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Analysis of acoustic energy and modes
in a turbulent swirled combustor

By C. Martin †, L. Benoit‡, F. Nicoud¶ AND T. Poinsotk

This paper presents the analysis of the self-excited combustion instability encountered
in a lab-scale, swirl-stabilised combustion system. The instability, successfully captured
by reactive Large Eddy Simulation (LES) is used to verify an acoustic energy equation.
This energy equation shows how the source term due to combustion (equivalent to the
Rayleigh criterion) is balanced by the acoustic 
uxes at the boundaries when reaching
the limit cycle . Additionally, an Helmholtz-equation solv er including 
ame-acoustics
interaction modelling is used to predict the stability characteristics of the system. Feeding
the 
ame-transfer function from the LES into this solver all ows to predict an ampli�cation
rate for each mode. The unstable mode encountered in the LES compares well with the
mode of the highest ampli�cation factor in the Helmholtz-equation solver, as well in
terms of mode shape as in frequency.

1. Introduction
During the design phases of modern combustion chambers for gas turbines, a critical

problem is often encountered: combustion oscillations (Candel 1992; Crightonet al. 1992;
Poinsot et al. 1987; Poinsot & Veynante 2001). These oscillations cannot be predicted at
the design stage and correcting actions can be extremely costly at later stages. Testing
burners in simpli�ed combustion chambers is a common methodto verify their stability
but is also an ambiguous approach because it is known that a given burner can produce
unstable combustion in one chamber and not in another. Methods which could pro-
vide stability analysis before any tests are therefore requested. This paper demonstrates
that Large Eddy Simulation, coupled to acoustic analysis, can provide such information.
A proper framework to analyse combustion stability is the wave equation for reacting

ows (Poinsot & Veynante 2001). Such an equation is complex to derive because most as-
sumptions used in classical acoustics must be revisited in amulti-species, non-isothermal,
reacting gas. An approximate equation controlling the propagation of pressure perturba-
tions in a reacting 
ow is:

Ñ �
�
c2

0Ñp1
�

�
¶2

¶t2 p1 = � (g� 1)
¶ �wT1

¶t
� gp0Ñ~u1 : Ñ~u1 (1.1)

where the subscript 0 refers to mean quantities, and the subscript1 to small perturba-
tions. �wT1 is the local perturbed heat release andc0 is the sound speed, which can change
locally because of changes in temperature and composition due to chemical reactions.
These reactions are also the source of the additional RHS source term (g� 1)¶ �wT1=¶t,
which is responsible for combustion noise and instabilities. Equation (1.1) is di�cult to
use directly in practice. In the present work, it was solved or used in three di�erent ways:
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� First, a fully compressible LES of the reacting 
ow was performed, in which the
pressure perturbationsp1 are explicitely solved for using the full Navier-Stokes equation
(not the linearized form of Eq. 1.1). The code used for this LES is described in section 2.

� Second, Eq. 1.1 is solved in the frequency domain by assumingmono-harmonic

uctuations. This is done using a Helmholtz tool described in Section 3.

� Third, Eq. 1.1 is integrated to derive an equation for the 
uc tuating energy. The
de�nition of such an energy in a reacting 
ow is discussed in Section 4.

The reasons for this combined strategy are the following. First, it is now clear that
Large Eddy Simulation (LES) is a powerful tool to study the dynamics of turbulent 
ames
(see special issue ofFlow Turbulence and Combustion(65, 2000) on LES of reacting 
ows
or recent books on turbulent combustion: Peters 2000; Poinsot & Veynante 2001). Mul-
tiple recent papers have demonstrated the power of these methods (Angelberger, Egol-
fopoulos & Veynante 2000; Caraeni, Bergstr•om & Fuchs 2000;Colin & Rudgyard 2000;
Desjardins & Frankel 1999; Pierce & Moin 2004; Pitsch & Duchamp de la Geneste 2002
Selleet al. 2004). However, an important limitation of LES is its cost: the intrinsic nature
of LES (full three-dimensional resolution of the unsteady Navier Stokes equations) makes
it very expensive, even on today's computers. Faster tools are needed, for example for op-
timization and control of thermo-acoustic oscillations in chambers . Acoustic Helmholtz
codes belong to this second category. These codes try to predict the global stability of a
given combustion system by analyzing the ampli�cation (or damping) of acoustic waves
propagating through the entire combustion device. The mostcommon versions of such
codes describe combustion through very simpli�ed linear formulations such as the n-tau
model (Crocco 1969; Kaufmann, Nicoud & Poinsot 2002; Poinsot & Veynante 2001) or
matrix formulations (Krueger et al. 2000; Paschereit, Flohr & Schuermans 2001; Po-
lifke et al. 2001). In these formulations, the 
ame zone is viewed and modeled as a black
box characterized only by its transfer function (or its matr ix for matrix approaches),
which essentially relates perturbations of heat release inthe 
ame to perturbations of
inlet velocity. LES and acoustic codes can be linked: LES is used to provide the mean
�elds, the unsteady �elds and the 
ame transfer function. Th is 
ame transfer function
can then be fed into acoustic codes to predict the overall stability of the combustion
chamber when it is connected to upstream and downstream ducts.

