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This paper describes a study of Euler-Lagrange two-phase �ow solver for Large-Eddy Simulations (LES). In modern
LES for reacting two-phase �ows, the coupling between the dispersed and the gaseous phase is not only a physical problem
where all submodels for drop evaporation, combustion, wallinteraction must be speci�ed. It is also a numerical problemthat,
especially for strong coupling between the two phases, mustbe performed at each iteration of an unsteady computation and
run ef�ciently on massively parallel machines. These issues are investigated here by implementing a droplet solver into a LES
compressible code and assessing the results in terms of physics but also of numerical ef�ciency. The tests are performedfor
dispersed particles in homogeneous turbulence: results show that the code scales very well when the particles are homoge-
neously distributed but leads to large numerical losses if particles are located in one part only of the computational domain (as
it is often the case for reacting �ows). Results demonstratethe need for dynamic load balancing in such cases.

Introduction
Today, the RANS (Reynolds Averaged Navier Stokes) equations are routinely solved to design combustion chambers,
for both gaseous and liquid fuels. Recently, in order to provide better accuracy for the prediction of mean �ows but also
to give access to unsteady phenomena occurring in combustion devices (such as instabilities, �ashback or quenching),
Large-Eddy Simulation (LES) has been extended to reacting �ows. The success of these approaches for gaseous
�ames in the last years1–11 is a clear illustration of their potential. LES gives accessto the large scale structures of the
�ow, which reduces the importance of modelling and naturally captures a signi�cant part of the physics controlling
these �ames.
Even though LES has already demonstrated its potential for gaseous �ames, its extension to two-phase �ames is still
largely to be done. There are many reasons which slow down theapplication of LES to two-phase reacting �ows:

� the physical submodels required to describe the atomization of a liquid fuel jet, the dispersion of droplets, their
interaction with walls, evaporation and combustion are as dif�cult to build in LES as in RANS because they are
essentially subgrid scale phenomena for which even the basic mechanisms are often not well understood.

� the numerical implementation of two-phase �ow LES remains achallenge. The equations for both the gaseous
and the dispersed phases must be solved together at each timestep in a strongly coupled manner. This differs
from classical RANS where the resolution of the two phases can be done in a weak procedure, bringing �rst the
gas �ow to convergence, then the droplets and �nally iterating until convergence of both phases.

This paper mainly focuses on the second issue: the ef�ciencyof the coupled solvers for the two phases, especially
in the context of parallel computers. Recent tests performed at CERFACS show that a modern LES code can run
gaseous reacting �ows with speedups of the order of 4900 on 5000 processors (see www.cerfacs.fr/cfd/,Eventssec-
tion). Maintaining a similar parallel ef�ciency for a two-phase �ow solver raises questions which have never been
addressed before. The �rst question is related, for such architectures, to the paradigm used to describe the two-phase
�ow: most RANS codes use Euler-Lagrange (EL) methods in which equation of motion for the each discrete particle
is explicitly solved in the Eulerian gas �eld. An alternative technique is to use the Eulerian approach (Euler-Euler or
EE) where the dispersed phase is treated as a second continuum, and two sets of equations, one for the gas phase and
another for the liquid phase are solved together to obtain the complete solution. The drawbacks and advantages for
both approaches are discussed below:

� The EL approach is more intuitive because it highlights trajectories of particles (or droplets) which appeal to the
CFD user. However, these particles are often not real particles but parcels containing thousands of droplets since
present computers can not handle the millions of droplets which are created by standard fuel injectors every sec-
ond. Therefore, models are required for these parcels whichsometimes makes modelling more dif�cult.12 In
terms of computer implementation the EL approach is not well-suited to parallel computers: since two differ-
ent solvers must be coupled, the complexity of the implementation on a parallel computer increases drastically
compared to a single-phase code. Two methods may be used for LES: (1) task parallelization in which certain
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processors compute the gas �ow and others compute the droplets �ow and (2) domain partitioning in which
droplets are computed together with the gas �ow on geometrical subdomains mapped on parallel processors.
Droplets must then be exchanged between processors when leaving a subdomain to enter an adjacent domain.
For LES, it is easy to show that only domain partitioning is ef�cient on large grids because task parallelization
would require the communication of very large three-dimensional data sets at each iteration between all proces-
sors. However, codes based on domain partitioning are dif�cult to optimize on massively parallel architectures
when droplets are clustered in one part of the domain (typically, near the fuel injectors). Moreover, the distri-
bution of droplets may change during the computation: for a gas turbine reignition sequence, for example, the
chamber is �lled with droplets when the ignition begins thusensuring an almost uniform droplet distribution;
these droplets then evaporate rapidly during the computation, leaving droplets only in the near injector regions.
This leads to a poor speedup on a parallel machine if the domain is decomposed in the same way for the entire
computation. As a result, dynamic load balancing strategies are required to redecompose the domain during the
computation itself to preserve a high parallel ef�ciency.13

