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R€NGVOR H«¡;[]NKL PVWYP6RY[]U	R•n3N]NK^C^	S ^QLOi4SGU	RKLON]UC^OS�Vfa

F

)

U ^OP��\UQL W!^OS i�M]i4S›d SGR2SGRTMO[kJGSVR

H s(@D) S<W�d SGR,SGRQM\[kJGSVR H s
T (@D) ^OS•J•P\[oi6MOR ^	S‚¡�S]J<WYS�VONTRbW []U‰}�SGUXWYRsJ�N�NTNQSGRTM+N�UAH

^\[;U WTR

F

)

U’J]N�U	RKLO^‰§GNTSXd SGR•N�MfPGNY[ WYS]V	NTR€RKVQLH¡;[]UXWYR_^

r : H s(@D � ) ! H s� 1
T (@D � ) ; r� : H s

T (@D � ) ! H s� 1(@D � ) �

ZfFHE

�

¦

NkL W

2

d [KUQN]NKi6[kd S-R€N�NQWY[]UXWYS ^‰VC^QNGi6[kL UOS D � ž7N]UC^OP��\UQL WZNQSGRTMfS]J<WMLH¡�S]i4SGUXWŠd SGR

N�MfPGNT[;WYS�VONTR€N€N]W [;WKLON�U	UOS]d+¡�S]J<WMN�N€L S�d SVW�NKN]WY[;WMLUN�UOUOS�d RKJG[kd [oL NTS M\[]N �vJ z��

j	�

�

^

r � u = r u �
2

; r �
6

= r � (
6

�
2

) �

ZfF[Z

�

E#m



MONQSGUQN]UOR s = 0 [kdON]NTR‚N�UK[a^

r � : H
1
2 (@D) ! H

� 1
2

rot (@D); r� : H
� 1

2
rot (@D) ! H � 1

2 (@D)

r� : H
1
2 (@D) ! H

� 1
2

div (@D); r � � : H
� 1

2
div (@D) ! H � 1

2 (@D)

)

UaNY[]M	M S�dOd SožOM+NGVON s > 0 d SGR•N�MfPGNY[ WYS]V	NTR•^OS�WYNT[kJGS 
 � ^


 � : H s + 1
2 (D � ) ! H s(@D) �

ZAF[m

�

u 7! uj@D

	"	
	 � 
��
��% &�� ����� � � ��� � ���
� � ��
��

�

NkVOR•U g [kdUdON�U	RyMO[]R•NQPGR€NGVQ^ONQS d S€R R�R WM§�i6S (1:9) ^‰L NTS�JVWTS]i4SGUXW-žWi6[kL RbUQNGV	R©L U WTNKNKH

^QV‰L RKN]UOR•VOU1R R�RQWM§�i6S_P�TAV‰LU¡;[kd SVUXW-žxJ]N]U WTSGU\[;U W ^OSVR N]M PVNY[;WTS]VONQR L UXWYP]}]NY[kVfa

F

�

NGV	W•^�g [kn+N�NK^�L UXWTNKNA^QVQL R€N�UOR_d SGR_N�MfPGNT[;WYS�VONTR€RKV‰LU¡;[]UXWYR_^

T ; K : TD
0
(� ; C3) � ! C1 (
 + [ 
 � )

T (J )(x) =
1
k2

r � r �
Z

�
G(x; y)J (y) d�( y)

=
1
k2

Z

�
r xG(x; y)r � � J (y) d�( y) +

Z

�
G(x; y)J (y) d�( y)

[]M	M S�d P{d S�M+N]WTSGUXWML S]d�^OS_R€LOi4MQd S)J�NGVQJ•POS

F

K(M )(x) = �r �
R

� G(x; y)J (y) d�( y)
=

R
� r y � G(x; y)J (y) d�( y)

[]M	M S�d P{d S�M+N]WTSGUXWML S]d�^OSX^QNkVQnQd SXJ�NGVQJ•POSož

N��’N�UKUQN]WTS�M\[]N_^

G(x; y) =
eik jx � yj

4� jx � yj
�

ZfF„~

�

E-~



d S�UQN#RX[kV�^OS"Ÿ_NQSGSVU1M+NGVON_d–g P�TAVO[;WMLUN�U’^�g���S]dUi›PQNkd W ( SGU

m

^‰LOi4SGUOR€LON�UOR

F

\

S JG[kdOJ�VQd ^OSVR�WYNT[kJGSVR�W []U‰}�SGUXWML S]dUd SGR›^OS JVSGR�N�MfPGNT[;WYS�VONTR�R€VON�d [ˆz NKN�UXWKLO§GNQS � ^OS

d–ghL U WTPGN€L S]V	N‚NGV’d«g S a�WYPVNKL S]VON_^OS 
 � ^QN]UOUOSp^

(T (J )) � (x) =
1
k2

r �

Z

�
G(x; y)r � :J (y) d�( y) + f

Z

�
G(x; y)J (y) d�( y)gt

= (TJ )(x)

(KM ) � (x) = �
1
2

2

� M (x) + f
Z

�
r yG(x; y) � M (y)d�( y)gt

= �
1
2

2

� M (x) + (K M )(x)

)

UK[$d SGR_L U �QS]J<WMLON]UOR RKVQLH¡;[]UXWYSGR_^

T : H
� 1

2
div (@D) ! H

� 1
2

rot (@D)

