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Abstract

We derive backward error formulas for a linear system of equations in norms
induced by given symmetric positive definite matrices. We consider a special case of
a backward error induced by the energy norm when the system matrix is symmet-
ric positive definite and provide its interpretation in variational approximation of
elliptic problems. Next, we study the convergence of the conjugate gradient method
(CG) with respect to this energy backward error. For that purpose, we construct
approximations to the solution, which minimize the energy backward error over the
Krylov subspace generated by CG. We show that these approximations are scalar
multiples of the CG approximations, approach the approximations of CG with the
increasing iteration number, and start to be very close to each other as soon as CG
makes a moderate progress in terms of the energy norm of the error.
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1 Introduction

We consider a system of linear algebraic equations

Ax = b (1)
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where A ∈ RN×N is a symmetric and positive definite matrix and b ∈ RN is a nonzero
right-hand side vector. When one has to decide whether a given approximation x̂ to
the solution x of (1) is satisfactory, a common approach is to compute the associated
backward error [16, 26, 27] and compare it either with an uncertainty contained in
the problem (1) at hand if any, or with a modest multiple of machine precision. Such a
strategy is often used and recommended for stopping criteria for iterative methods [2, 3].

Let x̂ be an approximation of the solution of (1). The (normwise) backward error of
x̂ is defined as a size of perturbations E and f of the data A and b, respectively, minimal
in a suitable norm such that (A + E)x̂ = b + f . Rigal and Gaches [27] provided the
explicit solution to the problem

min{ξ; (A+ E)x̂ = b+ f, ‖E‖ ≤ ξ‖A‖, ‖f‖ ≤ ξ‖b‖} (2)

given by the properly scaled Euclidean norm of the residual vector b−Ax̂ as

‖b−Ax̂‖
‖A‖‖x̂‖+ ‖b‖

. (3)

In (2) and (3), any vector norm and its subordinate matrix norm can be used. The
concept of the backward error originates from the rounding error analysis (see, e.g.,
[35, 17]) and in this context, the Euclidean norm ‖ · ‖2 is widely used. However, when
solving a linear system by an iterative method, it is appropriate to measure the backward
error in proper spaces and using the proper norms; see [3]. In Section 2, we derive
backward error formulas which use generalized norms characterized by given symmetric
positive definite matrices. We consider an application in the Galerkin discretization
of elliptic partial differential equations in Section 3 and provide two different, however
very closely related, interpretations of the backward error induced by the energy norm
generated by the symmetric positive matrix A in (1).

Modern iterative solvers are based on minimizing certain quantity over the Krylov
subspace Kn(A, b) ≡ span{b, Ab, . . . , An−1b} [14, 28, 34]. It might be natural to minimize
the backward error over the associated Krylov subspace, when it is used as the stopping
criterion as well. This was pointed out by Kasenally and Simoncini in [20, 21], where
the algorithms minimizing the Frobenius norm of the backward perturbation [E, f ] such
that (A + E)x = b + f were proposed to complement the algorithm of GMRES [29],
which minimizes the Euclidean norm of the residual. In the next part, we are inter-
ested in minimizing the backward error induced by the energy norm which we refer to
as the energy backward error. In Section 4, we review the Lanczos algorithm [22] and
the conjugate gradient method [15] (CG) minimizing the energy norm of the error (or,
equivalently, the dual A−1-norm of the residual). The convergence of the CG approx-
imations with respect to the energy backward error is monotonic, but not optimal in
the sense of the energy backward error. We ask whether the CG approximation can be
improved in the actual Krylov subspace. For this purpose, we derive in Section 5 the
approximations, which at a given iteration step minimize the energy backward error in
the Krylov subspace. In Section 6, we analyze the relations between the approximations
minimizing the energy backward error and the approximations of CG and illustrate the
results on a numerical experiment in Section 7.
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2 The energy backward error

The matrix A ∈ RN×N can be considered as a mapping from the space V = RN to W =
RN . We equip V and W with the inner products induced by symmetric positive definite
matrices K and L and the corresponding norms defined by ‖x‖K ≡

√
xTKx = ‖K1/2x‖2

and ‖x‖L ≡
√
xTLx = ‖L1/2x‖2, respectively. The matrix norm of A induced by the K-

and L-norm is then given by

‖A‖K,L = max
z∈RN

z 6=0

‖Az‖L
‖z‖K

. (4)

The norm ‖ · ‖K,L defined by (4) is related to the spectral matrix norm via

‖A‖K,L = max
z∈RN

z 6=0

‖Az‖L
‖z‖K

= max
z∈RN

z 6=0

‖L1/2Az‖2
‖K1/2z‖2

= max
y∈RN

y 6=0

‖L1/2AK−1/2y‖2
‖y‖2

= ‖L1/2AK−1/2‖2.
(5)

We define the backward error using the K- and L-norms by

ηK,Lα,β (x̂) ≡ min
E,f

{∥∥∥∥( ‖E‖K,Lα‖A‖K,L
,
‖f‖L
β‖b‖L

)∥∥∥∥
2

; (A+ E)x̂ = b+ f

}
, (6)

where α and β are positive weighting parameters. In the following theorem, we provide
the solution to the backward error problem (6).