� On the other hand, The EE approach is naturally parallel because the �ow and the droplets are solved using
the same solver14 but this approach requires an initial basic modelling effort which is larger than for the EL
method.15 When a two-�uid model is used, the EE model faces dif�cultiesin handling droplet clouds with
extended size distributions because it basically assumes that all droplets in a given cell move at the same speed.
Therefore, in very dense zones where the topology of the �ow might differ from a cloud of droplets, the EE
approach is often preferred. For RANS computations, EE techniques are commonly used for �uidized beds16, 17

or for chemical reactors.18–20

The history of RANS development has shown that both EE and EL are useful and either is found today in most com-
mercial codes. Moreover, coupling strategies between EE and EL methods within the same application are considered
for certain cases. In the present work, we focus on the EL technique for LES and investigate the key issue of par-
allel ef�ciency. This question has already been identi�ed by other groups as a critical issue to run LES for reacting
two-phase �ows on massively parallel computers.13

In the present paper, a Lagrangian solver is �rst coupled with a compressible LES code for reacting �ows on hybrid
grids (the AVBP code of CERFACS: see www.cerfacs.fr/cfd/avbp.html). Parallelization is performed using domain
partitioning. The partitioning algorithm is the same as theone used for gaseous �ows and does not take into account the
additional computing cost induced by the droplets. The implementation is �rst veri�ed by computing the dispersion of
non evaporating droplets distributed homogeneously in homogeneous turbulence which is a classical test case.14, 21, 22

For this homogeneous case, the parallel ef�ciency is tested. More realistic cases are then tested where the droplets
are distributed non-uniformly in the domain: this situation is more representative of real combustion chambers where
droplets will be present mainly near the fuel injector. For this type of loading, adequate speedups are more dif�cult to
obtain, which con�rms the need for dynamic load balancing.

Numerical and Physical Modelling
This section describes brie�y the governing equations usedin the AVBP solver for the gaseous and dispersed phases
for the two-phase �ow Euler-Euler23 and Euler-Lagrangian model for dilute �ows with one-way coupling between the
two phases. The particle-tracking scheme and the interpolation algorithm are also included at the end of the section.

Two-phase �ow EE model

Gaseous phase
The continuity, momentum and energy equations for the gaseous phase are:
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Pressure is obtained from the equation of statepg = � grTg wherer is computed from the mass fractionsr = R=W
with W the air molecular weight. The Newtonian viscous tensor is de�ned as:
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and the heat diffusion is calculated from the classical Fourier law:

qg;j = � � g
@Tg
@xj

: (5)

Dispersed phase
The continuity, momentum and energy equations for the dispersed phase are:
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where� p = n�d 3=6 with n the number of particles by unit volume,� p is the particles relaxation time (to be de�ned
in the following section) and� QB = 5 � pEQB =3 whereEQB � �q 2

p is the quasi-Brownian energy which accounts for
the uncorrelated particles velocity as described in.15 The quasi-Brownian pressure and stress tensorpQB and� QB;ij

are de�ned by analogy with the kinetic theory of gases.pQB is calculated through an equivalent equation of state:
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2
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and� QB;ij has a de�nition similar to the gaseous viscous tensor:
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where� QB = � pEQB =3 is the quasi-Brownian viscosity andI p;i is the standard drag force (see23 for details).