K : H
� 1

2
div (@D) ! H

1
2
rot (@D)

	"	�� � 
�� � � ��� & ��
�� ��
 � �
& �

)

U�^OP �OUQL W R€VON‚d [
RKVON zE[kJGS � ^OS{d«g„NGnOR W [kJ�d S d SGR©^OS]VAa�J]NkVONY[]UXWTR]žOP�d S]J<WYN€LOTWVOS J ž

S<W i6[k}�U	PVWMLUTWVOS M ^

J (x) =
2

(x) � H (x) M (x) = E(s) �
2

(x) �

ZfF ƒ

�

\

SGR_z1N�N€i•VQd SGR_^OS

¦

WYNT[;WTWKN�UAH … PAVaS a	M	NKLOi4SGUXW d SVR•^OS]Vfa�J•PO[ki6M	R E; H ªŠd«g [kLU^OS{^OSVR

^OS�Vfa’N�MfPGNT[;WYS�VONTR T S<W K S<W d SGR_J�NGVONY[;U WTR J SVW M
F

(
E = ik ZT J + K M + E inc

H = �K J + ik Z � 1T M + H inc dans 
 �
�

ZfFhY

�

\

SGR€R R�R WM§�i6SVR �

EGF[l

�

SVW �

ZfFhY

�

RKN]U W�P�TAV‰LU¡;[kd SVUXWYR

F

•tU„MONQSGU\[]UXWXd SGR WTNY[kJVSGR WY[]UQ}�SVU WKL S�dOd SVR ^OS!JGSGR{^	S]Vfa+P]TWV\[;WKLON�UOR�ž N�U [oVONY[ JVSŠTWV�ghN]U

[]M	M S�dOd S d SGR‚z1N]NKi•VQd SGR_^OS_RT[kV	WZ^

E0ƒ



8
><

>:

E �
t = E inc

t + ik Z T J + K M �
1
2

n � M

H �
t = H inc

t � K J + ik Z � 1 T M �
1
2

n � J sur �

�

ZfF[e

�

�•¡�S�JŠd«g P]TWV\[;WKLON�U�^�g„LOi4M P�^\[]UQJVSkž+JGSGR{^	S]VfaiP]TWV\[;WKLON�U	R z1N�N€i6SVU W d SZR€R�RQWK§]i4S$MON€L UQJ�LLH

M\[od�^OS_UQN]WTNTS_PVWKVQ^OS

F

)

U�MfS]V	W NTPVRKNGVQ^	NTS U‰N]WYNQS MON€NGnQdO§�i6S�SGU�MONTSVU\[]UXW_VOUOS ^OS JVSGR‚^	S]Vfa�P]TWV\[;WKLON�U	R [-¡�S�J

d [ˆJ�N�UQ^QL WMLUN�U ^�g„LOi4M P�^\[]UQJVSkž i6[kL RŠJVS]d [„U�g SGR W�M+N�RTR€LOnQd S�TWVOS1R€L k U�g SGR W�M\[;R›VOU	S

¡;[kd S]VON MON€N�MONQS{^QV1M	NKNGnQdU§]i4S{L UXWYPVNKL S]VON

F

�

NGVOR ¡]SGNTN€N�UOR_M\[]N d [�R€VQL WTS•TWVOS]dUTWVOSGR{z1N�N€i•VQd [ WMLON]UOR•^OSŠJGS
W R�MfSkž S<W{N�U£i$N�UXWYNQSGNY[

d–g S a‰L RQWTSGUQJVS�^	S�JVSGR•¡;[kd S�VONTR M\[;NQWMLUJ]VQdULO§VNTSGR ^\[]UOR•d S{JG[]R•^OSXd [-RTM‰PQ§GNQS

F

\

g„NGn	WYSVUXWMLON]U�^	S�JVSGR�P]TWV\[;WKLON�U	R SGRQW nQL SGUaS a�MQdULOTWVOPGSX^\[;UOR �

Y	�

ž �

E#” �–F

	"	�� � 
�� � � ��� & ��
�� ��
 � � � ��
 �����

\

SGR�z1N�NKi!VQd SVRŠ^OS1RT[kV	W6M SVNKi4SVWQWYSGUXW$^�g„NGn	WTSGUQL N$^	SGR4NTS]d [;WMLUN�UOR-SVU WTNTS�d SVR$^	S]Vfa

N�MfPGNT[;WYS�VONTR WY[]UQ}�SVU WKL S�dOd SVR T SVW K
F

¦

NkL W (E ; H ) VOU�J•P\[ki4M1P�d S]J<WYN€NGi�[o}�UOPVWKLOTWVOS)N � d [$NTSGR WYN€LOJVWKLON�UaR€VON 
 + [ 
 � SGRQW

VOU	S-RKNGdUV	WMLUN�U�^QV„R R�RQWM§�i6S�^OSŠ`i[baAc S�dOd S<W{TWVQL>¡]PGNKL��\SŠd [›J]N�UQ^‰L WMLUN�U�^	S-NY[k^QL [;WMLUN�U

^OS

¦

LUdU¡]SGN H ` �QdUd SGN�ž	[odON�NQR_N�UK[$d–g S a	M	NTSGRQRKLUN�U ^	SGR•J]NGV	NY[]UXWYR€P�TAV‰LU¡;[kd SVUXWYR_^

J = [
2

� H ] M = [E �
2

]

