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Abstract This paperdescribesa studyof Euler-Lagrangetwo-phase�o w solver for Large-
Eddy Simulations(LES). In modernLES for reactingtwo-phase�o ws, the cou-
pling betweenthedispersedandthegaseousphaseis not only a physicalproblem
whereall submodelsfor drop evaporation,combustion,wall interactionmustbe
speci�ed. It is alsoa numericalproblemthat, especiallyfor strongcouplingbe-
tweenthetwo phases,mustbeperformedat eachiterationof anunsteadycompu-
tationandrun ef�ciently on massively parallelmachines.Theseissuesareinves-
tigatedhereby implementinga dropletsolver into a LES compressiblecodeand
assessingtheresultsin termsof physicsbut alsoof numericalef�ciency. Thetests
are performedfor dispersedparticlesin homogeneousturbulence: resultsshow
that the codescalesvery well whenthe particlesarehomogeneouslydistributed
but leadsto large numericallossesif particlesarelocatedin onepart only of the
computationaldomain(asit is often thecasefor reacting�o ws). Resultsdemon-
stratetheneedfor dynamicloadbalancingin suchcases.

Keywords Parallelcomputing,unstructuredgrids,two-phase�o ws,Lagrangianmethod,solid
particles.

INTRODUCTION

Today, the RANS (ReynoldsAveragedNavier Stokes)equationsarerou-
tinely solvedto designcombustionchambers,for bothgaseousandliquid fu-
els. Recently, in orderto provide betteraccuracy for the predictionof mean
�o ws but alsoto give accessto unsteadyphenomenaoccurringin combustion
devices(suchasinstabilities,�ashbackor quenching),Large-EddySimulation
(LES) hasbeenextendedto reacting�o ws. Thesuccessof theseapproaches
for gaseous�ames in the lastyears[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] is a clear
illustrationof their potential.LES givesaccessto thelargescalestructuresof
the�o w, which reducestheimportanceof modellingandnaturallycapturesa
signi�cant partof thephysicscontrollingthese�ames.

EventhoughLEShasalreadydemonstrateditspotentialfor gaseous�ames,
its extensionto two-phase�ames is still largely to be done. Therearemany
reasonswhichslow down theapplicationof LES to two-phasereacting�o ws:



� thephysicalsubmodelsrequiredto describetheatomizationof a liquid
fuel jet, thedispersionof droplets,their interactionwith walls,evapora-
tion andcombustionareasdif�cult to build in LESasin RANSbecause
they areessentiallysubgridscalephenomenafor which even thebasic
mechanismsareoftennotwell understood.

� the numericalimplementationof two-phase�o w LES remainsa chal-
lenge.Theequationsfor boththegaseousandthedispersedphasesmust
besolvedtogetherat eachtime stepin a stronglycoupledmanner. This
differsfrom classicalRANSwheretheresolutionof thetwo phasescan
bedonein aweakprocedure,bringing�rst thegas�o w to convergence,
thenthedropletsand�nally iteratinguntil convergenceof bothphases.

This papermainly focuseson thesecondissue:theef�ciency of thecou-
pledsolversfor thetwo phases,especiallyin thecontext of parallelcomputers.
Recenttestsperformedat CERFACS show that a modernLES codecanrun
gaseousreacting�o ws with speedupsof the orderof 4900on 5000proces-
sors(seewww.cerfacs.fr/cfd/,Eventssection).Maintaininga similar parallel
ef�ciency for a two-phase�o w solver raisesquestionswhich have never been
addressedbefore. The �rst questionis related,for sucharchitectures,to the
paradigmusedto describethe two-phase�o w: mostRANS codesuseEuler-
Lagrange(EL) methodsin which the�o w is solvedusinganEulerianmethod
andtheparticlesaretrackedusingaLagrangianapproach.An alternativetech-
niqueis to usetwo-�uid modelsin whichboththegasandthedispersedphases
aresolvedusinganEulerianmethod(Euler-Euleror EE).Thedrawbacksand
advantagesof eachmethodarediscussedbelow:

� The EL approachis moreintuitive becauseit highlightstrajectoriesof
particles(or droplets)which appealto the CFD user. However, these
particlesareoftennot realparticlesbut parcelswhichcancontainthou-
sandsof dropletsbecausepresentcomputerscannothandlethemillions
of dropletswhich arecreatedby standardfuel injectorsevery second.
Thereforemodelsarerequiredfor theseparcelswhichsometimesmakes
modellingmoredif�cult [12].