Theorem 2.1. Let A ∈ RN×N , b ∈ RN , x̂ ∈ RN nonzero, and r = b − Ax̂. Let α and
β be positive and let K,L ∈ RN×N be symmetric positive definite. Then ηK,Lα,β (x̂) defined
by (6) is equal to

ηK,Lα,β (x̂) =
‖r‖L√

α2‖A‖2K,L‖x̂‖2K + β2‖b‖2L
. (7)

In addition,

ηK,Lα,0 (x̂) ≡ min
E

{
‖E‖K,L
α‖A‖K,L

; (A+ E)x̂ = b

}
=

‖r‖L
α‖A‖K,L‖x̂‖K

, for α > 0,

and

ηK,L0,β (x̂) ≡ min
f

{
‖f‖L
β‖b‖L

; Ax̂ = b+ f

}
=
‖r‖L
β‖b‖L

, for β > 0.
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Proof. Let α and β be positive. From the identity (A + E)x̂ = b + f we have that
Ex̂− f = b−Ax̂ = r and thus

L1/2r = L1/2EK−1/2K1/2x̂− L1/2f,

which implies
‖r‖L ≤ ‖E‖K,L‖x̂‖K + ‖f‖L.

From the inequality (s+ t)2 ≤ (1+p2)s2 +(1+p−2)t2 valid for any real s, t, and nonzero
p, we get with s = ‖E‖K,L‖x̂‖K , t = ‖f‖L, and p = (β‖b‖L)/(α‖A‖K,L‖x̂‖K) that

‖r‖2L ≤ (‖E‖K,L‖x̂‖K + ‖f‖L)2

≤ ‖E‖2K,L‖x̂‖2K

[
1 +

(
β‖b‖L

α‖A‖K,L‖x̂‖K

)2
]

+ ‖f‖2L

[
1 +

(
α‖A‖K,L‖x̂‖K

β‖b‖L

)2
]

=

(
‖E‖2K,L
α2‖A‖2K,L

+
‖f‖2L
β2‖b‖2L

)
(α2‖A‖2K,L‖x̂‖2K + β2‖b‖2L),

which proves

‖r‖L√
α2‖A‖2K,L‖x̂‖2K + β2‖b‖2L

≤
∥∥∥∥( ‖E‖K,Lα‖A‖K,L

,
‖f‖L
β‖b‖L

)∥∥∥∥
2

. (8)

By taking

E =
α2‖A‖2K,L

α2‖A‖2K,L‖x̂‖2K + β2‖b‖2L
rx̂TK, f = −

β2‖b‖2L
α2‖A‖2K,L‖x̂‖2K + β2‖b‖2L

r (9)

we get Ex̂ − f = b − Ax̂ as well as the equality in (8). The formula for ηK,Lα,0 can be
verified in the similar way while the formula for ηK,L0,β is trivial since there is only one
vector f satisfying Ax̂ = b+ f .

For the sake of simplicity of notation, we introduce a single weighting in the definition
of the backward error instead of two. Let α > 0 and β ≥ 0 be the weights in (6) and let
θ ≡ β/α. Then

ηK,Lα,β (x̂) =
‖r‖L√

α2‖A‖2K,L‖x̂‖2K + β2‖b‖2L
=

1
α

‖r‖L√
‖A‖2K,L‖x̂‖2K + θ2‖b‖2L

≡ 1
α
ηK,Lθ (x̂).

In the following text, we work with ηK,Lθ instead of ηK,Lα,β .
A particularly important case is when K = A (the A-norm) and L = A−1 (the dual

norm with respect to the A-norm) for a symmetric positive definite A. We call ξθ(x̂) ≡
ηA,A

−1

θ (x̂) the energy backward error associated with the approximation x̂. Using the
relations ‖A‖A,A−1 = ‖A−1/2AA−1/2‖2 = ‖I‖2 = 1, ‖r‖A−1 = ‖e‖A and ‖b‖A−1 = ‖x‖A,
where e = x − x̂ denotes the error vector satisfying Ae = r, we have the following
theorem.
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Theorem 2.2. Let A ∈ RN×N be symmetric positive definite, b ∈ RN , x̂ ∈ RN nonzero,
r = b−Ax̂, e = x− x̂, and θ ≥ 0. Then

ξθ(x̂) ≡ ηA,A
−1

θ (x̂) =
‖r‖A−1√

‖x̂‖2A + θ2‖b‖2
A−1

=
‖e‖A√

‖x̂‖2A + θ2‖x‖2A
. (10)

3 Energy backward error in numerical solution of elliptic
problems

In this section, we provide a simple interpretation of the energy backward error in the
context of numerical solution of partial differential equation, in particular the Galerkin
approximation of self-adjoint elliptic problems. We consider an abstract variational
problem on a real Hilbert space V: find u ∈ V such that

a(u, v) = 〈g, v〉 ∀v ∈ V, (11)

where a is a continuous, symmetric, and elliptic bilinear form, g ∈ V ′ is a continuous
linear functional on V (their space is denoted by V ′) and 〈·, ·〉 denotes the duality pairing
between V and V ′. For details, see, e.g., [10]. The properties of the bilinear form a imply
that a is an inner product on V and thus defines a norm ‖v‖a ≡ [a(v, v)]1/2 for v ∈ V,
called usually the energy norm.