2. Large Eddy Simulations for reacting 
ows in complex geometries
2.1. Numerical methods for compressible reacting LES

Most academic LES is often limited to fairly simple geometries for obvious reasons of
cost and complexity reduction. In many cases, experiments are designed using simple
two-dimensional shapes (Angelberger, Egolfopoulos & Veynante 2000; Duchamp de La-
geneste & Pitsch 2001; L�egier, Poinsot & Veynante 2000) or axisymmetrical con�gura-
tions (Kempf et al. 2000; Pitsch & Steiner 2000) and simple regimes (low speed 
ows,
fully premixed or fully non-premixed 
ames) to allow research to focus on the physics
of the LES (subgrid scale models, 
ame/turbulence interaction model), and more gen-
erally, to demonstrate the validity of the LES concept in academic cases. This approach
is clearly adequate in terms of modelling development, but it can also be misleading
in various aspects when it comes dealing with complex 
ames in complex geometries,
especially in real gas turbines for which speci�c problems arise:

� Real geometries cannot be meshed easily or rapidly with structured or block-structured
meshes: up to now, most LES of reacting 
ows have been performed in combustion cham-
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bers where structured meshes were su�cient to describe the geometry. This is no longer
the case in gas turbines and this brings additional di�culti es. Indeed, on structured
meshes, building high-order spatial schemes (typically4th to 6th order in space) is easy and
provides very precise numerical methods (Ducros, Comte & Lesieur 1996; Gametet al.
1999; Lele 1992). For complex geometries such structured meshes must be replaced by
unstructured grids, on which constructing high-order schemes is a more di�cult task.

� Unstructured meshes also raise a variety of new problems in terms of subgrid scale
�ltering: de�ning �lter sizes on a highly anisotropic irreg ular grid is another open re-
search issue (Sagaut 2000; Scotti, Meneveau & Fatica 1997; Scotti, Meneveau & Lilly
1993; Vasilyev, Lund & Moin 1998). Many LES models, developed and tuned on regu-
lar hexahedral grids may, perform poorly on the low-quality unstructured grids required
to mesh real combustion chambers. For example, the �ltered structure model (Ducros,
Comte & Lesieur 1996) is di�cult to extend to non structured g rids.

� LES validation is often performed in laboratory low-speed uncon�ned 
ames, in
which acoustics do not play a role and the Mach number remainssmall so that acoustics
and compressibility e�ects can be omitted from the equations (low-Mach number approx-
imation: Kempf et al. 2000; Pierce & Moin 2004). In most real 
ames (for example in gas
turbines), the Mach number can reach much higher values and acoustics are important
so that taking compressibility e�ects into account becomesmandatory. This leads to a
signi�cantly heavier computational task: since, acoustic waves propagate faster than the

ow, the time step becomes smaller and the boundary conditions must handle acoustic
wave re
ections (Poinsot & Veynante 2001). Being able to preserve computational speed
on a large number of processors then also becomes an issue simply to obtain a result in
a �nite time.

� At the present time, it is impossible to perform a true LES everywhere in the 
ow
and it will remain so for a long time. For example, the 
ow between vanes in swirled
burners, inside the ducts feeding dilution jets or through multiperforated plates would
require too many grid points. Compromises must be sought to o�er (at least) robustness
in places where the grid is not su�cient to resolve the unsteady 
ow.

In the present work, the full compressible Navier Stokes equations are solved on hy-
brid (structured and unstructured) grids. Subgrid stresses are described by the WALE
model (Nicoud & Ducros 1999). The 
ame/turbulence interact ion is modeled by the
Thickened Flame (TF) model (Angelberger, Egolfopoulos & Veynante 2000; Colin et al.
2000). The numerical scheme is explicit in time and providesthird-order spatial and
third-order time accuracy (Colin et al. 2000).

2.2. Thickened Flame model and chemical scheme

For this study, the standard TF model developed by Colin et al. (2000) is used: in this
model, preexponential constants and transport coe�cients are both modi�ed to o�er
thicker reaction zones that can be resolved on LES meshes. The fundamental property
justifying this approach has been put forward by Butler & O'R ourke (1977) by consid-
ering the balance equation for the k-species mass fractionYk in a one-dimensional 
ame
of thermal thickness d0

L and speeds0
L:

¶rYk

¶t
+

¶r uYk

¶x
=

¶
¶x

�
r Dk

¶Yk

¶x

�
+ �wk (Yj ;T) (2.1)
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Modifying this equation to have:

¶rYth
k

¶t
+

¶r uYth
k

¶x
=

¶
¶x

 

r FDk
¶Yth

k

¶x

!