S<W d SGR‚z1N�N€i•VQd SGR_^OS

¦

WTNY[;WQWMN�UAH … PWV�^‰N�UOUOSVU W2^

(
E = ik ZT J + KM

H = ik Z � 1T M � KJ dans 
 + [ 
 �
�

ZfFhj

�

�

NGVOR M	NTSGU‰N�UOR E � = H � = 0 žC[kdUN�NTR•N�U+[›d«g S a�MONQSGRQRKLON]U ^OSGR J]NGVONT[]UXWYR)P]TWVQLU¡;[�H

d SGUXWYR_^

J =
2

� H +
t M = E +

t �
2

E#Y



[kL UORKL d«g S a�MONTSVRTR€LON�U�^OSGR WTNY[kJVSGR�UQN�NKi6[kd SGR‚^OSVR€P]TWV\[;WKLON�UOR•^QVKR€R�R WM§]i4S �

ZfFhj

�

SGR WZ^

2

6
4

1
2

�
2

� K ik Z
2

� T

� ik Z � 1 2

� T
1
2

�
2

� K

3

7
5

"
2

� E +
t

2

� H +
t

#

=

"
2

� E +
t

2

� H +
t

#
�

ZfFhl

�

I

SXJVSZR R�RQWM§�i6Sož<N�UKWKL NQS$^

2

6
4

�
1
2

�
2

� K ik Z
2

� T

� ik Z � 1 2

� T �
1
2

�
2

� K

3

7
5

"
2

� E +
t

2

� H +
t

#

=

"
0

0

#
�

ZfFHE#”

�

•tU NTS�i6MQd [��z[;U WXd SGR�S a	M	NTSGRQRKLUN�UOR�^OS

2

� E +
t

S<W�^OS

2

� H +
t

^QV0R€R�R WM§]i4S �

ZfFhl

�

^\[;UOR•d S�R€R�R WM§]i4S �

ZfFHE#”

�

ž	UQNGV	R�WTNKNGV‰¡kN�UOR_^

(
2

� K )(
2

� K ) + k2(
2

� T)(
2

� T) =
1
4

�

ZfFHEGE

�

(
2

� T)(
2

� K ) = � (
2

� K )(
2

� T) �

ZfFHE0Z

�

… SVR‚^OS]VAa z1N�N€i•VQd SGRyRKN�UXW [;MOM S�dOd PGSGRsz1N�N€i•VQd SVR©^	SX… [kdO^	SGNKN]U�ž SVW‚d–ghN]M PVNY[;WTS]VON V	WMLUdOL RTP

^\[;UOR•d S�R€R�R WM§]i4S �

ZfFhl

�

SGR W ^QL W€MON€N �QS]J<WYS�VON•^OS"… [kdO^OSVNKN�U

F

E0e



� � �����+
’� � �

�

��
 �

�

� � � �™��
��

� �


 �

�
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 � �

�


 � � � �

�
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�




… S•J•P\[]MQL WYNQS MONTPVRTSGUXWTS TWVOS�dOTWVOSGRsz1N�N€i•VQd [ WMLON]UOR>TWVQLQz1N�UXWsL U WTSGN ¡�SGU‰L N VOUpRTS�VQd<^OSGR

^OS�Vfa’J�NGVONY[;U WTR

F

�

NGVOR•V	WMLUdOL RTSGN€N�UOR MO[]N_d [-RKV‰L WYS{d SGR€P]TWV\[ WMLON]UOR RKVQLH¡;[]UXWYSGRZ^

8
>>>>>>><

>>>>>>>:

E �
t = E inc

t + ik Z T J + K M �
1
2

2

� M

H �
t = H inc

t + K J + ik Z � 1 T M +
1
2

2

� J
2

� M = Z � J

M = � Z �
2

� J

�

m‰FHE

�

� 	�� �#� ��� & � � ������� �����	�

• dOd S�J�N�UOR€L RQWTS!ª4MONTSVUQ^ONQS E �
t = 0 žf[kdON�NQR€RKL k2 U�g SGR W MO[]R VOU	S�z NQP]TWVOSGU‰JGS•^OS

NQPGRKN]U\[]UQJVS2M+NGVON_d S�MONKNGn‰dO§]i4S)L UQL WKL [kd �

EGF[Z

�

N�U1[kVONT[(^

8
><

>:

r � E � ik Z H = 0

r � H + ik Z � 1E = 0 dans 
 �

E �
t = 0

�

m‰F[Z

�

… S�J]L SGUXWYNT[�
 U	S{TAV	S E j 
 � = H j 
 � = 0
•tU�V	WMLUdOL RT[]UXW‚d SGR_z1N�NKi!VQd SVR‚^QVKRY[kV	W]žxN�UaWYNKNkV‰¡�Sp^

E#j



� E inc
t = ik Z T J + K M �

1
2

2

� M

S<W¨ª d«gv[kLU^OS©^	SGR>^	SGNTU‰LO§GNQSGR8P]TWV\[;WKLON�UOR7^QV$R R�RQWM§�i6S (3:1) žvUQNGVORgWYNKNkV‰¡GN�U	R>d«g P]TWV\[ WMLON]U