� The EE approachrequiresan initial basicmodelling effort which is
larger thanfor the EL method[13]. Whena two-�uid model is used,
theEEmodelfacesdif�culties in handlingdropletcloudswith extended
sizedistributionsbecauseit basicallyassumesthatall dropletsin agiven
cell moveat thesamespeed.



� In very densezoneswherethe topologyof the �o w might differ from
a cloud of droplets,the EE approachis often preferred. For RANS
computations,EEtechniquesarecommonlyusedfor �uidized beds[14,
15] or for chemicalreactors[16, 17,18].

� In termsof computerimplementationtheEL approachis notwell-suited
to parallelcomputers:sincetwo differentsolversmustbecoupled,the
complexity of theimplementationonaparallelcomputerincreasesdras-
tically comparedto a single-phasecode.Two methodsmaybeusedfor
LES: (1) taskparallelizationin which certainprocessorscomputethe
gas �o w and otherscomputethe droplets�o w and (2) domainparti-
tioning in which dropletsarecomputedtogetherwith the gas �o w on
geometricalsubdomainsmappedon parallelprocessors.Dropletsmust
then be exchangedbetweenprocessorswhen leaving a subdomainto
enteranadjacentdomain.For LES, it is easyto show thatonly domain
partitioningis ef�cient onlargegridsbecausetaskparallelizationwould
requirethecommunicationof very large three-dimensionaldatasetsat
eachiterationbetweenall processors.However, codesbasedondomain
partitioningaredif�cult to optimizeon massively parallelarchitectures
whendropletsareclusteredin onepartof thedomain(typically, nearthe
fuel injectors).Moreover, thedistribution of dropletsmaychangedur-
ing thecomputation:for agasturbinereignitionsequence,for example,
thechamberis �lled with dropletswhentheignition beginsthusensur-
ing analmostuniformdropletdistribution; thesedropletsthenevaporate
rapidly duringthecomputation,leaving dropletsonly in thenearinjec-
tor regions. This leadsto a poor speedupon a parallelmachineif the
domainis decomposedin thesameway for theentirecomputation.As
a result,dynamicloadbalancingstrategiesarerequiredto redecompose
thedomainduringthecomputationitself to preserve a high parallelef-
�ciency [19].

� Ontheotherhand,EEtechniquesarenaturallyparallelbecausethe�o w
andthedropletsaresolvedusingthesamesolver [20].

Thehistoryof RANSdevelopmenthasshown thatbothEEandEL areuse-
ful andeitheris found todayin mostcommercialcodes.Moreover, coupling
strategiesbetweenEEandEL methodswithin thesameapplicationareconsid-
eredfor certaincases.In thepresentwork, we focuson theEL techniquefor
LES andinvestigatethekey issueof parallelef�ciency. This questionhasal-
readybeenidenti�ed by othergroupsasacritical issueto runLESfor reacting
two-phase�o wsonmassively parallelcomputers[19].



In thepresentpaper, a Lagrangiansolver is �rst coupledwith a compress-
ible LES codefor reacting�o ws on hybrid grids (the AVBP codeof CER-
FACS:seewww.cerfacs.fr/cfd/avbp.html). Parallelizationis performedusing
domainpartitioning. The partitioningalgorithmis the sameasthe oneused
for gaseous�o ws and doesnot take into accountthe additionalcomputing
costinducedby thedroplets.Theimplementationis �rst veri�ed by comput-
ing the dispersionof non evaporatingdropletsdistributedhomogeneouslyin
homogeneousturbulencewhichis aclassicaltestcase[20,21,22]. For thisho-
mogeneouscase,theparallelef�ciency is tested.More realisticcasesarethen
testedwherethe dropletsaredistributednon-uniformly in the domain: this
situationis morerepresentative of real combustionchamberswheredroplets
will bepresentmainlynearthefuel injector. For this typeof loading,adequate
speedupsaremoredif�cult to obtain,which con�rms the needfor dynamic
loadbalancing.