+
1
F

�wk

�
Yth

j ;Tth
�

(2.2)

leads to a \thickened" 
ame equation where F is the thickening factor and superscript th

stands for thickened quantities. Introducing the variable changesX = x=F; Q = t=F leads
to:

¶rYth
k

¶Q
+

¶r uYth
k

¶X
=

¶
¶X

 

r Dk
¶Yth

k

¶X

!

+ �wk

�
Yth

j ;Tth
�

(2.3)

which has the same solution as Eq. (2.1) and propagates the 
ame front at the same speed
s0
L. However,Yth

k (x;t) = Yk(x=F;t=F) shows that the 
ame is thickened by a factor F. The
thickened 
ame thickness is d1

L = Fd0
L. Choosing su�ciently large values of F allows to

obtain a thickened 
ame which can be resolved on the LES mesh.Typically, if n is the
number of mesh points within the 
ame front ( n is of the order of 5 to 10) and Dx the
mesh size, the resolved 
ame thicknessd1

L is nDx so that F must be F = nDx=s0
L. Note that

F is not an additional parameter of the model but is imposed by the previous relation
as soon as the mesh is created. In the framework of LES, this approach has multiple
advantages: when the 
ame is a laminar premixed front, the TF model propagates it,
in the limit ot an in�nitely thin front, at the laminar 
ame sp eed exactly like in a G
equation approach. However, this 
ame propagation is due tothe combination of di�usive
and reactive terms which can also act independently so that quenching (near walls for
example) or ignition may be simulated. Fully compressible equations may also be used
as required to study combustion instabilities.

The thickening modi�cation of the 
ame front also leads to a m odi�ed interaction
between the turbulent 
ow and the 
ame: subgrid scale wrinkl ing must be reintroduced.
This e�ect can be studied and parametrized using an e�ciency function E derived from
DNS results (Angelbergeret al. 1998; Charlette, Veynante & Meneveau 2002; Colinet al.
2000). This e�ciency function measures the subgrid scale wrinkling as a function of the
local subgrid turbulent velocity u0

De
and the �lter width De. In practice, the di�usion

coe�cient Dk is replaced byE F Dk and the preexponential constantA by AE=F so that
the conservation equation for speciesk is:

¶rYth
k

¶t
+

¶r uYth
k

¶x
=

¶
¶x

 

r EFDk
¶Yth

k

¶x

!

+
E
F

�wk

�
Yth

j ;Tth
�

(2.4)

Such an equation propagates the turbulent 
ame at a turbulent speed sT = Es0
L, while

keeping a thicknessd1
L = Fd0

L. In laminar regions, E goes to unity, and Eq. 2.4 simply
propagates the front at the laminar 
ame speeds0

L. The subgrid scale wrinkling function
E was obtained from the initial model of Colin et al. (2000) as a function of the local
�lter size De, the local subgrid scale turbulent velocity u0

De
, the laminar 
ame speed s0

L,
the laminar and the 
ame thicknessesd0

L and d1
L.

The TF model uses �nite rate chemistry: here the con�guratio n corresponds to a lean
fully premixed 
ame so that a one-step Arrhenius kinetics is su�cient. This one-step
scheme (called 1sCM1) has been �tted with a genetic algorithm based tool on a laminar

ame structure. The reference mechanism used to �t 1sCM1 is the Peters propane scheme
(Peters & Rogg 1993). 1sCM1 takes into account �ve species (C3H8,O2, CO2, H2O and
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Chemical parameters Schmidt numbers

A nC3H8 nO2 Ea C3H8 O2 CO2 H2O N2

3:29E10 0:856 0:503 31526 1:241 0:728 0:941 0:537 0:690

Table 1. Rate constants and Schmidt numbers for the 1sCM1 scheme: theactivation energy is in
cal/moles and the preexponential constants in cgs units.

N2):

C3H8 + 5O2 �! 3CO2 + 4H2O (2.5)

The rate of the single step reaction is given by:

q = A
�

r YC3H8

WC3H8

� nC3H8 �
r YO2

WO2

� nO2

exp
�

�
Ea

RT

�
(2.6)

where the parameters are provided in Table 1.
The di�usion coe�cient Dk of speciesk is obtained asDk = n=Sk

c wheren is the viscosity
and Sk

c the �xed Schmidt number of species k. The Schmidt number values used in
the present simulations are given in Table 1, and correspondto the PREMIX values
measured in the burnt gases. The Prandtl number is set to0:68. With this parameter
set, the agreement between 
ame pro�les obtained using AVBPor PREMIX with the
same chemical scheme is excellent. The agreement between the Peters scheme and the
1sCM1 in terms of laminar 
ame speed is excellent for the leanup to stoechiometric
mixtures.

