular example the performance of the reorthogonalization
scheme (22). The test consists in solving a linear system of form given in (5).
We choose n = 200 and m = 40. Then we randomly generate symmetric
positive definite matrices B € R, R € R™*™ and H € R™*"™ and
vectors x? and x¢ both in #". For simplicity, We use matrix F = B as
preconditioner. Therefore the corresponding matrix G is the identity matrix
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Figure 1: The value of the quadratic function J[v;] during the solver iterations i. Here,
m = 40 and n = 200. Results are displayed for algorithm 3 with (circle markers) and
without (square markers) orthogonalization and for algorithm 5 with (plus markers) and
without (triangle markers) reorthogonalization. Note that the values of the cost function
at the last iteration last are 3.10* and 9, respectively.

L,,. We compare the performance of Algorithm 3 and Algorithm 5 with and
without reorthogonalization. We base our comparison on the values of the
quadratic cost function associated with the system (5).

The following observations can be made on Figure 1. Without reorthog-
onalization, Algorithm 3 and Algorithm 5 give similar results that cannot be
distinguished on the plot. The orthogonalization process improves equally
both algorithms since the circle ‘o’ and the plus ‘4’ do overlay. Therefore, we
see that the reorthogonalization scheme of Algorithm 5 is interesting because
it is cheaper in memory and computational costs than that of Algorithm 3,
and gives the same efficiency.

4 Dealing with arbitrary initial guess in the inner
loop

A conjugate gradient algorithm working with vectors in R has been derived
in Section 3.2 under Assumption 2. This assumption takes an initial guess
that corresponds to a zero background term. Since in the conjugate gradient
method, it is always desirable to start the iterations with a guess that is
the closest possible to the solution, Assumption 2 may be considered as
restrictive, in situations where a better estimate of the solution is available.
We therefore consider, in the present section, the case where the conjugate
gradient iterations are initiated with a vector vg that does not necessarily
satisfy Assumption 2.
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4.1 Extension of Algorithm 5

The derivation of Section 3.2 does not hold anymore, because it is not possi-
ble to factor by HT the expression of the initial residual, since we now have
ro = (HTR™'H + B !)vy - B~ }(x* — x9) - HTR~'d. However, if we in-
troduce now the (augmented) matrices H € R(m+Dxn Rl ¢ Rlmt1)x(m+1)
and vector dg1 € R™ T, defined by

H - (%" — x0 ?VO)TB_1:| ’
_ Rl
R' = _ R 0 ] ,
Ay = R_11d } ’
the initial residual can now be factored as rg = HTR'Hvg — i:ITdRI =

HT (ﬁlﬁvo - dRI) , and using the relation (HTR'H + B~1) = (HTR'H +
B1), we see that Algorithm 3 becomes Algorithm 6.

Since HT can now be factored in ro, we can use directly the result
of Section 3.2 and obtain Algorithm 7 that is, once more, mathematically
equivalent to Algorithm 6, under the assumption

Assumption 1 : BH'G = FH". (23)

Algorithm 6 PCG with arbitrary starting point
1: vg = initial estimate

2: r9g = ﬁT (ﬁIﬁVO — dRI>

3: z9g = Frg

4: po = —Zo

5:1 =0

6: while stopping criterion not satisfied do
i=1+1_

qi-1 = (H'R'H + B )p,;_,

Q-1 = r;F_1Zi71/CI;F_1pi71

10 vy = Vi1 + a;-1Pi—1

: 1y = rji—1 + &-19-1

12: z; = Fr;
13: B = riTzi/r;F_lzi_l
4:  p; = —2z; + BiPi-1

15: end while.

Note that the vectors used in Algorithm 7 are not in %™ but in gl
because we had to consider the augmented matrices R! and H to be able
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Algorithm 7 RPCG with arbitrary starting point and augmented matrices

1: vg = initial estimate

2: 00 =0

3 r9g = ﬁIﬁVO — dRI

4: /Z\O = Gi'\o

5 Po = —2Zo

6: = ﬁBﬁT?O

T to = —Wy

81 =0

9: while stopping criterion not satisfied do
10: @ =i+1

11: g1 = Rl + pia

122 i1 = W21 /Gt
130 Vi = Vi1 + 0-1Pi—1

4: T, = Tio1 + 0-1Gi—1

15: /Z\Z = G/fz

16: — HBH 7

17: BZ = W;F/Z\i/w;-lll/z\ifl

18 P = —2z; + fiPi-1

19:  t; = —w; + Bitiq

20: end while. -
21: The solution is recovered from v; = v + BH v;
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to perform the suitable transformations on Algorithm 6. Note also that
Assumption 1 is again satisfied when F = B and G = 1,,.