NUMERICAL AND PHYSICAL MODELLING

This sectiondescribesbrie�y the governingequationsusedin the AVBP
solverfor thegaseousanddispersedphasesfor thetwo-phase�o w Euler-Euler
[23] andEuler-Lagrangianmodelfor dilute �o ws with one-way couplingbe-
tweenthe two phases.Theparticle-trackingschemeandthe interpolational-
gorithmarealsoincludedat theendof thesection.

Two-phase�o w EE model

Gaseousphase

Thecontinuity, momentumandenergy equationsfor thegaseousphaseare:
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Pressureis obtainedfrom the equationof statepg = � gr Tg wherer is
computedfrom themassfractionsr = R=W with W theair molecularweight.
TheNewtonianviscoustensoris de�ned as:
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andtheheatdiffusionis calculatedfrom theclassicalFourierlaw:
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Dispersedphase

The continuity, momentumandenergy equationsfor the dispersedphase
are:
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where � p = n� d3=6 with n the numberof particlesby unit volume, � p
is the particlesrelaxationtime (to be de�ned in the following section)and
� QB = 5� pEQB =3 whereEQB � � q2

p is the quasi-Brownian energy which
accountsfor the uncorrelatedparticlesvelocity as describedin [13]. The
quasi-BrownianpressureandstresstensorpQB and� QB ;ij arede�nedby anal-
ogy with thekinetic theoryof gases.pQB is calculatedthroughanequivalent
equationof state:

pQB =
2
3

� p� pEQB (9)

and� QB ;ij hasade�nition similar to thegaseousviscoustensor:
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where� QB = � pEQB =3 is thequasi-BrownianviscosityandI p;i is thestan-
darddragforce(see[23] for details).



Two-phase�o w EL model

Gaseousphase

ThecompressibleNavier-Stokesequationsaresolvedin their conservative
form for thegaseousphase.Thecontinuity, momentumandenergy equations
arethesameasfor thegaseousphaseof theEEmodel(seeEqs.1, 2 and3).

Dispersedphase

The dispersedphaseconsistsof particleswhich areassumedto be rigid
spheres.If the densityof particlesis muchlarger thanthe �uid density, the
forcesactingon particlesreduceto dragandgravity [21] (thoughthe latter
is not consideredin this study). Particle size is assumedsmall comparedto
the smallestturbulencelengthscale,the Kolmogorov scale,while collisions
amongparticlesareneglected.Theanalysispresentedin this work is limited
to one-waycouplingfrom gas-to-particlephaseswith theassumptionof small
particleloadings.Theparticleequationsof motioncanthenbewritten for a
singleparticleas:
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where~ug;i is the�uid velocityat thepositionof theparticleassumingthatthe
�o w �eld is locally undisturbedby thepresenceof this particle[24, 25]. Due
to the very small dropletReynoldsnumbermeasuredin the simulation,the
particlerelaxationtime � p is de�ned asthecharacteristictimefor Stokesdrag:
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Locating particles in elementsof arbitrary shape

In order to interpolatethe discreted�o w �elds from the grid point onto
the particleposition(insidea cell) it is necessaryto know the cell the parti-
cle is locatedin as well as the particleexact locationwithin the cell. This
is straightforwardfor regular, uniform Cartesiangridswherethephysicalco-
ordinatescanbe transformedinto a uniform computationalspace.However,



this is no longervalid for unstructuredgrids. In orderto decideif theparticle
is locatedinsidethe elementor not, the scalarproductis taken betweenthe
vectorstartingfrom thevertex of theelementto theparticlepositionandthe
inwardnormalvectorof thecorrespondingedge.Then,theparticleis inside
theelementif all thescalarproductsof eachedgearepositive. If any of them
is negative, theparticlefallsoutsidetheelementin thatdirection.