R€VQLU¡;[]UXWYSp^

�
E inc

t

Z
= ik T J � K �

2

� J �
1
2

� J

TWVQL MONQSGUQ^�VOUQLUTWVOS]i4SGUXW J J]Nki›i4S)L U‰J]N�UOUWVOS

F

�

NGVOR€NTPVP]JGN€LU¡kN�UOR•JGS<WTWYSZNTS�d [;WKLON�U�RKNGVOR d [!z1N]NKi4S-^

AJ = � E inc
t =Z

N�� A SVRQW d«g„N�MfPGNY[ WYS]V	N_L UXWYP�}�NY[kdx^

A = ik Z T � K � n � � 1
2 �

� 	
	 �#� ��� & � � ������� � ���	�

•tU1M	NTSGUO[]UXW

2

� H �
t = 0 [kdON]NTR_d S MONKNGn‰dO§]i4S{L UXWTPGNKL S]VON R�g P�JGN€L WZ^

8
><

>:

r � E � ik Z H = 0

r � H + ik Z � 1E = 0 dans 
 �

2

� H �
t = 0

�

m‰Fhm

�

¦

L k U�g SGR W�M\[]R›VOUOS�¡][od S]V	N6MON€N�MONQS�^QV:M	NKNGnQdU§]i4S L UXWYPGN€L S�VON]žy[kdUN�NTR�JGS1R€R�RQWK§]i4S

[k^‰i6S<W©V	UOS)RQS]VQd S R€NGdOV	WKLON�U žGTWVQL|SGRQW d [�RKNkdOV	WKLON�UpWYN€LU¡AL [kd S E j 
 � = H j 
 � = 0 žWJVS]J]L

LUi6MQdULOTWVOS2^

2

� H inc
t = � ik Z � 1 2

� TM +
2

� K J + 1
2J

S<W [-¡]S]J�d SGR_^	SGNTU‰LO§GNQSGR€P]TWV\[ WMLON]UOR•^QV1R R�RQWM§�i6S �

mfFUE

�

N]U�Nkn	WML SGUXW_^

2

� H inc
t = ik Z � 1 2

� T�
2

� J +
2

� K J +
1
2

J

•tU�^�g [oV	WYNQSGR WYSVNKi4SGR BJ =
2

� H inc
t

N�� B SGR W d«g„N�M PVNY[;WTS]VON_L UXWYP]}]NY[kd ^

B = ik Z � 1 2

� T�
2

� +
2

� K + 1
2

E#l



�

BA@Cr‰9�
 67B p��

� "  !���� )=�1� )":�� )� %/� ����# %/��- ��� ���9��-A�L����":�� # ��1�#�"�%/� % �� # �L� 0&��1��

# �� !����%/� =�������-/��#,���A���
0&�*":�� ) !��� ����# %�-  !�����G��� %�� �� &%/� k 0)��-A� ����#GFG- ��� ����# ��� ���N"�#��

�
�� !��� ���C��� -A )":��" �
1 %/� �L��# ��� -/�*":��  !� # �� )� 0 ��#7��#�#�-/��1���# �

� 	�� �#� ��� & � � ������� � ���	�

… SVWQWYS z1N�N€i•VQd [;WMLUN�Ušz1N�NKJVS d StJ•P\[ki4M�P]d S�JVWTNKLOTWVOSož S<W£d StJ•P\[ki4M i�[o}�UOPVWKLOTWVOS

� WMNGVONQUOPsª‚d«g„L UXWTPGNKL S]VON3^QVX^QNGi6[kL U	S

�

^�g MVWTNTStUWVQd R]ž-JVS]J]LXSVUXWYNY[ 
 UOS TWVOS E j 
 � = H j 
 � = 0 ž

S<W
[-¡]S]J d SGR{z1N�N€i•VQd SVR{^OS4RY[kV	WTR"Nkn	WYSVUAV	SGR!^	S›d–ghL U WTPGN€L S]V	N)^QVC^‰NGi�[oL UOS 
 � ž UQNGVOR

MONQSGUQN]UOR•VOUOS�J]NGi•n‰L U\[kL RKN�U dOL U	Pz[kL NTS)^OSVR•^OS]VfaKP�TWV\[;WMLUN�UOR

F

)

UK[$^‰N�UQJ E �
t =

2

� H �
t = 0 ž\SVW�M\[]N_J�N�UORTP�TWVOSGUXW)N]U1[a^

8
<

:
�

E inc
t

Z
= ik T J � K �

2

� J �
1
2

� J
2

� H inc
t = ik Z � 1 2

� T�
2

� J +
2

� K J + 1
2J

S<W ^ ghVOU	S�i6[]UQLU§GNQS z1N�NKi4S]dUd Sož‰N�UaP]JVNKL W_^

CFIE = � EFIE + (1 � � )MFIE avec � 6= 0; 1 �

m‰F„~

�

NGV

CFIE = EFIE + � MFIE avec� 6= 0 �

m‰F ƒ

�

[-¡�S�J6^

� =
1 � �

�
)

U-NTS�i�[;NKTWVOS_TWVOS•d«g„V	WMLUdOL RY[;WKLON�UX^OS•d [)…

•>‘

• [-¡�S�J•d [)^OS�VfafLO§]i4S‚z1N�N€i•VQd S•P]dULOi$L UOS d S

JG[]R¨J]N]NTNTSVRTM+N�UQ^\[;U W ª d [ `

•>‘

•ˆN�� � SGR WtUWVQd

FoI

S MQdUVORxS�dOd S [��€NkV	WYS‚d S©JG[]R � = � 1
TWVQL\SVRQW©^�ghV	UOS•LOi4M3N�N W []U‰JGS NTS�i�[;NKTWV\[knQd S M3NkVON d S_JG[]Rs^OS d [!RTMQP‰§GNTSož SVW TWVQL|U�[�M\[]R