Let Vh be a subspace of V of finite dimension N . The Galerkin method for approxi-
mating the solution u of (11) reads: find uh ∈ Vh such that

a(uh, vh) = 〈g, vh〉 ∀vh ∈ Vh. (12)

The Galerkin solution uh minimizes the energy norm of the error u−uh over all Vh, i.e.,

‖u− uh‖a = min
vh∈Vh

‖u− vh‖a,

or, equivalently, the error u−uh is orthogonal (in the inner product defined by the form
a) to the subspace Vh.

In order to transform the discrete problem (12) to the form of a system of equations,
we chose a basis Φ ≡ [φ1, . . . , φN ] of Vh, so that we can express the solution uh in terms
of the basis Φ as uh = Φx for some vector x ∈ RN representing the coordinates of uh in
the basis Φ (we defined the basis Φ as a row vector of φ1, . . . , φN so that we can use the
notation uh = Φx as a shorthand for

∑N
j=1(x)jφj). The equality (12) is satisfied if and

only if a(uh, φi) = 〈g, φi〉 for i = 1, . . . , N , which leads to a system of equations (1) with

(A)i,j = a(φj , φi), (b)i = 〈g, φi〉, i, j = 1, . . . , N, (13)

and A is symmetric and positive definite since it is the Gram matrix associated with the
basis Φ and the inner product a(·, ·).
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The matrix A represents the bilinear form a on Vh in the chosen basis Φ. Indeed,
for vh and wh in Vh with coordinate vector y and z in RN (with respect to the basis Φ),
the bilinear form a satisfies

a(vh, wh) = a(Φy,Φz) = zTAy

and the energy norm of a vh = Φy ∈ Vh can be expressed as ‖vh‖a = (yTAy)1/2 = ‖y‖A.
Let x̂ be an approximation of the solution x of (1) with A and b given by (13) and

let r = b−Ax̂ and e = x− x̂ = A−1r denote, respectively, the residual and error vectors
associated with x̂. In this section, we focus on the interpretation of the quantities

ξb(x̂) ≡ min
f
{‖f‖A−1 ;Ax̂ = b+ f} = ‖r‖A−1 = ‖e‖A, (14a)

ξA(x̂) ≡ min
E

{
‖E‖A,A−1 ; (A+ E)x̂ = b

}
=
‖r‖−1

A

‖x̂‖A
=
‖e‖A
‖x̂‖A

, (14b)

see Theorem 2.1, and on the interpretation of the optimal backward perturbations
(see (9) in the proof of Theorem 2.1)

f∗ ≡ −r and E∗ ≡
rx̂TA

‖x̂‖2A
, (15)

for which the minima in (14a) and (14b), respectively, are attained.

3.1 Interpretation of ξb(x̂)

Let ûh = Φx̂ denote the approximation of uh; i.e., let the approximation x̂ of x represent
the coordinate vector of ûh in the basis Φ. We can define a functional rh ∈ V ′h by
〈rh, φi〉 = (r)i for i = 1, . . . , N . It can be easily verified that the perturbed equation
Ax̂ = b+ f∗ = b− r represents the variational equality

a(ûh, vh) = 〈g − rh, vh〉 ∀vh ∈ Vh

with ξb(x̂) being the dual norm of rh which turns out to be the energy norm of the error
uh − ûh:

‖rh‖a = max
vh∈Vh
vh 6=0

〈rh, vh〉
‖vh‖a

= max
y∈RN

y 6=0

rT y

‖y‖A
= ‖r‖−1

A = ‖e‖A = ‖uh − ûh‖a.

Evaluating or estimating the quantity ξb(x̂) is used in the construction of stopping criteria
taking into account the discretization error in the context of numerical solution of partial
differential equations; see, e.g., [1, 19]. Indeed, it represents the part of the total error
u− ûh stemming from the inexact solution of the discrete problem (12):

‖u− ûh‖2a = ‖u− uh‖2a + ‖uh − ûh‖2a = ‖u− uh‖2a + ξ2
b (x̂);

see, e.g., [11, Section 2.1].
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3.2 Interpretation of ξA(x̂)

The vector x̂ satisfying (A + E)x̂ = b can be naturally interpreted as a solution of the
system with a perturbed matrix (or operator) A. We can define a (generally nonsym-
metric) bilinear form eh on Vh similarly to the definition of the matrix A in (13) by
eh(φj , φi) = (E)i,j , i, j = 1, . . . , N , and consider ûh = Φx̂ as the solution of a perturbed
Galerkin approximation

a(ûh, vh) + eh(ûh, vh) = 〈g, vh〉 ∀vh ∈ Vh (16)

with the norm of eh given by

‖eh‖a = max
vh,wh∈Vh\{0}

eh(vh, wh)
‖vh‖a‖wh‖a

= ‖E‖A,A−1 .