3. Acoustic solver for the Helmholtz equation
The acoustic tool used in this study (called AVSP) solves theeigenvalue problem

associated to the wave equation (1.1). When dealing with thermo-acoustic instabilities,
it is current practice to model the geometry of the combustor by a network of 1D or
2D axisymmetric acoustic elements where a simpli�ed form ofEq (1.1) can be solved
(Poinsot & Veynante 2001; Stow & Dowling 2001). Jump relations are used to connect
all these elements and the amplitude of the forward and backward acoustic waves are
determined so that the boundary conditions are satis�ed. The main drawback of this
approach is that the geometrical details of a combustor cannot be accounted for and
only the �rst "equivalent" longitudinal or orthoradial mod es are sought for. In AVSP,
a �nite element strategy is used to discretize the exact geometry of the combustor so
that no assumption is made a priori regarding the shape of themodes. This feature gives
AVSP the potential to test the e�ect of (small) geometrical c hanges on the stability of
the whole system.

The wave equation (1.1) is solved in the frequency domain by assuming harmonic vari-
ations at frequency f = w=(2p) for pressure, velocity and local heat release perturbations
(i2 = � 1):

p1 = P̂(x;y;z) exp(� iwt); ~u1 = ~û(x;y;z) exp(� iwt) and �wT1 = ŴT exp(� iwt) (3.1)
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Introducing Eq. (3.1) into Eq. (1.1) and neglecting the turb ulent noise gp0Ñ~u1 : Ñ~u1 in
front of the combustion term (g� 1)¶ �wT1=¶t leads to the Helmholtz equation:

Ñ �
�
c2

0ÑP̂
�

+ w2P̂ = iw(g� 1)ŴT (3.2)

where the unknown quantities are the complex amplitudeP̂ of the pressure oscillation at
frequency f and pulsation w. Note that ŴT , the amplitude of the heat release perturbation
is also unknown and must be modeled. This is obviously the di�cult part of the modeling:
it is done in AVSP through an extension of the n� t model (Crocco 1969; Kaufmann,
Nicoud & Poinsot 2002; Poinsot & Veynante 2001) where�wT1 µ nu1(xref;t � t ). In 1D
approaches, the interaction index n and time delay t are two parameters describing
the acoustic behaviour of a compact 
ame located at the axialposition xref. In AVSP,
where the geometry of the combustor is fully described, the 
ame is distributed and the
interaction index and time delay depend on space. These datacan be extracted from
LES results by post-processing either a self-excited or a forced oscillating regime. Once
measured in LES, the �elds n(x) and t (x) are used to model the unsteady heat release in
Eq. (3.2) as iwŴT = n(x)exp(iwt (x))ÑP̂(xref) �~nref=r ref. Although they depend on w in the
most general case,n and t have been obtained at the most energetic frequency observed
in the LES ( f ' 380 Hz) and considered constant over the frequency domain.

Three types of boundary conditions can be prescribed together with this equation (~n
is the outward unit normal vector to the boundary):

� Dirichlet condition, viz. P̂ = 0, on fully re
ecting outlets,
� Neumann condition, viz. ÑP̂�~n = 0, on fully rigid walls or re
ecting inlets,
� Robin condition, viz. cZÑP̂ �~n = iwP̂, on general boundaries, whereZ is the local

reduced complex impedanceZ = P̂=r 0c0~̂u�~n
In this study, the reduced boundary impedanceZ has been obtained by post-processing
time series of the pressure and velocity on the boundary fromthe LES at f ' 380 Hz.

Knowing the boundary impedance (Z), the sound speed (c0) distribution and the 
ame
responsen(x);t (x), and assuming that Z does not depend onw †, a Galerkin �nite element
method is used to transform Eq. (3.2) into a non-linear eigenvalue problem of sizeN (the
number of nodes in the �nite element grid used to discretize the geometry) of the form:

[A][P̂] + w[B][P̂] + w2[C][P̂] = [ D(w)][P̂] (3.3)

where [P̂] stands for the column vector containing the eigenmode at pulsation w, and [A],
[B], [C] are square matrices depending only on the disctretized geometry of the combustor.
[D(w)] is the unsteady contribution of the 
ame and depends on thepulsation through
the combustion term n(x)exp(iwt (x)). No e�cient numerical method exists to solve this
non-linear eigenvalue problem. However, in the case where the unsteady 
ame response
is neglected, viz. [D(w)] = 0, Eq. (3.3) simpli�es into a quadratic eigenvalue problem
depending only onw and w2. A change of variable can then be used (Chatelin 1993) to
obtain an equivalent linear eigen value problem of size2� N. Several numerical methods
can then be used to assess the eigenmodes. Direct methods (e.g. QR-based) are exact
and have the advantage to provide all the eigenmodes. However, they can be exp[ensive
to solve for large problems (N > 103). Since only the �rst few frequencies are usually of
interest from a physical point of view, it is more appropriate to use an iterative method
which can be applied for large problems (N > 105) without di�culty. In AVSP, we are

† The same result holds if 1=Z = 1=Z0 + C1w+ C2=w, where Z0, Z1 and Z2 are complex valued
constants.
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using a parallel implementation of the Arnoldi method (Lehoucq et al. 1996), which
enables to solve complex problems of sizeN ' 20000in a few minutes.