^�g P]TWVQLH¡;[kd SVU W€SVU V�WMLOdUL RT[]UXW_d [$MONQS]i$LO§VNTS)z1N�N€i•VQd S Jz[]N•d«g P]TWV\[ WMLON]U„^

1 � �
�

= � 1

Zk”



U�g [-M\[]R•^OS_RKNkdOV	WKLON�U�ž�SVW N�UKP]JVNKL W_^

[A + � B]J = � E inc
t + � n � H inc

t

� L UOR€L�d«g S a�MONQSGRTR€LON�U�^OSXd«g„N�MfPGNT[;WYS�VON_^OSXd [�…

•>‘

•:SVRQWZ^

C = A + � B

= ik T � K �
2

� �
1
2

� + ik �
2

� T�
2

� + �
2

� K +
1
2

�

… N�UXWTNY[kL NTS]i4SGUXW [kVfa�[kV	WTNTSGR z1N�NKi!VQd [;WKLON�U	R]žSJGS�dOd S�H J�Lf[]RTR€VONTS)d–g S afL RQWTSGUQJVS S<W‚d«g„VOUQLUJ]L WYP

^OS d [�R€NGdOV	WKLON�UpM+NGVONbWMNGV�WYS_¡;[kd S�VONs^QV�UQNki•nONTS ^�g„N�UQ^OS k
FW\

["^QL �›J�VQd WTP•J]N�UOR€L R WYS ª

WTNKNGV‰¡]SGN d S � N�M	WMLUi�[od‰TWVQL [ki6P�dOLUN�NTS‚d S•J]N�UQ^‰L WMLUN�UOUOS�i6SVUXW©^‰V6R R�R WM§�i6S)UAV‰i6PVNKLOTWVOS

ª-NTPVRKNGV‰^ONTS
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SGRtNQS]d [ WMLON]UORxSVU WTNTS•d SVR¨J]NkVONY[]UXWTRtP]d S�JVWTNKLOTWVOS S<Wsi�[o}�UOPVWKLOTWVOS MfSGN€i6S<WTWTSGUXW ^�g P]dULLH

i$L UOSVN™d S J�NGVONY[;U W:i6[k}�UOP<WMLOTWVOS TWVQL SVRQW:^QL �$J]LUd S ª€S a�MON€LOi4SGNg[kVZUQLU¡]Sz[kV�^OS d [_^QL RKJGNQP�H

WKL RY[ WMLON]U�ž<Jkg SGRQW!M3NGV	NKTWVQNGL:N�U+MfS]V	W�SVUS¡fL RY[k}]SGN)^OSVR)z1N�NKi!VQd [;WKLON�U	R ª›^OS]Vfa J]NGV	NY[]UXWYR

M+NGVON P ¡fL WYSVN JVSVWQWYSX^QL �$J�VQd WTP

F

��	�� � � � � ��� & � � ������� ��
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 � � �
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[]U	R{JGSVWQWYS!z1N]NKi•VQd [;WMLUN�U�žxd S!J•P\[ki4M„P]d S]J<WYNKNki�[k}]UOPVWKLOTWVOS•ª›d«g„L UXWYPVNKL S�VON ^QV£^QNKH

i6[kL U	S4SVRQW
MONKL RZUWVQd–ž•JGS TWVQL LOi4MQdULOTWVOSŠTWVOS d SGR_WYNT[kJGSVR!^OSVR!J•P\[ki4MOR2P]d S�JVWTNKLOTWVOS4SVW

i6[k}�UOP<WMLUTAV	S ^	S d–ghL U WTPGN€L S]V	NyR€N�UXW UWVQdUd SVR � H �
t = E �

t = 0 �

ž�[kL UORKLxd SGRsz1N�NKi!VQd SVR ^	S

RT[kV	W�R]g P]JVNKLU¡]SGUXW J]NGi$i6S RKVQL W2^

8
><

>:

ik Z T J + K M �
1
2

2

� M + E inc
t = 0

� K J + ik Z � 1 T M +
1
2

2

� J + H inc
t = 0

�

NGVOR V	WMLUdOL R€N�UORsd [XJ]N]UQ^QL WKLON�U�^�g„LOi4MfP]^\[]U‰JGS�M3NGV	N•P�dOLOi$L U	SGN d SVRyWTSGN€i6SVR©^OS d [{z1N�NKi4S

2

� J et
2

� M
F

)

Ui[on3NGV�WML W_ªa^

8
><

>:

Z (ik T �
1
2

� ) J + K M = � E inc
t

� K J + Z � 1(ik T �
1
2

� � 1) M = � H inc
t

�

~QFHE

�
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g [#¡;[]UXWY[k}�S ^	S)JGS<WTWYS z1N�NKi•V‰d [;WKLON�UpSGR W_^OS!U	S!M\[]R M	NTPGRQSGUXWYSVN_^OS z NQP]TWVOSGU‰JGSGR S afJGSGM/H