The quantity ξA(x̂) is therefore the solution to the problem

min
eh∈B(Vh)

{‖eh‖a; a(Φx̂, vh) + eh(Φx̂, vh) = 〈g, vh〉 ∀vh ∈ Vh} ,

where B(Vh) is the space of bilinear forms defined on Vh.
Since from (A + E)x̂ = b we have x = (I + A−1E)x̂, we can also interpret E as a

perturbation of a basis in which the vector x̂ represents coordinates of the solution x
of (1). In order to interpret ξA(x̂) in the context of the Galerkin approximation, we can
proceed in the following way. Let Φ̂ ≡ [φ̂1, . . . , φ̂N ] denote another basis of Vh and let Φ
and Φ̂ be related by

φ̂j = φj +
N∑
k=1

(D)k,jφk, j = 1, . . . , N, (17)

for some matrix D ∈ RN×N ; the relations (17) can be also written in a compact form
as Φ̂ = Φ(I + D). We look for a basis Φ̂ such that uh can be written as uh = Φ̂x̂, i.e.,
the approximate solution x̂ of (1) represents the coordinates of the solution of (12) in a
different basis.

Let uh = Φ̂x̂, where Φ̂ is related to Φ by (17). We have

a(uh, φi) = a(Φ̂x̂, φi) = a(Φ(I +D)x̂, φi) = (A(I +D)x̂)i

and thus the equations a(uh, φi) = 〈g, φi〉, i = 1, . . . , N , lead to the system

(A+ E)x̂ = b, E = AD. (18)

If x̂ solves (18) then x̂ forms the coordinate vector of uh in terms of the basis Φ̂ = Φ(I+D)
with D = A−1E.

For a given x̂, there are many backward perturbations E for which (A+E)x̂ = b holds.
If E′ is any particular backward perturbation, then (A+E)x̂ = b for any E = E′+ZP ,
where Z ∈ RN×N and P is an orthogonal projection such that Px = 0; see, e.g., [9].
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Equivalently, there are many bases Φ̂ for which x̂ represents the coordinate vector of uh.
Let us define

dΦ(Φ̂) ≡ max
y∈RN

y 6=0

‖Φy − Φ̂y‖a
‖Φy‖a

the relative distance between bases Φ and Φ̂ with respect to Φ measured in the energy
norm. Then using (17) and E = AD we get

dΦ(Φ̂) = max
y∈RN

y 6=0

‖Φy − Φ̂y‖a
‖Φy‖a

= max
y∈RN

y 6=0

‖Φy − Φ(I +D)y‖a
‖Φy‖a

= max
y∈RN

y 6=0

‖ΦDy‖a
‖Φy‖a

= max
y∈RN

y 6=0

‖Dy‖A
‖y‖A

= ‖A1/2DA−1/2‖2 = ‖A−1/2EA−1/2‖2 = ‖E‖A,A−1 .

The quantity ξA(x̂) thus represents the relative distance to the basis Φ̂∗ closest to Φ
(in terms of the relative distance dΦ) such that x̂ is the coordinate vector of uh in Φ̂∗.
Using (17), (15), and (14b), we have

Φ̂∗ = Φ(I +D∗), D∗ = A−1E∗ =
ex̂TA

‖x̂‖2A
, dΦ(Φ̂∗) =

‖e‖A
‖x̂‖A

.

Therefore, ξA(x̂) is also the solution of the problem

min
Φ̂=Φ(I+D)

D∈RN×N

{
dΦ(Φ̂); a(Φ̂x̂, vh) = 〈g, vh〉 ∀vh ∈ Vh

}
.

Note that not every Φ̂ = Φ(I + D), where Φ is a basis of Vh, is a basis of Vh
as well. The elements of Φ̂ is linearly dependent if and only if the matrix I + D
is singular. A sufficient condition for the nonsingularity of I + D is that dΦ(Φ̂) =
‖A1/2DA−1/2‖2 < 1. Assume that I + D is singular. Then there is a nonzero vec-
tor z such that (I + D)z = 0, which implies that A1/2z = −(A1/2DA−1/2)(A1/2z),
‖A1/2z‖2 ≤ ‖A1/2DA−1/2‖2‖A1/2z‖2, and thus dΦ(Φ̂) = ‖A1/2DA−1/2‖2 ≥ 1. It corre-
sponds to the well-known fact that the perturbation E of a nonsingular matrix A leads
to a nonsingular matrix A + E if the relative norm of E is smaller than the inverse of
the condition number of A (with respect to any norm), i.e.,

‖E‖A,A−1

‖A‖A,A−1

<
1

κA,A−1(A)
=
‖A−1‖A−1,A

‖A‖A,A−1

,

which is equivalent to ‖E‖A,A−1 < 1 since ‖A‖A,A−1 = ‖A−1‖A−1,A = κA,A−1(A) = 1;
see, e.g., [30, Corollary 2.7].
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4 Lanczos algorithm and the conjugate gradient method

In the next part, starting from this section, we analyze the convergence of the conjugate
gradient method in terms of the energy backward error. We start with a short review
of the CG method in terms of the Lanczos process [22]. Consider the system (1) with
a symmetric positive definite matrix A. The Lanczos algorithm applied to A with the
starting vector v1 = b/‖b‖2 gives at the nth step

AVn = VnTn + δ(n+1)vn+1(en)T , (19)

where the columns of the matrix Vn = [v1, . . . , vn] form an orthonormal basis of the
Krylov subspace Kn(A, b), en denotes the nth vector of the standard basis of Rn, and
the matrix Tn is tridiagonal and symmetric positive definite.