Setting [D(w)] = 0 is equivalent to �nding the eigenmodes of the burner, taking into
account the presence of the 
ame through the mean temperature �eld but neglecting the

ame e�ect as an acousticly active element. The boundary conditions are also considered
for and this approximation can provide relevant information about the shape and real
frequency of the �rst few modes of the combustor. However, since there is no coupling
between the acoustics and the 
ame, there is no hope to discriminate between stable
and unstable modes, which is the ultimate objective of this study. Under the assumption
that the unsteady 
ame response acts as a small perturbationof the modes without
combustion, a linear expansion technique can be developed to assess the imaginary part
of w, hence the stability of the perturbed modes (Benoit & Nicoud2004; Nicoud & Benoit
2003). Another path has been followed in this study in order to handle cases where the
unsteady response of the 
ame changes the modes signi�cantly and when the linear
expansion is not justi�ed. The non-linear eigenvalue problem Eq. (3.3) is then solved
iteratively, the kth iteration consisting in solving the quadratic eigenvalue problem in wk
de�ned as:

([A] � [D(wk� 1)]) [ P̂] + wk[B][P̂] + w2
k[C][P̂] = 0 (3.4)

A natural initialization is to set [ D(w0)] = 0 so that the computation of the modes without
combustion is in fact the �rst step of the iteration loop. Usu ally, less than 5 iterations
are enough to converge towards the complex pulsation and associated mode.

This linearized approach to describe the stability of the burner in terms of modes has
drawbacks but remains one of the basic tools to study instabilities:

� The linearization is valid only for small amplitude perturb ations, a condition which
is obviously not true when limit cycles typical of combustion instabilities are observed in
gas turbines. However, this assumption is valid when the instability grows (Poinsot et al.
1988) and helps to determine the unstable modes: such modes have to appear and grow
before they reach a limit cycle and any analysis adapted to this early phase is of interest.

� Most acoustic tools work on linear regimes for which each oscillatory mode is in-
dependent of other modes. Many combustion instabilities exhibit non-linear coupling
where high-frequency modes couple with low-frequency oscillations: classical papers from
Rogers & Marble (1956) mention such coupling. These were also observed in the ex-
periment of Poinsot et al. (1987) in which a 530 Hz mode (often called rumble) was
systematically accompanied by a high-frequency mode (called screech) at 3750 Hz. The
fact that combustion instabilities involve more than one mode of oscillation is one of the
basis of theories by Yang & Culick (1986). The tool presentedabove treats each mode
individually and cannot simulate such phenomena.

� The description of the coupling between acoustics and combustion in such models
is extremely crude. The response of the 
ame excited by an acoustic wave depends on
several physical phenomena such as chemical reactions, species di�usion, vortex shedding,
vortex-
ame interaction, etc . . . . All these phenomena are not neglected in the present
study but their cumulative e�ect is modeled through the glob al time scalet and index n.

Despite these limitations, such tools are useful because they provide relevant informa-
tion about the modes triggered by the acoustic/
ame coupling while running fast: for
the con�guration described in section 5, only8000grid points were necessary to describe
the geometry and obtain the �rst 4 modes. For comparison, half a million nodes were
used to perfom the LES discussed in section 6. A typical run for solving the quadratic
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eigenvalue problem of type Eq. (3.4) on this grid lasts10 min by using 15 processors
(R14000 500 MHz IP35) on an SGI O3800 parallel machine. Such tool can thus be used
in the design process of new gas turbines to characterize their thermoacoustic modes. By
describing the whole geometry between the compressor and the turbine, including all the
injectors dispatched around the combustion chamber, such simulations would noticeably
give unique information about the swirling modes that sometimes show up in large gas
turbines. The di�cult and computationally expensive task w ould be to compute the 
ame
transfer function by performing a LES of the turbulent 
ame. Such simulation would be
performed by considering an angular sector corresponding to only one injector, saving a
huge amount of grid points and CPU resources.

4. Acoustic energy equation
The total acoustic energy equation is an integral form of thewave equation (1.1) which

is quite useful to understand basic mechanisms of combustion instabilites. This equation
cannot be used to predict unstable modes like the Helmholtz solver, but is a powerful
method to analyze the results of an LES as done here. The conservation equation for the
acoustic energye1 = 1

2r 0u2
1+ 1

2 p2
1=(r 0c2

0) is derived in Poinsot & Veynante (2001) and can
be written:

¶e1

¶t
= s1 � Ñ � (p1~u1) with s1 =

(g� 1)
gp0

p1 �wT1 (4.1)

If integrated over the whole volume V of the combustor bounded by the surfaceA, it
yields:

d
dt

Z

V
e1dV =

Z

V
s1dV �

Z

A
p1~u1:~ndA or

d
dt

E1 = S1 � F1 (4.2)

where ~n is the surface normal vector. This surface consists of wallsor of inlet/outlet
sections.