Two-phase �ow EL model

Gaseous phase
The compressible Navier-Stokes equations are solved in their conservative form for the gaseous phase. The continuity,
momentum and energy equations are the same as for the gaseousphase of the EE model (see Eqs. 1, 2 and 3).

Dispersed phase
The dispersed phase consists of particles which are assumedto be rigid spheres. If the density of particles is much
larger than the �uid density, the forces acting on particlesreduce to drag and gravity21 (though the latter is not consid-
ered in this study). Particle size is assumed small comparedto the smallest turbulence length scale, the Kolmogorov
scale, while collisions among particles are neglected. Theanalysis presented in this work is limited to one-way cou-
pling from gas-to-particle phases with the assumption of small particle loadings. The particle equations of motion can
then be written for a single particle as:

@xp;i

@t
= up;i (11)
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� p
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where~ug;i is the �uid velocity at the position of the particle assumingthat the �ow �eld is locally undisturbed by the
presence of this particle.24, 25 Due to the very small droplet Reynolds number measured in thesimulation, the particle
relaxation time� p is de�ned as the characteristic time for Stokes drag:

� p =
d2

p � p

18� g
: (13)
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Locating particles in elements of arbitrary shape
In order to interpolate the discreted �ow �elds from the gridpoint onto the particle position (inside a cell) it is necessary
to know the cell the particle is located in as well as the particle exact location within the cell. This is straightforward
for regular, uniform Cartesian grids where the physical coordinates can be transformed into a uniform computational
space. However, this is no longer valid for unstructured grids. In order to decide if the particle is located inside the
element or not, the scalar product is taken between the vector starting from the vertex of the element to the particle
position and the inward normal vector of the corresponding edge. Then, the particle is inside the element if all the
scalar products of each edge are positive. If any of them is negative, the particle falls outside the element in that
direction.

Search algorithm for particles on unstructured grids
During each time step of the simulation, the particles change their position. But before they can contribute information
to the grid or sample �eld information from it, their new hostelement (or cell) must be identi�ed. Therefore, they
must be traced to the grid and the idea is to exploit as an initial, most likely, guess that host element before the particle
was moved. Under the reasonable condition that a particle can only travel to a neighboring cell during one single time
step, it is suf�cient to limit the search to the cell the particle was located in at the end of the previous timestep and to its
adjacent cells. More precisely, the closest point of the mesh to the particle location is evaluated and only the elements
surrounding to that point are considered. In case of search failure, the elements surrounding all the close points are
considered. Such an approach is usually referred to asmodi�ed brute-force algorithm26 and has been retained for this
study.

Interpolation of gaseous-phase properties
For this particular case, hexahedral elements are used, so that, �ow variables such as the velocity vector or the �uid
viscosity, are evaluated at particle position via trilinear Lagrange interpolation from the values at the cell vertices.

The AVBP solver

The AVBP solver is a �nite volume code based on a cell-vertex formulation. It solves the laminar and turbulent com-
pressible Navier-Stokes equations in two and three space dimensions for hybrid and unstructured grids. Steady state
or unsteady �ows may be simulated, and the variations of molecular weights and heat capacities with temperature and
mixture composition are accounted for. In this work, a Lax-Wendroff scheme was used for the numerical discretization
in space and time.

Application to Homogeneous Isotropic Turbulence with Particles
The bulk of the simulations for this study was performed on a643 uniform grid, the length of the computational
domain is2� 10� 3 m in the three directions and has a cell size of� x = 9 :81719 10� 5 m. Parallel simulations were
performed on a Compaq AlphaServer SC with 2, 4, 8, and 12 processors and 2.48 million particles trajectories were
computed at each time step corresponding approx. to 10 particles per cell. This number is a minimum value if proper
sampling (specially for combustion) must be achieved in each cell.

Initialization of the gaseous phase

The gaseous phase is initialized with a divergence free velocity obeying a Passot-Pouquet spectrum27 for the kinetic
energy:

E(k) = C
�

k
ke

� 4

e� 2(k=k e )2

: (14)

Herek is the wave length andke corresponds to the most energetic wave length. The gaseous Navier-Stokes equations
are run up tot0 = 1 :24942 10� 5 s which corresponds to half an eddy turnover time. This is necessary to ensure that
the generated homogeneous isotropic turbulence (HIT) �ow is indeed a solution of the Navier-Stokes equations before
inserting the dispersed phase.