The nth CG [15] approximation xCG
n (starting from the zero initial guess) is defined

by
xCG
n = Vny

CG
n , Tny

CG
n = ‖b‖2e1. (20)

It is well-known that the CG approximation minimizes the energy norm (the A-norm)
of the error en = x− xn, xn = Vnyn ∈ Kn(A, b), i.e.,

‖eCG
n ‖A = ‖x− xCG

n ‖A = min
xn∈Kn(A,b)

‖x− xn‖A

and that ‖eCG
n ‖A decreases at each iteration step. This can be also be observed from

the identity

‖en‖2A = eTnAen = xTAx− 2xTAVnyn + yTnTnyn

= ‖x‖2A − ‖b‖22(e1)TT−1
n e1 +

∥∥‖b‖2e1 − Tnyn
∥∥2

T−1
n
.

(21)

The A-norm of en = eCG
n is minimized if and only if the last term in (21) is zero, i.e.,

yn = yCG
n defined in (20) giving then, using

‖b‖22(e1)TT−1
n e1 = ‖yCG

n ‖2Tn
= ‖xCG

n ‖2A, (22)

the relation between of the A-norm of the error eCG
n and the A-norms of the solution x

and the iteration xn of the form

‖eCG
n ‖2A = ‖eCG

0 ‖2A − ‖b‖22(e1)TT−1
n e1 = ‖x‖2A − ‖xCG

n ‖2A. (23)

The A-norms of the error eCG
n decrease monotonically towards zero with increasing n,

the A-norms of the CG iterate xCG
n strictly increase towards the A-norm of the solution

x of (1) and we have the following theorem.

Theorem 4.1. In the conjugate gradient method starting with xCG
0 = 0, the energy

backward error ξθ(xCG
n ) is strictly decreasing with n.
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5 Minimizing the energy backward error

In this section, we construct the approximations to the solution of (1), which minimize
the energy backward error (10) over the Krylov subspace Kn(A, b). We look for xθn ∈
Kn(A, b) such that

ξθ(xθn) = min
xn∈Kn(A,b)

ξθ(xn).

Let xn = Vnyn be an arbitrary vector from Kn(A, b). For the A-norm of the error
en = x− xn we get from (21), (22), and (23) the relation

‖en‖2A = ‖x‖2A − ‖xCG
n ‖2A +

∥∥‖b‖2e1 − Tnyn
∥∥2

T−1
n

= ‖eCG
n ‖2A +

∥∥‖b‖2e1 − Tnyn
∥∥2

T−1
n
.

(24)

For the A-norm of xn we have

‖xn‖2A = yTnV
T
n AVnyn = ‖yn‖2Tn

(25)

using (19). Therefore from (10), (24), (25), and (20) we obtain

ξθ(xn) =
‖en‖A√

‖xn‖2A + θ2‖x‖2A
=

‖eCG
n ‖2A +

∥∥‖b‖2e1 − Tnyn
∥∥2

T−1
n

‖yn‖2Tn
+ θ2‖x‖2A

1/2

=

(
‖eCG
n ‖2A + ‖Tn(yCG

n − yn)‖2
T−1

n

‖yn‖2Tn
+ θ2‖x‖2A

)1/2

=
‖Lnzn‖2
‖Gθnzn‖2

,

(26)

where the matrices Ln, Gθn, and the vector zn are given by

Ln ≡

[
‖eCG
n ‖A 0

T
1/2
n yCG

n T
1/2
n

]
, Gθn ≡

[
θ‖x‖A 0

0 T
1/2
n

]
, zn ≡

[
1
−yn

]
. (27)

The approximation xθn = Vny
θ
n can be found by minimizing the Rayleigh quotient in (26)

over all zn of the form (27). The matrix Ln is nonsingular provided that xCG
n 6= x.

Otherwise, we set xθn = xCG
n = x to obtain ξθ(xθn) = 0.

Lemma 5.1. Let the matrices Ln and Gn for n > 1 in (26) be given by (27), let θ ≥ 0,
and eCG

n 6= 0. Then there is a unique vector zθn which minimizes the Rayleigh quotient
‖Lnzn‖2/‖Gθnzn‖2 over nonzero zn and has the first component equal to one and

‖Lnzθn‖2
‖Gθnzθn‖2

= min
zn 6=0

‖Lnzn‖2
‖Gθnzn‖2

=

[
2

1 + θ2 +
√

(1 + θ2)2 − 4θ2ε2n

]1/2

εn, (28)

where

zθn =
[

1
−yθn

]
, yθn = δθny

CG
n , δθn ≡

1− θ2 +
√

(1 + θ2)2 − 4θ2ε2n
2(1− ε2n)

,

and εn ≡ ‖eCG
n ‖A/‖x‖A is the relative error of the CG approximation xCG

n .
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Proof. Since eCG
n 6= 0, the matrix Ln is nonsingular and we have

‖Lnzθn‖2
‖Gθnzθn‖2

= min
zn 6=0

‖Lnzn‖2
‖Gθnzn‖2

=
(

max
wn 6=0

‖GθnL−1
n wn‖2
‖wn‖2

)−1

=
(
‖GθnL−1

n wθn‖2
‖wθn‖2

)−1

.