Search algorithm for particles on unstructur edgrids

Duringeachtimestepof thesimulation,theparticleschangetheirposition.
But beforethey cancontribute informationto the grid or sample�eld infor-
mationfrom it, their new hostelement(or cell) mustbeidenti�ed. Therefore,
they mustbe tracedto the grid andthe idea is to exploit asan initial, most
likely, guessthathostelementbeforetheparticlewasmoved. Undertherea-
sonableconditionthat a particlecanonly travel to a neighboringcell during
onesingletime step,it is suf�cient to limit thesearchto thecell theparticle
was locatedin at the endof the previous timestepand to its adjacentcells.
More precisely, theclosestpoint of themeshto theparticlelocationis evalu-
atedandonly theelementssurroundingto thatpoint areconsidered.In case
of searchfailure,theelementssurroundingall theclosepointsareconsidered.
Suchanapproachis usuallyreferredto asmodi�ed brute-forcealgorithm[26]
andhasbeenretainedfor thisstudy.

Inter polation of gaseous-phaseproperties

For this particularcase,hexahedralelementsareused,so that, �o w vari-
ablessuchasthevelocityvectoror the�uid viscosity, areevaluatedatparticle
positionvia trilinearLagrangeinterpolationfromthevaluesatthecell vertices.

The AVBP solver

The AVBP solver is a �nite volume codebasedon a cell-vertex formu-
lation. It solvesthe laminarandturbulent compressibleNavier-Stokesequa-
tions in two and threespacedimensionsfor hybrid and unstructuredgrids.
Steadystateor unsteady�o wsmaybesimulated,andthevariationsof molec-
ular weightsandheatcapacitieswith temperatureandmixture composition
are accountedfor. In this work, a Lax-Wendroff schemewas usedfor the
numericaldiscretizationin spaceandtime.



APPLICATION TO HOMOGENEOUS ISOTROPIC TURBU-
LENCE WITH PARTICLES

Thebulk of thesimulationsfor thisstudywasperformedona643 uniform
grid, the lengthof the computationaldomainis 2� 10� 3 m in the threedi-
rectionsandhasa cell sizeof � x = 9:8171910� 5 m. Parallel simulations
wereperformedonaCompaqAlphaServerSCwith 2, 4, 8, and12processors
and2.48million particlestrajectorieswerecomputedat eachtime stepcorre-
spondingapprox.to 10 particlespercell. This numberis a minimumvalueif
propersampling(speciallyfor combustion)mustbeachievedin eachcell.

Initialization of the gaseousphase

Thegaseousphaseis initialized with a divergencefreevelocity obeying a
Passot-Pouquetspectrum[27] for thekineticenergy:
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Herek is thewave lengthandke correspondsto themostenergeticwave
length.ThegaseousNavier-Stokesequationsarerunupto t0 = 1:2494210� 5 s
which correspondsto half aneddyturnover time. This is necessaryto ensure
that the generatedhomogeneousisotropicturbulence(HIT) �o w is indeeda
solutionof theNavier-Stokesequationsbeforeinsertingthedispersedphase.

Table1. Flow �eld parametersat time t0 .

N � x=� u0
g [m=s] q2

g [m2=s2] "g [m2=s3] � " [s]
64 1:04 27:534 1137:21 4:64107 2:4510� 5

Table1 summarizesthemaincharacteristicsof thegaseous�eld obtained
at time t0. In this table, � is the Kolmogorov scale,u0

g is the �uctuating
turbulentvelocity, andq2

g and"g arethegaseouskineticenergy anddissipation
ratede�ned as:
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respectively, and� g is thekinematicviscosityde�nedby � g = 2:0210� 3m2=s2.
The last two parametersare usedto form the Euleriantime macro-scaleor
turnover time, � " = q2

g="g. Averagesof turbulencequantitiesobtainedover
thecomputationaldomainaredenotedh�i.



Figure 1. Snapshot(top) and2D slice (bottom)of the initial particledistribution for the
homogeneous(left) andnon-homogeneous(right) cases.