In Eq. (4.2), all terms are time dependent. The RHS source term S1 corresponds to the
Rayleigh criterion (Rayleigh 1878): it measures the correlation between unsteady pressure
p1 and unsteady heat release�wT1 averaged over the whole chamber. It can act as a source
or a sink term for the acoustic energy. The other RHS termF1 is less studied because
it is impossible to measure experimentally. It is an acoustic 
ux integrated on all the
boundaries. Walls have zero contribution in this term because the velocity perturbations
~u1 vanish on walls. However,F1 may be large on inlets and outlets where it is usually
a loss term. Eq. (4.1) is therefore a generalization of the Rayleigh criterion: the total
acoustic energy in the chamberE1 will grow if the acoustic gain term S1 is larger than
the acoustic lossesF1. The magnitudes and relative importance of the two terms S1
and F1 are controversial issues in the �eld of combustion instabilities. For example,
one important question is to know whether acoustic losses are important or not in the
determination of limit cycles. For these limit cycles, the acoustic energyE1 must remain
constant over a period of oscillations and Eq. (4.1) shows that such a cycle can be reached
for two situations:

� The limit cycle may be combustion controlled: if the acoustic losses are small (F1 = 0),
the pressure and heat release signals may adjust to giveS1 ' 0. The limit cycle is reached
when this phase shift leads to a zero Rayleigh termS1 as observed in certain experiments.
Physically, this is often obtained when the heat release oscillations saturate (because the
minimum reaction rate reaches zero at some instant of the cycle) or when the phase
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Figure 1. Con�guration: a staged swirled combustor.

between pressure and heat release changes so that combustion itself controls the limit
cycle amplitude.

� The limit cycle may be acoustically controlled: the source term S1 may be large
(pressure and heat relase are oscillating in phase) but the acoustic losses are large too
and compensateS1. In this case, the �nal amplitude of oscillation is controll ed by the
acoustic impedances of outlets and inlets.

Clearly, these two solutions lead to very di�erent approaches of combustion instabili-
ties: if the limit cycle is combustion controlled, the acoustic behavior of inlets and outlets
have a limited e�ect on the stability; if it is acoustically c ontrolled, acoustic impedances of
inlets and outlets become essential elements of any method (experimental or numerical).
In the present study, the LES results are post processed to measure all terms of Eq. (4.1)
and determine whether the unstable mode is combustion or acoustically controlled (see
Section 6.3).

5. Con�guration

5.1. Geometry: a swirled premixed combustor

The methodologies described in the previous sections were tested for a swirled combustor
displayed in Fig. 1. The con�guration is typical of swirled combustion: premixed gases are
introduced tangentially into a long cylindrical duct feedi ng the combustion chamber. The
tangential injection creates the swirl required for stabilization. The fuel is propane. The
two independant swirler elements allow fuel staging. The staging parametera is de�ned
as the ratio of fuel 
ow rate of the �rst to the second swirler. The regime studied here
corresponds to the parameters given in Table 2. The staging of the burners corresponds
to a = 0:3.
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Total �ow rate axial �ow rate Equivalence Reynolds number
(kg/s) (kg/s) ratio (burner mouth)

22:10� 3 4:10� 3 0.8 46700

Table 2. Flow parameters for combustion cases.

Case Inlet s Outlets Characteristic Reduced impedance

LEAK 1000 1000 Non Re�ecting outlet � 0:85+ 0:35i

REF 1000 10000 Re�ecting outlet � 0:04+ 0:21i

Table 3. Acoustic inlet and outlet boundaries for the runs REF and LEAK. The last column comes from
a post-processing of times series of velocity and pressure.The complex valued impedance was used as
boundary condition in AVSP.

5.2. Boundary conditions

Specifying boundary conditions is a critical issue for compressible 
ows. Here, the NSCBC
technique (Poinsot & Lele 1992; Poinsot & Veynante 2001) wasused at the outlet. The
level of re
ection of this boundary can be controlled by changing the relaxation coe�cient
s of the wave correction (Selle, Nicoud & Poinsot 2004), whichdetermines the amplitude
of the incoming waveL1 entering the computational domain:

L1 = s(p� pt) (5.1)

where pt is the prescribed pressure value at in�nity. Eq. 5.1 acts on the 
ow like a spring
mechanism with a sti�ness s. The impedance of the boundary is a function ofs which
can be obtained analytically for simple case (Selle, Nicoud& Poinsot 2004). For more
complex cases, this formula gives a good approximation of the actual impedance. For
small values ofs, Eq. 5.1 keeps the pressurep close to its target value pt while letting
acoustic wave go out at the same time (Poinsot & Veynante 2001): the outlet is non
re
ecting. When large values of s are used, the outlet pressure remains strictly equal
to pt and the outlet becomes totally re
ecting. Two sets of computation will be shown
(Table 3). The �rst one (called LEAK) corresponds to a case where the spring sti�ness s
is small so that the outlet is non re
ecting and the acoustic waves are evacuated with very
small re
ection levels. For the second set (REF), s is large and the outlet is re
ecting
(the pressure oscillation is almost zero).
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Figure 2. Mean axial velocity �eld, white line: iso-ux = 0, black line: iso-T = 1500 K for stable
combustion.

Figure 3. Mean fuel mass fraction �eld, black lines: iso-reaction rate for stable combustion.

6. Results
6.1. Stable 
ow

The �rst computation corresponds to the situation where the outlet section is non re-

ecting (case LEAK in Table 3). For this case, the acoustic feedback is minimized and
the 
ame does not exhibit any strong unstable movement. The mean velocity and fuel
mass fraction �elds are displayed in Fig. 2 and Fig. 3. As expected, the downstream part
of the central recirculation zone is �lled by burnt gases andstabilize the turbulent 
ame.

6.2. Acoustic analysis

Using the mean temperature �elds given by LES, the Helmholtzsolver was used to obtain
the thermoacoustic eigenmodes of the burner. For this analysis, the active e�ect of the

ame is modelled using a transfer function (n(x) and t (x)) obtained with LES, the mean
sound speed is given by the average LES �elds and the impedances of the REF run
(Table 3) are used at the outlet and inlet of the combustor. When the outlet is set to a
non re
ecting condition similar to run LEAK, the acoustic so lver predicts that all modes
are damped. The frequency and decay/growth rate of the �rst four modes obtained
with ( n(x) and t (x) from LES) or without ( n(x) set to zero) acoustics/
ame coupling
in the REF case are displayed in Tab. 4. Note that the �rst four modes are mainly
longitudinal. When the unsteady e�ect of the 
ame is not accounted for, all modes are
damped (negative growth rate), because the mechanism whichfeeds the instability is
not present and acoustic losses through the inlet/outlet boundary are not compensated.
When the 
ame transfer function obtained from LES is used, the �rst mode is drastically
damped by the acoustics/
ame interaction, while the secondmode is predicted to be the
most unstable. The pressure node in the second mode vanisheswhen the acoustic/
ame
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Mode - no active Frequency Growth rate Mode - active Frequency Growth rate
�ame [Hz] [rd:s� 1] �ame [Hz] [rd:s� 1]

1 308 -42 1 304 -672

2 435 -23 2 432 653

3 833 -3.1 3 835 5

4 1184 -63 4 1136 232

Table 4. AVSP results: frequencies and growth rates of the �rst four modes predicted by the acoustic
solver with and without acoustics/�ame coupling.
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Figure 4. Longitudinal structure of the �rst four modes obtained withacoustic analysis: Normalized
prms

1 evolution along burner axis with acoustics/�ame coupling ( ) and without ( ).

interaction is taken into acount. The 3rd and 4th modes are only marginally triggered.
Recall however that the 
ame transfer function has been assessed by post-processing
the LES results in the 400 Hz range so that it is not clear whether the acoustics/
ame
interaction is properly accounted for as far as modes in the1000Hz range are concerned.
Still, accounting for the 
ame transfer function allowed to discriminate between the �rst
two modes of the burner although neither big di�erence in their shape can be found in
Fig. 4 nor clear frequency discrimination can be stated compared to LES results (380
Hz).
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6.3. LES results

In addition to the average results of Section 6.1, LES also reveals that the combustor
can exhibit a strong unstable mode when the outlet is acoustically closed (case REF).
In this case, soon after ignition, the pressure and the global heat release start oscillating
(Fig. 6 a) at 380 Hz which is very close to the mode predicted byAVSP in Section 6.2.
To analyse the behavior of this instability, the following sequence is set up:

� Starting from a stable 
ame (LEAK), the outlet impedance is c hanged to become
re
ecting (case REF) at time t = 0:127s(Fig. 6). The oscillation grows and reaches a limit
cycle at a frequency of380Hz mode which is close to mode 2 predicted by the Helmholtz
code (Section 6.2) at432 Hz. Its mode structure is also very well predicted (Fig. 5): the
pressure perturbation prms

1 measured in the LES matches the acoustic structure of the
432 Hz mode predicted by AVSP.