To avoid explicit reference to the augmented operators in the algorithm,
we introduce ¢ = B7!1(x? — xg — vg), s = HBc = H(x? — xg — vo) and
o =cTBc = (x—xq—vo) "B~ (x* —x¢ —vq), the following block equalities
hold:

H

HBH — [ . ]B[HT,C] =T O (24)

[HBHT s}

In addition, for any vector (here we chose r as an example), we introduce
the notation

~ [ Ti(1:m) ]
r, = ~

r; (m + 1) ’
where the (m+1)-dimensional vector T; is decomposed into a m-dimensional
vector T;(1 : m) augmented with the scalar r;(m + 1). Using this notation,
all the operations involving the augmented matrices in lines 3, 6, 11, 16 and
21 of Algorithm 7 are decomposed in Algorithm 8 using (24).

Let us draw some comments on the implementation. The Algorithm 8
operates on nine (m + 1)-dimensional vectors namely, s;, 0x;, d;, r;, pi,
z;, W;, t;, and q; together with three linear operators from R to R™,
respectively, R™!, G and HBH™. In terms of scalars, apart from «; and £;
the algorithm needs ¢ and two other auxiliary scalars to be defined in order
to handle w.z; and q; t;.

y
As shown in line 27 of Algorithm 8 the increment at each iteration i is:

vV, = Vgp-+ BHTVZ(I : m)

+(x — x¢ — vo)Vi(m + 1).

According to the analogy with discussions and formulas in Section 3.3, the
corresponding cost function and gradient write in the similar manner.

4.2 Numerical experiments

The aim of this section is to provide a comparison of the behaviour of the new
algorithm and the PSAS algorithm on an idealized test case. Experimental
data are produced using twin experiments, where the data are perturbed
according to the given covariance matrices B and R.

4.2.1 The test problem

The problem consists in finding the “best” initial temperature distribution
(on a grid over an unit square Q = (0,1)?) using an approximate initial
temperature distribution as well as a given set of approximate temperature
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Algorithm 8 RPCG

._.
14

=

vy = initial estimate

Compute s = H(x? — xg — vq)

Compute o = (x? — xg — vo) "B~ (x? — xg — vo)
Vo =

To(l:m) = R™'Hvy —R~!d

?0(m+ 1) = —1

zo = Gry

Po = —Zo

wo(l:m) = HBHTT(1:m) +To(m + 1)s
wo(m +1) = sTrg(1:m) +oro(m + 1)

to = —wo

1 =0
: while stopping criterion not satisfied do

H
>

—_
ot

H
>

._.
=

H
®

._.
©w

o
<

O
=

NN NN NN
NP R ey

1 =1+1
ai,1(1 : m) = R_lti,1(1 : m) + ﬁi,1(1 : m)

gi-1(m+1) = pi-1(m+1)
Qic1 = W Zi1 /4 qti
Vi = Vic1 + 0_1Pi—1

T, = T + 0101

z; = Gr;

wi(l:m) = HBHTT,(1:m) +Ti(m + 1)s

wi(m+1) = sTr;(1:m) +or;(m + 1)
Bi = Wiz /wl Zi4
pPi = —zi + BiPi-1
ti = —w; + Siti
: end while.

The solution is recovered from v; = vo + BHTv;(1 :

vo)Vi(m + 1)
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distributions at different times. The evolution model to be considered is the
numerical integration of a nonlinear heat equation of the form
or 0%*x %z .
E—W—W‘Ff[%]zo m QX(0,00),
zu,v,t] =0 on 092 x (0,00),

where the (continuous) temperature variable z[u, v,t] depends on both time
t > 0 and the position given by spatial coordinates u and v. The function
f[z] is defined by

[flx] = explna],

with n = 4.2. The nonlinear and linear model operators required in our
incremental formulation (2) are produced as follows. We use an uniform
5-point finite difference scheme with n = 32 x 32 = 1024 nodes, and conse-
quently, a space step length h = 1/33. The Euler scheme is employed for the
time integration with a time step length 7 = 2 1074, Let us consider vector
x(t;) € ®", with t; = j7 and j = 0,1,..., the discretized temperature
field. The nonlinear model Mg : R" — R™ : M o[x(to)] = x(t;) is defined
by the recurrence below. Starting from the state vector x(tp), perform

T

X(tjt1) = (In— ﬁA)*l(X(tj) — 7 £00)).