WKLON�UOU	S]dOd SGR€M+NGVON d SGR€TWVOS]dUd SGR d SZR€R�RQWK§]i4S
U�g SGR W�M\[]R L US¡�SVNTR€LOnQd S

F

… SGMfSGUQ^O[]UXW-ž S�dOd S_UOS

MfS]V	W MVWYNQS V	WKLOdOL RTPVS›^\[;UOR•d S Jz[]R•N � d«g„N�MfPGNY[ WYS]V	N!^�g„LOi4M P�^\[]UQJVS � U�g SGR W-M\[]R
M\[]N H

WKNGV	W)L US¡�SGNQRKLUnQd Sož3Jog SVRQW_M+NGVONKTWVQNkL>N�U+SVRQWZ[ki4SGU	P•ª V	WKLOdUL RTSVN ^ g [kV�WYNTSVR z1N�N€i•VQd [ WMLON]UOR

U�g [-RX[]UXW)M\[]R_JVSVW L UQJ�N�US¡�PGU‰L SGUXW

F
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U2M	NTSGU‰^ E �
t = 0 SVW7N�UZ[��€NGV�WYS©ª•JVSVWQWYSyP]TWV\[;WKLON�UXd StWTSGNKi4S

1
2

(
2

� M � z� J )
TWVQL+^OS�¡�NT[kL W.MVWYNQS UWVQdfRKL+d [ZRKNGdUV	WMLUN�U›JG[kdOJ�VQd PVS)SVRQW_n‰L SGU›JGS�dOd S ^QV�M	NKNGnQdU§]i4Skž MQVQL R N�U

[��€NkV	WYS{VOUKRTS�J]N�U‰^iP]TWV\[ WMLON]U�^‰N�UOUOPVS2M\[;N_d [$`

•>‘

•3^

8
<

:
E �

t +
1
2

(
2

� M � Z � J ) = 0
2

� H �
t = 0

�

~QF[Z

�

•tUˆL U �QS�JVWY[]UXW{JGSVRZP�TWV\[;WMLUN�UOR{^\[;UOR{d SVR)z1N�NKi•V‰d SGR ^OS-RY[oV	W-ž�N]U—Nkn	WML SGUXW{d S
R€R�RQWK§]i4S

R€VQLU¡;[]UXW_^

(
ik Z T J � 1

2 J + K M = � E inc
t

�
2

� K J � 1
2 J + ik Z � 1 2

� T M = �
2

� H inc
t

�

~QFhm

�

'�90(+8 (+*-,/.0,1(+2�y��
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NkL W � E ; H �

V	U—J•PO[ki6M P�d S]J<WYN€NGi�[o}�UOPVWKLOTWVOS$R€NGdOV�WMLON]U ^QV MONKNknQdO§�i6S•L UXWYPGN€L S�VON!S<W

S a�WTPGN€L S]V	N€WTS]d™TWVOSp^

(
E �

t 6= 0
2

� H �
t = 0

�

~QF„~

�

[kL UORKL d SGR_J�NGVONT[]UXWYR�P]d S�JVWTNKLOTWVOS J SVW i6[k}�UOP<WMLOTWVOS M R�g P�JGN€LU¡�SVUXW
^

(
J =

2

� H +
t

M = E +
t �

2

� E �
t �

2

�

~QF[ƒ

�

Zkm
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UK[$^‰N�UQJp^

H +
t = �

2

� J
�•¡�S�J"d [•J]N�UQ^‰L WMLUN�U�^�g„LOi4M P�^\[]UQJVSkžxN�U’NGn�WML SVUXW_^

E +
t = � (E �

t � Z �
2

� H +
t )

I

[;UOR•JGSXJz[]R�ž<d [•J]N]UQ^QL WKLON�U�^ ghLUi6MfP]^\[;UQJGS�MONQSGUQ^�d [•z1N�N€i6S
^

E �
t + (E +

t � Z �
2

� H +
t ) = 0

S<W)S�dOd S!SGR W)P�TWVQLU¡;[kd SGUXWYS�ª(^

2(E �
t +

1
2

(n � M � z� J )) = 0

… S<WTWYS ^OSVNTUQLU§GNTS€P�TAVO[;WMLUN�U›i$N�UXWYNQS•TAV	S d S�R R�RQWM§�i6S �

~‰F Z

�

[k^‰i6S<Ws^OSGRyRKNGdUV	WMLUN�UORbUQN�U

UWVQdUd SGR�žoJVS_TWVQLQL U‰^QVQL W:d [)MONTPVRTSGU‰JGS•^OSGR¨¡;[kd S]VONQR S afJVSGM	WKLON�UOU	S]dOd SGR¨^‰V-UQNGi•nONQS‚^�g„N�UQ^OS

k
F

�
\

[ z1N]NKi•VQd [;WMLUN�U_MONTP�JGP�^OSGUXWYS_i$N�UXWYNQS d [ ^QL �›J�VQd WTP©^	S MONQSGUQ^ONQS SGU!J]NGi4M	WYS©d [ J]N�UQ^‰LLH

WKLON�U�^�g„LOi4MfP]^\[]U‰JGS�M+NGVON€P]dULOi$L UOSVN d«g„VOU’^OSVR J�NGVONT[]UXWYR
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+�[]MOMfS]dON]UOR_TWVOS]dUTAV	SGR N�M PVNY[;WTS]VONQR•^QLJ
 PGNQSGUXWML S]d R_dUL PVR_ª$d [$RTMQP‰§GNTS4^