(29)

If wθn = [1, (w̄θn)T ]T in (29) then

zθn =
[

1
−yθn

]
= ‖eCG

n ‖AL−1
n wθn =

[
1

−yCG
n + ‖eCG

n ‖AT
−1/2
n w̄θn

]
(30)

(note that the vectors zn and wn in (29) are defined up to a scalar multiple; we choose
to relate them by Lnzn = ‖eCG

n ‖Awn in order to normalize the first component of zθn
to 1). Using the Courant-Fisher theorem [18, Theorem 4.2.11, p. 179] the maximum of
‖GθnL−1

n wn‖2/‖wn‖2 in (29) is given by the largest singular value of GθnL
−1
n , or equiv-

alently, by the square root of the largest eigenvalue of M θ
n ≡ (GθnL

−1
n )TGθnL

−1
n , where

the vector wθn, for which the maximum is attained, is equal to the corresponding (prop-
erly scaled) eigenvector. We have also to show that this eigenvector has nonzero first
component. The matrix M θ

n can be written as

M θ
n =

[
‖eCG
n ‖−2

A (θ2‖x‖2A + ‖xCG
n ‖2A) −‖eCG

n ‖−1
A (T−1/2

n yCG
n )T

−‖eCG
n ‖−1

A T
−1/2
n yCG

n In

]

=

[
1+θ2−ε2n

ε2n
−hTn

−hn In

]
.

(31)

using (27), (22), and (23), where hn = ‖eCG
n ‖−1

A T
1/2
n yCG

n , ‖hn‖22 = (1 − ε2n)/ε2n. The
matrix M θ

n has the eigenvalue 1 of the multiplicity n− 1 because there are n− 1 linearly
independent eigenvectors w of the form [0, w̄T ]T such that w̄Thn = 0. Let w = [1, γhTn ]T

where γ is a (real) scalar. Then

M θ
n

[
1
γhn

]
= µ

[
1
γhn

]
holds if and only if

1 + θ2 − ε2n − γ(1− ε2n) = µε2n, γ(1− µ) = 1. (32)

Substituting the first equation into the second one leads to the quadratic equation for µ
in the form

ε2nµ
2 − (1 + θ2)µ+ θ2 = 0. (33)

The (real) roots of (33) are

µ± =
1

2ε2n

[
1 + θ2 ±

√
(1 + θ2)2 − 4θ2ε2n

]
.

11



It can be verified that the root µ+ of (33) is always greater than 1. Indeed, µ+ > 1 if
and only if √

(1 + θ2)2 − 4θ2ε2n > 2ε2n − (1 + θ2). (34)

This inequality is trivially satisfied if the right-hand side is negative. On the other hand,
if the right-hand side in (34) is nonnegative, we obtain by squaring both sides of (34)
that µ+ > 1 if ε2n < 1 + θ2 + θ4. This is clearly satisfied since ε2n < 1. Hence the largest
eigenvalue of the matrix Mn in (31) is

1
2ε2n

[
1 + θ2 +

√
(1 + θ2)2 − 4θ2ε2n

]
(35)

and the minimum in (29) (as well as in (28)) is equal to the square root of the reciprocal
value of (35). The scalar γ is from (32) given by

γ = 1−
1− θ2 +

√
(1 + θ2)2 − 4θ2ε2n

2(1− ε2n)
. (36)

By comparing the eigenvector [1, γhTn ]T with wθn maximizing (29), we get

w̄θn = γhn = γ‖eCG
n ‖−1

A T 1/2
n yCG

n

and from (30) and (36), we obtain

yθn = yCG
n − ‖eCG

n ‖AT−1/2
n w̄θn = (1− γ)yCG

n

=
1− θ2 +

√
(1 + θ2)2 − 4θ2ε2n

2(1− ε2n)
yCG
n = δθny

CG
n .

Theorem 5.2. Let xCG
n 6= 0 denote the approximation of CG starting with the initial

guess xCG
0 = 0 at the step n > 1 and let θ ≥ 0. Then the unique xθn minimizing the

backward error ξθ(xn) over all xn ∈ Kn(A, b) is given by

xθn = δθnx
CG
n , (37)

where

δθn ≡
1− θ2 +

√
(1 + θ2)2 − 4θ2ε2n

2(1− ε2n)
, εn =

‖eCG
n ‖A
‖x‖A

. (38)

The energy backward error of the approximation xθn is

ξθ(xθn) =

[
2

1 + θ2 +
√

(1 + θ2)2 − 4θ2ε2n

]1/2

εn. (39)

The approximation minimizing the energy backward error (10) over the Krylov sub-
space Kn(A, b) is thus given by a scalar multiple of the CG approximation xCG

n with
the coefficient given by (38). Note that even though we derived Lemma 5.1 with the
assumption that eCG

n 6= 0, the formulas for the δθn and ξθ(xθn) in Theorem 5.2 are still

12



valid for eCG
n = 0 (i.e., εn = 0). We obtain in this case from (38) and (39) that δθn = 1

leading to xθn = xCG
n = x and ξθ(xθn) = 0, respectively.

The approximation xθn and its associated backward error ξθ depend on the choice of
the weighting parameter θ. We obtain the CG approximation xCG

n by taking the limit
θ →∞, which corresponds to restricting the backward perturbation in (10) only to the
right-hand side; indeed,

x∞n = lim
θ→∞

xθn = lim
θ→∞

δθnx
CG
n = xCG

n .

Perturbing only the matrix A in (10) is made by the choice θ = 0. In this case,

δ0
n =

1
1− ε2n

, x0
n =

xCG
n

1− ε2n

and the energy backward error of the approximation x0
n is

ξ0(x0
n) = εn =

‖eCG
n ‖A
‖x‖A

,

i.e., it is equal to the relative energy norm of the error of the CG approximation.