Here, I, is the order n identity matrix and A corresponds to 5-point discrete
negative scaled Laplacian matrix, a (s X s)-by-(s x s) block tridiagonal

A = tridiag(—1Is, Ts, —15),

where I is the identity matrix and Ty = tridiag(—1,4,—1), both of order
s, with s2 = n. Note that the vector f € R" results from the discretization
of the function flu]. The linear model operator M;o € R™™"™ : §x(t;) =
M, 00x(to) is given by the corresponding recurrence. Starting from the
increment 0x(t¢), perform

T

ﬁA)*l(In — 7 FO)ox(t)).

0X(tj41) = (In—
The matrix F = diag(f]) is the Jacobian of the discretized function f.
Concerning the generation of the background and observation vectors,
we begin by constructing the “true” initial discrete temperature distribution
over the square grid as

o5 (ug, vr) = Yug(1 — ug)ve(1 — vy),
that we reshape into the vector x{/"® € R" with v = 25. To simulate noisy

data, the vector x{™"® are slightly perturbed leading to the background vector

Xb — XBlrue + eb7
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where the n-vector e® = f randn(n,:), with 8 = 10™!, represents the (ar-
tificial) noise field. Here, randn(n,1) stands for a vector with Gaussian
distributed with 0 mean and covariance matrix equal to the identity matrix.

Before we produce the observations, we construct the operator to map
the model field to the observation space. Here, we choose a restriction
operator. So, defining e; as the [-th column of the identity matrix of order
n, the observation operators is built as the m; x n matrix

T
H; = H; = Cley,ei7,€33, ..., €1009)]

with m; = 64 and where C is the diagonal matrix of the eigenvalues of the
5-point discrete Laplacian of order m;. This means that the observations
are obtained by selecting 1 point every 16 points on the discretization grid
and apply the operator C. We (artificially) design the observations vectors
yj € R™ by

y;? — Hj/\/l[to,tj,x(t)me] + e?,

where the noise vector is defined by e} = p randn(m;, 1), with p = 1072
We assume that observations are available at times

tj =jr, with j=0,1,2,3,4.

Consequently, we have m = 5 x m; = 320 < n = 1024, that is, the number
of observations is less that the problem size to agree with the context of our
study.

Finally, according to the perturbation definition of e” and e7, the error
covariance matrices are chosen to be multiple of the respective adequate
identity matrix. We set B = %21, and R = p? I,,,.

4.2.2 Results

We give two illustrations of the comparison of the RPCG and the PSAS
approaches used in the incremental inner-outer Algorithm 1.

Illustration 1 The first example is devoted to the first outer iteration.
This means that we do not take into account the nonlinear minimization
process at this stage: we restrict our attention to the first quadratic min-
imization. To solve the linear system we consider and compare the PSAS
and the RPCG. For both methods, the starting point (first guess) is equal
to the background (i.e. Assumption 2). Figure 2 presents the “true” initial
state distribution and the background values over the square spatial grid.

The corresponding cost functions J are given by Figure 3.

On one hand, we observe that in the PSAS approach the cost function
appears to behave erratically during the iterations. The convergence is
reached only around iteration 80.
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The true initial state, xg”e

The background, >(b

Figure 2: The “true” initial state distribution (at the top) and the background dis-
tribution (at the bottom): z§"(ug,vr) = v ug (1 — ug)vr(1 — v,) and z°(ug,v.) =
x5 (uq, vr) + Brandn(n, 1), with y = 25, § = 107" and 0 < ug, v, < 1.

size(B) = 1024 size(R) = 256

—RPCG||
---PSAS

Cost function

60 80

20

40
Iterations

Figure 3: The cost function versus the inner iterations for 1 Gauss-Newton iteration.

On the other hand, the RPCG converges monotonically from the first
iteration and reaches the convergence quicker than the PSAS approach, that
is, at about iteration 40. This is no surprise since RPCG is minimizing J
over an increasing sequence of nested Krylov subspaces.