� At time t = 0:173s, the outlet impedance is switched again to a non re
ecting con-
dition (case LEAK) so that the instability disappears.
This scenario provides three phases which are studied sequentially:

� A linear growth between times 0:127s and 0:150s (Section 6.4),
� A limit cycle between times 0:150s and 0:173s (Section 6.5),
� A decay phase starting att = 0:173s (Section 6.6)

For each phase, the instability is analyzed in terms of 
ame shape, 
ame oscillation and
phase between heat release and pressure. Moreover, the acoustic energy equation budget
is closed and all terms are analyzed.

6.4. Growth phase

Once the outlet boundary is acoustically closed (t= 0.127 s), the thermoacoustic insta-
bility starts. Fig. 6 displays the time variations of the combustion source term S1, the
acoustic lossesF1 (Fig. 6 b), the total acoustic energy in the chamberE1 (Fig. 6 d) and
shows that the budget of Eq. 4.2 is very well closed by the LES data: the di�erence
S1 � F1 matches the time derivative of E1 (Fig. 6 c). This validates both the LES results
and the wave equation 4.2. It is also the �rst example of such atreatment for a resonating
combustor. Since the budget is closed, individual terms canthen be analyzed.

The phase angle between pressure and heat release is displayed in Fig. 6a. During the
growth phase, it is close to zero and slowly shifting towardsp=4, leading to a strong
coupling between pressure and heat release i.e. a positiveS1 term. During the growth
phase, the source termS1 is large and always positive (Fig. 6 b), because the phase angle
stays in the [� p=2;p=2] range. Fig. 6 b shows clearly that the acoustic losses balance the
reacting term S1 in the acoustic buget equation.
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6.5. Limit cycle

At t= 0:150s, the instability reaches a limit cycle at 380 Hz. Before reaching this limit
cycle, a large overshoot of acoustic energy is observed: this is typical of combustion
instabilities and it has been observed experimentally. Fig. 6 shows that reaching the non-
linear zone, the phase di�erence between pressure and heat release increases from zero
to p=4 in the limit cycle zone. The drift of this phase di�erence together with increasing
acoustic losses lead to the saturation of the instability.

The coupling loop between p1 and �wT1 can be identi�ed from LES as follows. The
longitudinal mode induces the formation of a vortex ring at the dump plane. This vortex
ring strongly interacts in phase with the 
ame. Fig. 7 illust rates the interaction between
the acoustically induced vortex ring and the 
ame brush. Fig. 8 allows to locate LES
snapshots in the acoustic period and displays the mean pressure 
uctuation p1 in the

ame zone, the heat release 
uctuation �wT1, and the 
uctuation of the mean velocity
in the dump plane udump

1 . At instant 1, a vortex ring appears at the dump plane when
dudump

1 =dt is maximum. The ring structure detaches and is convected through the 
ame
by the mean 
ow (instants 2, 3 and 4). During the period 1-3 the 
ow incoming from
the injector pipe stretches the 
ame, increasing its area, whereas the 
ame wrinkling by
the vortex ring remains weak. Consequently�wT1 increases with a medium slope. Between
points 3 and 5 the vortex ring is clearly wrinkling the 
ame an d �wT1 increases faster.
Moreover, the vortex ring is gradually destroyed, and its global coherence disappears
between instants 4 and 5, at a moment whendudump

1 =dt is minimum. At instant 5 some
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Figure 7. Vortex ring shedding for a period during the limit cycle, isosurface: Q vortex criterion; black
lines: iso-reaction rate.

coherent structures are still interacting with the 
ame, pr oducing (noisy) 
ame pockets
and cusps. After 5, the 
ame burns out the fresh gases presentin the chamber and
propagates back to the injection pipe decreasing the overall 
ame surface and �wT1.

6.6. Decay phase

The decay phase is triggered by the sudden change in the acoustic outlet boundary
condition switching to non-re
ecting (LEAK). The phase ang le f pw increases by a large
amount: f pw > p=2 at t = 0:174s i.e 1:2msafter relaxing outlet pressure (Fig. 6). At this
time S1 becomes globally negative for the �rst time and the instability is rapidly damped.
The acoustic losses actually become positive (gain term) during this last oscilation but
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Figure 8. Time signals during the limit cycle and snapshots corresponding to the previous �gure:
pressure ( ), inlet velocity ( ) and total heat release ( )

the instability engine is broken and the Rayleigh term S1 becomes negative during a
half cycle (0:173< t < 0:175mson Fig. 6) leading to the immediate disappearance of all
unstable activity.

7. Conclusions
Three complementary tools have been used to analyse the instability modes of a staged

swirled combustor: full compressible LES, Helmholtz analysis and budget of acoustic
energy. The two latter methods utilize LES results but provide essential new elements: the
Helmholtz results allow the exact identi�cation of modes appearing during the instability,
while the budget of acoustic energy demonstrates that the Rayleigh criterion is not the
only or even the largest term in the acoustic energy equation: acoustic losses at the outlet
of the combustor contribute signi�cantly to the budget of ac oustic energy and determine
the levels of oscillation amplitudes as well as their appearance.
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