Initialization of the dispersedphase

Thedynamicsof theparticlesin HIT dependsontheStokesnumberwhich
is theratiobetweentheparticlerelaxationtimeandacharacteristictimescale
of turbulence. In the presentstudywe de�ne a Stokesnumberbasedon the
turnovertime,St " = � p

� " . For all simulationstheparticlesdiameter, dp, wasset
to 17:3 10� 6 m which gives� p = 1:57710� 5 s andSt " = 0:64. This small
valuefor St " indicatesthattheparticlesinitial velocity is closeto thegaseous
phasevelocity sothat it is a reasonableassumptionto initialize thedispersed
phasevelocity �eld with the gaseousone. For EE simulations,this implies
thatthequasi-Brownianenergy is initializedwith avaluecloseto zero.



In bothapproaches,particlesarerandomlyplacedwithin thecomputational
domainandperiodicboundaryconditionsareusedin all directions.Figure1
shows theinitial particledistribution for thetwo casesstudiedin thiswork:

� thehomogeneousdistribution,whereall processorssharethesamenum-
berof particles,

� the non-homogeneousdistribution, whereonly oneprocessorcontains
all particles.

Thesetwo casescorrespondto limit situations:for thehomogeneousload-
ing case,highparallelef�ciency shouldbeobtainedfor theEL approachsince
all processorswill have thesamenumberof particles.On theotherhand,the
non-homogeneouscasemimics a real combustor in which a few processors
only locatedin thefuel injectorswill containmostparticleswhile otherswill
havenoparticlesatall.

Comparisonof dispersedtwo-phase�o ws

Figure2 reportsthetemporalevolutionof thekineticenergy of Lagrangian
particles:

q2
p Lag r angian =

1
Np

N pX

i =1

up;i up;i (16)

whereNp is thetotal numberof particles.This is comparedwith theparticle
kinetic energy obtainedin theEuleriansimulation(notethatprime in Eq. 15
is omittedhereasin HIT hup;i i = 0):
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Notethatq2
p E ul er ian is obtainedby addingthecorrelatedpart(mesoscopic

energy) ~q2
p, and the uncorrelatedpart (or quasi-Brownian energy) � q2

p [13].
Theresultsshow anoverall goodagreementbetweenthetwo approachesand
con�rm thatbothmethodsprovide thesameresultfor thisacademictestcase.
As expectedfor this rangeof Stokesnumbers[20], theparticlekinetic energy
q2

p obtainedwith bothmethodsis largerthanthegaseousphasekineticenergy
q2

g.
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Analysisof codescalability

In this section,the scalability of the Euler-Lagrangemodel is analyzed
by meansof two basicparametersusedto measurethe ef�ciency of parallel
implementation:the speedup,Sr un (Npr ocs), and the referencesingle-phase
CPUtime ratio,Tr un (Npr ocs). Theformeris de�ned astheratio betweenthe
CPUtimeof asimulationwith 2 processorsandtheCPUtimeof asimulation
with agivennumberof processorsNpr ocs:

Sr un (Npr ocs) =
Tr un (2)

Tr un (Npr ocs)
� 2 : (18)

The latter is de�ned as the ratio betweenthe CPU time of a simulation
with a givennumberof procsandtheCPUtime of thereferencesingle-phase
simulationwith 2 processors:

Tr un (Npr ocs) =
Tr un (Npr ocs)

Tsing le� phase(2)
: (19)



Thevaluesof thesetwo parametersaresummarizedin Tables2 and3 for
thehomogeneousandnon-homogeneouscases(notethatin theEEmodel,the
CPUtime is thesamefor bothcasessincethecomputationalcostof this ap-
proachdoesnotdependon thenumberof particles).

Table2. Summaryof thespeedupof EEandEL models.

Npr ocs 2 4 8 12

Idealscaling 2 4 8 12
Single-phase 2 3.94 7.88 12.18
Two-phaseEE 2 3.77 7.69 11.12
Two-phaseEL Homog. 2 3.96 8.84 14.37
Two-phaseEL Non-Homog. 2 3.47 5.53 5.49

Table3. Summaryof theCPUtime ratiosof EEandEL models.