INlustration 2 Now, we give the second example. The goal of these ex-
periments is to study and compare the effect of increasing the number of
inner iterations specially on the convergence of the nonlinear function in
both the RPCG and the PSAS approaches. The results are shown in Figure
4 (20 inner iterations), Figure 5 (40 inner iterations) and Figure 6 (60 inner
iterations) where the circle markers represent the nonlinear cost function
values at outer iterations. The maximum number of outer iterations is set
to 3 in these experiments. The starting point of the first outer iteration is
again the background vector.

In this example, RPCG reduces the nonlinear cost at each outer itera-
tion. On the contrary, the nonlinear cost process may not converge when the
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Figure 4: The cost function versus the inner iterations. The experiments consists in 3

Gauss-Newton iterations with 20 inner iterations.

size(B) = 1024  size(R) = 256

10 ]
—RPCG
---PSAS

Cost function
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Figure 5: The cost function versus the inner iterations. The experiments consists in 3

Gauss-Newton iterations with 40 inner iterations.

number of inner iterations is “small” and when using the PSAS approach,
even starting the inner iterations “close” to the solution (see Figure 4). Nev-
ertheless, when we increase the inner iterations number, we observe that the
nonlinear cost function in the PSAS approach tends to behave as the one
in the RPCG approach (see Figures 5 and 6), and consequently it decreases
at each outer iteration. This is consistent with the fact that if both algo-
rithms were pushed to convergence they should find the same iterate in the
incremental algorithm 1.

It is however known that neither of PSAS nor RPCG would converge
to a solution in the case of highly nonlinear functions unless a suitable
globalization strategy (such as the linesearch or the trust-region techniques
Nocedal and Wright (1999); Conn et al. (2000); Kelley (1999)).
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Figure 6: The cost function versus the inner iterations. The experiments consists in 3

Gauss-Newton iterations with 60 inner iterations.

5 Conclusion

We have proposed a reformulation of the PCG when applied to linear inverse
problems regularized by a quadratic background term of the kind (B~! +
HTR'H)ixg = B7!(x* — x9) + HTR™!d. This new algorithm, which
we call restricted preconditioned conjugate gradient algorithm (RPCG), is
mathematically equivalent to the standard Hesteness-Stiefel preconditioned
conjugate gradient method. It exploits the fact that in the standard method,
all vectors involved in the method lie in a subspace of dimension m (or m+1
depending on the starting point), where H € R™*™. The RPCG algorithm
is therefore naturally cheaper than PCG in terms of memory cost and even
computational cost when m is significantly smaller than n, which is already
an important point. This may be the case in the modern weak-constraint
4D-Var (see Trémolet (2007) and Tremolet (2006), for example). However,
we believe that the main interest of RPCG for data assimilation is when PCG
is preconditioned with a Limited Memory Preconditioner (Tshimanga et al.,
2008) or when a reorthogonalization scheme is used to alleviate the effect of
round-off errors. In these cases PCG would require the additional storage
of vectors of R", whereas the same techniques can be implemented with
RPCG with vectors belonging to R, leading again to important memory
savings when m is significantly smaller than n. In addition, as with PCG,
RPCG requires exactly one call to the matrix-vector products by B, R™!,
H and HT per iteration. This is an important feature of our algorithm
in applications where the matrix-vector product represent a dominant part
of the computational cost. To illustrate the theoretical results, we have
shown academic numerical results that illustrate the monotonic convergence
obtained with RPCG, compared to the PSAS algorithm, which also involves
vectors belonging to R,

The new algorithm raises many questions. Its convergence is well known
in exact arithmetic from the equivalence with standard PCG. However, the
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behavior of the method in the presence of round-off error needs further inves-
tigation; in particular, we would like to assess whether the fact that we thor-
oughly take into account the system structure gives a better behavior with
respect to round-off errors. At least, we show that full re-orthogonalization
is now affordable (in terms of memory) when m is significantly smaller than
n, showing the practical importance of RPCG. Another important fact is to
find efficient preconditioners F that satisfy the relation FHT = BHTG for
some G; this condition is sufficient for these preconditioners to be used in
RPCG.

Finally, we would like to implement the technique in real-life Data Assim-
ilation system that use a weak constraint formulation to account for model
errors. In these systems, the large size n of the state variable, make RPCG
an interesting alternative to the PCG algorithm.
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