�

}]NY[k^QL SGUXW€RKV	N€zE[kJ�LOTWVOSp^

r S2
r

=
1
r

(
@
@�

~e� +
1

sin(� )
@

@'
~e' )

�

N€N]W [ WMLON]UOUOS]d RKVON zE[kJ]LUTWVOSp^

r S2
r

�
2

=
1
r

(
@
@�

~e' �
1

sin(� )
@

@'
~e� )

� \

[]M‰d [kJ�L SGU(R€VON€zE[oJ]LOTWVOS �1N�M PVNY[;WTS]VON_^	S

\

[]M‰d [kJVSXœ S]d WYNY[oi›L

�

^

� S2
r

=
1
r 2

(
1

sin2(� )
@2

@2'
+

1
sin(� )

@
@�

(sin(� )
@
@�

))

N�� (r; � ; ' ) NTSGM	NTPGRQSGUXWYS d SbWYNKL MQd S<WgSGU!J�NfN]NK^QN�U	UOPGSVRxRTM‰POPGN€LOTWVOSGR>^�ghV	U$M3NkL UXW x ^\[;UOR

d–g SVRTM\[kJVS

F

)

U:NT[]MOMfS]dOd Si[oVORTR€L TWVOS]dUTWVOSGR z1N�U‰JVWMLUN�UOR6RTMfP]J]L [kd SVR TWVOS„UQNkVOR V	WKLOdOL RTSVNKN�UOR4M\[]N›d [

R€VQL WTSkž

M+NGVON_VOUKSGUXWKL SGN l N�UK[a^

j l (x) ^Qz1N�U‰JVWMLUN�U�^OS�œ SVRTRTS�d8RQMQPOPVNKLOTWVOSX^�g„N�N€^ONTS l
F

yl (x) ^Qz1N�UQJ<WMLON]U�^	S

�

S]VQi6[]UOUaRQMQPOPGN€LOTWVOS�^�g„N�NK^ONQS l
F

h(1)
l (x) ^Qz1N]UQJVWKLON�U�^OS � [;U��]S�d RTMQPOPVNKLUTAV	S"^OS_MONQS]i$LO§VNTS�SGRQM3§�JGSZSVW ^�g„N�NK^	NTS l

F

ZGƒ



 l (x) ^Qz1N�UQJVWKLON�U�^	S7+•LOJG[;WTWKLLH œ SGRQRTS]d ^�ghN]NK^ONQS l
F

� l (x) ^Qz1N�UQJ<WMLON]U�^	S7+•LOJG[;WTWKLLH

�

S]V‰i�[]U	U ^�g„N�NK^ONQS l
F

� (1)
l (x) ^‰z1N�U‰JVWMLUN�U’^OS + LUJz[;WQWML H � [;U��]S�d ^OS_MONQS]i$LO§GNQS�SGRQM3§�JGSZSVW ^�g„N�NK^ONQS l

F

)

UK[6[oL UOR€L«ž‰d SGR NQS]d [ WMLON]UOR RKV‰LU¡;[]UXWYSVR2^

h(1)
l (x) = j l (x) + i yl (x)

 l (x) = x j l (x)

� l (x) = x yl (x)

� (1)
l (x) = x h(1)

l (x)
\

SGR•LU^OSGUXWML WYPVR�� N€N�UOR �WL SGUOUOSVR)R€N�UXW ^‰N�UOUOPVSGR�M\[]N�^

 l (x) �
0

l (x) �  
0

l (x) � l (x) = 1

 l (x) � (1)0

l (x) �  
0

l (x) � (1)
l (x) = i

I

N]UOUQN�UOR�[kV	RTRKL•TWVOS�dOTWVOSGR ^OP ¡�S]dUN�MOMfS]i4SGUXWYR�ž|M3NGV	N x >> l N�UK[(^

 l (x) ' cos(x � l+1
2 � )

� l (x) ' sin(x � l+1
2 � )

� (1)
l (x) ' exp(x � l+1

2 � )

�

ƒfFHE

�

¥

NGVON€MQdOV	R_^OSX^OPVWY[kLOd R]ž‰¡kNGL N �

l	�–F
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NkVORbRY[-¡GN�U	R TWVOS•J•P\[kTWVOS J]NGi4M3N]RY[]UXWYS_^	SGR J•P\[ki4MOR E SVW H ž€¡]PGNKL��\S d«g P]TWV\[;WKLON�U

^�g �)S�dOi$PQNGd W ($^

� w(x) + k2w(x) = 0
¦

NkL W w VOUOS_RKNGdUV	WMLUN�U�^OSXJGS<WTWTSZP�TWV\[;WMLUN�U�ž|[kdUN�NTR ^

r � [ ~x (� w(x) + k2w(x))] = 0
N��’N�UKUQN]WTS�M\[]N ~x d S)¡�S]J<WYS�VON![]RQRKNAJ]L P_[kVaM3NGL UXW x

F

�

NGVOR�[-¡GN�UOR d [$NQS]d [;WMLUN�U„^

� ~xw(x) = ~x� w(x) + 2r w(x)

ZkY



S<W ^‰N�UQJ

r � [�( ~xw(x)) + k2(~xw(x)) + 2r w(x)] = 0
J�NGi›i4S r � r = 0 žQN�U1[p[kL U	RKL ^

r � [ �( ~xw(x)) + k2(~xw(x)) ] = 0
��d–g [kLU^OS)^OS�d [!z1N]NKi•VQd S ¡�S�JVWKN�NKL S]dOd S-^