6 Relations between CG and approximations minimizing
the energy backward error

In this section, we study the relations between the approximations xθn minimizing the
energy backward error and the CG approximations xCG

n minimizing the energy norm of
the error over the Krylov subspace Kn(A, b). Theorem 5.2 shows that the approximation
xθn is a scalar multiple of the CG approximation xCG

n with the coefficient given by (38).
For the ratio of (any) norms of xθn and xCG

n , we have the following result.

Theorem 6.1. Norms of the approximations xθn and of the CG approximations xCG
n

satisfy

1 ≤ ‖xθn‖
‖xCG

n ‖
= δθn ≤

1
1− ε2n

. (40)

The coefficient δθn (for a fixed θ) decreases monotonically with increasing n to 1.

Proof. For any vector norm ‖·‖, we have from Theorem 5.2 and the positive homogeneity
of vector norms that

‖xθn‖ = ‖δθnxCG
n ‖ = |δθn| ‖xCG

n ‖

and thus ‖xθn‖/‖xCG
n ‖ = |δθn|. The coefficient δθn given by (38) can be bounded from

below by 1 and thus we can omit the absolute value. Indeed,

δθn ≥ 1 ⇔
√

(1 + θ2)2 − 4θ2ε2n ≥ 1 + θ2 − 2ε2n. (41)
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If the right-hand side of the latter inequality is negative, the inequality (41) holds triv-
ially, while on the other hand assuming 1 + θ2 − 2ε2n ≥ 0 and squaring both sides
reduces to εn ≥ 0, which proves the first part of the inequality (40). Observing that
δθn ≤ δ0

n = 1/(1 − ε2n) implies the second part. The monotonicity of δθn with respect to
the iteration number n can be shown by taking the derivative of δθn with respect to εn
(since εn strictly decreases from 1 to 0).

The theorem implies that when the relative energy norm εn of the error in CG is small
enough, the approximations xθn start to be very close to the CG approximations xCG

n . For
example, a decrease of εn by an order of magnitude implies ‖xθn‖/‖xCG

n ‖ ≤ 1/0.99 ≈ 1.01.
Next, we compare the energy backward errors associated with both xθn and xCG

n . The
energy backward error of the CG approximation xCG

n is equal to

ξθ(xCG
n ) =

‖eCG
n ‖A√

‖xCG
n ‖2A + θ2‖x‖2A

=
‖eCG
n ‖A√

(1 + θ2)‖x‖2A − ‖eCG
n ‖2A

=
εn√

1 + θ2 − ε2n
.

For the ratio of the energy backward errors of the approximations xθn and xCG
n , we have

hence
ξθ(xθn)
ξθ(xCG

n )
=

[
2(1 + θ2 − ε2n)

1 + θ2 +
√

(1 + θ2)2 − 4θ2ε2n

]1/2

. (42)

In the next theorem, we give the bounds for this ratio in terms of the relative energy
norm εn of the error in CG. Its statement can be verified directly from (42).

Theorem 6.2. The energy backward errors associated with approximations xθn and xCG
n

satisfy √
1− ε2n ≤

ξθ(xθn)
ξθ(xCG

n )
≤ 1.

The approximations xθn minimize the energy backward error ξθ, while CG minimizes
the energy norm of the error, i.e., the perturbation of the right-hand side measured in
the A−1-norm, over the Krylov subspace Kn(A, b). We compare the relative decrease of
these error measures associated with approximations xθn and xCG

n at the given step n.
Let εn = ‖eCG

n ‖A/‖x‖A denote as before the relative energy norm of the error asso-
ciated with the CG approximation xCG

n . We define the relative decrease of the energy
backward error of the approximation xθn by

εθn ≡ lim
x̂→0

ξθ(xθn)
ξθ(x̂)

.

For x̂ = 0, the expression (10) cannot be evaluated directly for θ = 0, but the equa-
tion (39) can be evaluated for εn = 1 (i.e., x̂ = 0). This gives

lim
x̂→0

ξθ(x̂) = lim
ε→1

[
2

1 + θ2 +
√

(1 + θ2)2 − 4θ2ε2

]1/2

ε

=
[

2
1 + θ2 + |1− θ2|

]1/2

=

{
1 if 0 ≤ θ ≤ 1,
1
θ if 1 < θ

14



and hence

εθn
εn

=



[
2

1 + θ2 +
√

(1 + θ2)2 − 4θ2ε2n

]1/2

if 0 ≤ θ ≤ 1,

[
2θ2

1 + θ2 +
√

(1 + θ2)2 − 4θ2ε2n

]1/2

if 1 < θ.

(43)

For a fixed θ, the ratio εθn/εn as a function of εn ∈ [0, 1] is decreasing from the value
1 (for εn = 0) to the value 1/

√
1 + θ2 if 0 ≤ θ ≤ 1 and θ/

√
1 + θ2 if 1 < θ (for εn = 1).

The minimum of this final value of εθn/εn is 1/
√

2 and we have the following theorem.

Theorem 6.3. The relative decrease of the energy backward error εθn associated with the
approximations xθn and the relative decrease of the energy norm of the error associated
with the CG approximations xCG

n satisfy

1√
2
≤ εθn
εn
≤ 1.