Npr ocs 2 4 8 12

Single-phase 1 0.51 0.25 0.16
Two-phaseEE 2.47 1.31 0.64 0.45
Two-phaseEL Homog. 2.09 1.05 0.47 0.29
Two-phaseEL Non-Homog. 2.59 1.49 0.93 0.94

Homogeneousparticle loading

For thehomogeneouscaseFigure3 exhibits anexcelentspeedupfor both
singleandtwo-phasemodels.More precisely, thegoodparallelimplementa-
tion of thetwo-phaseEL modelcanbeobservedfrom thesuper-linearvalues
obtainedwith morethan4 processors.Figure3 (bottom)indicatesthattaking
into accountthedispersedphaseresultsin abouttwiceandahalf theCPUtime
the single-phasesimulationfor the EE modelandabouttwice the CPU time
for theEL approach.Thedifferencesbetweenbothmodelsincreasewith the
numberof processors,thus,thehigherthenumberof processors,thefasterthe
EL model, leadingto differencesfrom 18% for a two-processorssimulation
up to 55%for thesimulationperformedwith 12 processors.This is dueto a



lower ratio of particlesby processorwhich implies lesscomputationalopera-
tions, lessmemoryrequirementsand,therefore,lesscachememorydefaults.
Theseeffectsarestrongerthantheincreaseof thecommunicationcostrelated
to ahighernumberof particlescrossingprocessorsdomain.

Although the currenttestshave beenperformedover only a few proces-
sors,theresultsreportedin Figure3 show encouragingscalingof theEL ho-
mogeneouscase.Thesuper-linearspeedupobtainedfor theEL homogeneous
casecon�rms theimprovedbehaviour of theEL approachwhenincreasingthe
numberof partitions.

Non-homogeneousparticle loading

In thenon-homogeneouscase,thedispersedphasein theEL modelis only
computedby asingleprocessor(the”master”nodein thepresentstudy).This
leadsto asigni�cant increasein CPUtimecomparedto thehomogeneouscase
whereall parallelprocessorsexecutethesamenumberof instructionsfor both
gaseousanddispersedphases.Themainreasonscontributing to this increase
are: 1) a highernumberof numericaloperationsper processorrelatedto the
solutionof Eqs.11 and 12, suchassearchandinterpolationprocedures;2)
highermemoryrequirementsand3) communicationcostrelatedto the�ux of
particlesbetweenprocessors.On the otherhand,the EE approachdoesnot
suffer from this loadbalancingproblem.This is con�rmed in Figure4 which
showsthatthespeedupof thenon-homogeneoustwo-phaseEL approachdrifts
rapidly far from theideal, linearcurve. Thedropof performancein this case
is not relatedto large communicationscostsbetweenprocessorsbut merely
to the parallel load imbalance.Thus,an ef�cient parallel implementationof
an EL modelcanonly be achieved by applyingthe sameprinciplesusedin
parallelcomputingsoasto reducethecomputationaltimerequiredtocomplete
a task:namely, decompositionof a datasetinto smallersubsetsexecutingthe
sameinstructionsonseparateprocessors.Thispointsout theneedof dynamic
load balancingfor real two-phase�o w LES in complex geometry(seealso
[19]), e.g.,by usingmulti-constraintpartitioningalgorithmswhich take into
accountparticlesloadingoneachprocessor.
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CONCLUSIONS AND PERSPECTIVES

In thepresentwork Euler-EulerandEuler-Lagrangeformulationfor two-
phasereacting�o wswerecomparedin termsof parallelef�ciency. Testswere
performedfor dispersedparticlesin homogeneousisotropicturbulence:results
show thatthecodescalesverywell whentheparticlesarehomogeneouslydis-
tributedbut leadsto largenumericallossesif particlesarelocatedin only one
partitionof thecomputationaldomain.As aconsequence,astrategy to control
the loadof particlesbeforeandduringthesimulationsmustbeconsideredin
orderto avoid big differencesin thenumberof particlesbetweenprocessors,
e.g.,with multi-constraintpartitioningalgorithmsto take into accountparti-
clesinformation. Futurework includesthe integrationof particle/meshload
balancingcapabilitiesandthedevelopmentof additionalmodulesfor evapo-
rationandtwo-waycoupling.
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