� ~V = rr :~V � r � r � ~V
UQNkVOR•NGn	WYSVUQN�UOR_^

r � [ k2(~xw(x)) � r � r � (~xw(x))] = 0 �

ƒfF Z

�

•tUKMONTSVU\[]UXWZ^

(
E(x) = r � (~xw(x))

H (x) =
1

ik Z
r � r � (~xw(x))

)

UK[K^

� MO[]N_J]N�U	RQWYN€VQJVWKLON�U r � E = ik Z H

� ^ g []M	NK§GR•d–g P�TAVO[;WMLUN�U �

ƒfF[Z

� r � H = � ik Z � 1 E
^QN]UQJ E SVW H ¡]PGN€L �\SVU W d S�R R�RQWM§�i6S�^OS"`i[baAc•S]dUd

F

I

S�d [Ši�M]i4S{zE[��]N�U ž\SGUiM	NTSGUO[]UXW)VOUOS2[kV	WTNTS_RKNkdOV	WKLON�U v ^OS�d«g\P�TWV\[;WMLUN�U�^�g���S]dUi H

PQNkd W (�S<W€SGUKM3N]RY[]UXWZ^

8
>><

>>:

E(x) =
i
k

r � r � (~xv(x))

H (x) =
1
Z

r � (~xv(x))

N�U$NGn	WKL SVU WsV	UOS [oV	WYNQS�R€NGdOV�WMLON]U$^‰V6R R�R WM§�i6S ^OS `i[baAc S�dOd

F

… NGi›i4S_JGS�R€R�R WM§]i4S�SGRQW

dUL UOPG[kL NQSkžAN�Ui[p[kdUN�NTR ^

8
><

>:

E d(x) = r � (~xw(x)) +
i
k

r � r � (~xv(x))

H d(x) =
1

ik Z
r � r � (~xw(x)) +

1
Z

r � (~xv(x))

SVRQW VOUOS_RKNkdOV	WKLON�U�^QVKR€R�R WM§]i4S�^OS"`i[baAc S�dOd

F

\
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NGL SGUXW v SVW w ^OS�Vfa6M3N;WYSGUXWKL S]d Rs^OS

I

S]nSR�S{^OP��\UQL R©^\[;UOR R3 nS2
a

ž SVW E; H d SGR

J•P\[oi6MOR€P�d S]J<WYN€NGi�[o}�UOPVWKLOTWVOSVR€[]RTR€NfJ�L PGR�ž|[kdON]NTR!^

E t (x) = lim
x! a �

2

� (E(x) �
2

)

H t (x) = lim
x! a �

2

� (H (x) �
2

)

… NGi$i4S)N�U’¡fL SGUXW ^OSXd S)¡kNGL N�žQN�UK[$^	S]Vfa(W R�MfSGR ^OS_M3N;WYSGUXWKL S]d R_^OS

I

S]nSR]S�^

� .��™8 BC&

^

V = r � (~xv)
� .��™8 B p

^

W = r � r � (~xv)
¥

NGVON!JG[kdOJ�VQd SVN"d SGRZWYNY[oJGSGR2W []UQ}]SGUXWML S]dOd SGR�^OSGR!J•P\[ki4MOR
P�d S]J<WYN€LOTWVOS�S<W•i6[k}�UOP<WMLUTAV	Skž

N�U [ nfSGR€NGL U£^	SŠJz[kdUJ]VQd SGN d [6WYNT[kJGS$WY[]UQ}�SVUXWML S�dOd S"^OSŠJ•PO[kTWVOS-W R�MfSŠ^OS-M+N]WYSVUXWML S�d>^OS

I

S�nSR�S

F

)

UK[6[kdUN�NTR ^

�
8 (x.#BA23.#,vBA= 47B�.��™8 BC&��

r � (~xv) =
1

sin(� )
@

@'
v ~e� �

@
@�

v ~e'

S<W•J]NGi$i4S

2

= ~er ; ~e� ; ~e'
z1N]NKi4SGUXW•VOUOSXn\[]RQSXN�NQWKPQN�UQN�N€i�[od S�[kdUN�NTR ^

(r � (~xv(x))) t = r � (~xv(x))

= � n � r S2
r
(r v(r; � ; ' ))

�
8 (x.#BA23.#,vBA= 47B�.��™8 B p �

r � r � (~xv(x)) = r � r � (r v(r; � ; ' )n)

= �
1
r 2

(r
@2

@� 2
v +

r
tg(� )

@
@�

v +
r

sin(� )
@2

@� 2
v)

2

+
1
r

[
@
@�

(
@
@r

v) ~e� +
1

sin(� )
@

@'
(

@
@r

v) ~e' ]

[oL UOR€L UQNGVOR•NGn�WYSGU‰N�UOR_^

(r � r � (~xv(x))) t =
1
r

[
@
@�

(
@
@r

v ) ~e� +
1

sin(� )
@

@'
(

@
@r

v) ~e' ]

= r S2
r
(

@
@r

(r v))
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NGL W Pn
d–g SVRTM\[kJVS‚^OSVR M3NkdUR�U��Gi4SGR7^OS C[X ; Y; Z ] P‰NGi›Nk}G§GUOSVR SVW>P\[]N€i›N�U‰LOTWVOSGR

^OSX^OS�}�NTP l
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