Therefore, the relative decrease of the energy backward error of the approximations
xθn is very closely related to the relative decrease of the energy norm of the error in CG.

7 Numerical experiments

We illustrate the results of Section 6 on a system with the symmetric positive matrix
BCSSTK04 (N = 132, κ2(A) ≈ 2.293 · 106) from the Matrix Market collection [6] and
with the right-hand side b = [1, . . . , 1]T . The CG approximations are computed using
the standard implementation of the conjugate gradient method; see [15]. In order to
compute the approximations xθn and the coefficients δθn in (37) and (38), respectively,
we need to evaluate the relative energy norm of the error of the CG approximations εn
using the MATLAB’s backslash operator.

In Figures 1-3 we plot, for θ = 0, θ = 1/2, and θ = 1, respectively, the energy
backward errors of the CG approximations ξθ(xCG

n ) and of the optimal approximations
xθn together with their ratio with respect to the iteration number n of the CG method.
We also include the plot of the relative energy norm of the error εn = ‖eCG

n ‖A/‖x‖A
associated with CG iterates. In the initial stage the CG method nearly stagnates in
terms of the relative energy norm of the error and in such a case, we can expect the
largest differences between the CG approximations xCG

n and the approximations xθn in
terms of their energy backward errors. For θ = 0, the energy backward errors of the
approximations xθn are equal to the relative energy norm of the error in CG as expected
(see the last paragraph of Section 5), while the difference becomes smaller when the
parameter θ increases.

Please note that the approximations xθn are not computable in practice. For the
coefficient δθn, we have to evaluate or estimate the relative A-norm of the error in CG:
the A-norm of the error as well as the A-norm of the solution x to (1). Several authors
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Figure 1: θ = 0: The energy backward errors ξθ(xCG
n ) (solid lines) and ξθ(xθn) (dashed

lines), the ratios of the energy backward errors ξθ(xθn)/ξθ(xCG
n ) (dotted lines), and the

relative energy norm of the CG error εn = ‖eCG
n ‖A/‖x‖A (gray solid lines with markers)

with respect to the iteration number n.

proposed recently bounds for the error norms in CG [4, 5, 7, 8, 12, 13, 23, 24, 31, 32].
One can for instance estimate ‖eCG

n ‖A using

‖eCG
n ‖2A = ‖eCG

n+d‖2A + ‖xn − xn+d‖2A ≈ ‖xn − xn+d‖2A

and use ‖x‖2A = ‖xCG
n+d‖2A + ‖eCG

n+d‖2A ≈ ‖xCG
n+d‖2A to obtain an approximation of ‖x‖A,

which leads to the estimate

εn ≈
‖xn − xn+d‖A
‖xn+d‖A

. (44)

Note that ‖xn − xn+d‖A and ‖xn+d‖A do not need to be computed directly but can
be evaluated cheaply using the coefficients computed during the CG iterations; see,
e.g., [33, 31, 25]. In order to obtain an accurate estimate the requirement is that
‖eCG
n+d‖A � ‖eCG

n ‖A < ‖eCG
0 ‖A = ‖x‖A and thus the relative A-norm of the error eCG

n+d

must be sufficiently smaller than 1. However, as indicated in Section 6 the small relative
error in CG implies that the energy backward error of the CG approximation is already
very close to the optimal one. As a consequence a possible implementation of a vari-
ant of the CG method minimizing the energy backward error using the estimate (44)
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Figure 2: θ = 1/2: The energy backward errors ξθ(xCG
n ) (solid lines) and ξθ(xθn) (dashed

lines), the ratios of the energy backward errors ξθ(xθn)/ξθ(xCG
n ) (dotted lines), and the

relative energy norm of the CG error εn = ‖eCG
n ‖A/‖x‖A (gray solid lines with markers)

with respect to the iteration number n.

could work properly only when the approximations xθn and xCG
n are already practically

indistinguishable.

8 Conclusions

We introduce the energy backward error for problems with a symmetric positive definite
matrix and provide its interpretations in the Galerkin approximation of elliptic problems.
It appears that the energy backward error (with only the system matrix perturbed) can
be interpreted as a relative distance to a basis in which the approximate solution of the
system represents the coordinates of the Galerkin approximation.

Furthermore, we analyze the convergence of the conjugate gradient method in terms
of the energy backward error. For this purpose, we introduce approximations which
at each iteration minimize the energy backward error over the given Krylov subspaces.
Such approximations are given by scalar multiples of the actual CG approximations;
no additional information is extracted from the computed Krylov subspace in order
to minimize the energy backward error. When the A-norm of the error in CG mildly
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Figure 3: θ = 1: The energy backward errors ξθ(xCG
n ) (solid lines) and ξθ(xθn) (dashed

lines), the ratios of the energy backward errors ξθ(xθn)/ξθ(xCG
n ) (dotted lines), and the

relative energy norm of the CG error εn = ‖eCG
n ‖A/‖x‖A (gray solid lines with markers)

with respect to the iteration number n.

decreases, the energy backward errors of the CG approximations start to be very close
to the optimal ones and in this way such a scaling can be regarded only as a sort of
smoothing of the energy backward error in CG in the early convergence phase when the
energy backward error of the approximations can be large.
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