N � x=� u0
g [m=s] q2

g [m2=s2] "g [m2=s3] � " [s]
64 1:04 27:534 1137:21 4:64 107 2:45 10� 5

Table 1 Flow �eld parameters at time t0 .

Table 1 summarizes the main characteristics of the gaseous �eld obtained at timet0. In this table,� is the Kolmogorov
length scale,u0

g is the �uctuating turbulent velocity, andq2
g and"g are the gaseous kinetic energy and dissipation rate
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de�ned as:
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respectively, and� g is the kinematic viscosity de�ned by� g = 2 :02 10� 3m2=s2. The last two parameters are used to
form the Eulerian time macro-scale or turnover time,� " = q2

g="g. Averages of turbulence quantities obtained over the
computational domain are denotedh�i.

Fig. 1 Snapshot (top) and 2D slice (bottom) of the initial particle distribution for the homogeneous (left) and non-
homogeneous (right) cases.

Initialization of the dispersed phase

The dynamics of the particles in HIT depends on the Stokes number which is the ratio between the particle relaxation
time and a characteristic time scale of turbulence. In the present study we de�ne a Stokes number based on the turnover
time,St" = � p

� " . For all simulations the particles diameter,dp, was set to17:3 10� 6 m which gives� p = 1 :577 10� 5 s
andSt" = 0 :64. This small value forSt" indicates that the particles initial velocity is close to the gaseous phase
velocity so that it is a reasonable assumption to initializethe dispersed phase velocity �eld with the gaseous one. For
EE simulations, this implies that the quasi-Brownian energy is initialized with a value close to zero.
In both approaches, particles are randomly placed within the computational domain and periodic boundary conditions
are used in all directions. Figure 1 shows the initial particle distribution for the two cases studied in this work:

� the homogeneous distribution, where all processors share the same number of particles,

� the non-homogeneous distribution, where only one processor contains all particles.

These two cases correspond to limit situations: for the homogeneous loading case, high parallel ef�ciency should be
obtained for the EL approach since all processors will have the same number of particles. On the other hand, the non-
homogeneous case mimics a real combustor in which a few processors only located in the fuel injectors will contain
most particles while others will have no particles at all.
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Comparison of dispersed two-phase �ows

Figure 2 reports the temporal evolution of the kinetic energy of Lagrangian particles:

q2
p Lagrangian =

1
Np

N pX

i =1

up;i up;i (16)

whereNp is the total number of particles. This is compared with the particle kinetic energy obtained in the Eulerian
simulation (note thatprimein Eq. 15 is omitted here as in HIThup;i i = 0 ):

q2
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2
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Note thatq2
p Eulerian is obtained by adding the correlated part (mesoscopic energy) ~q2

p , and the uncorrelated part (or
quasi-Brownian energy)�q 2

p .15 The results show an overall good agreement between the two approaches and con�rm
that both methods provide the same result for this academic test case. As expected for this range of Stokes numbers,14

the particle kinetic energyq2
p obtained with both methods is larger than the gaseous phase kinetic energyq2
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Fig. 2 Time evolution of the dispersed phase kinetic energyq2
p , computed with the AVBP Euler-Euler model (squares),

and with the AVBP Euler-Lagrange model (solid line). Gaseous phase kinetic energyq2
g (circles). Quasi-Brownian kinetic

energy�q 2
p (crosses).

Illustration of preferential concentration

Empirical evidence indicates that, in some parameter regimes, particle concentrate in low-vorticity regions due to the
centrifugal effects, a phenomenon which has been termedpreferential concentration.28, 29 The basic physics underly-
ing this phenomenon is the fact that inertial particles spinout from the center of eddies; if the particle and �uid time
constants are commensurate, so that the eddy persists on this spin-out timescale, then the particles will concentrate
in regions where straining dominates vorticity.29, 30 The key parameter identi�ed in this kind of investigations is the
Stokes number based on the Kolmogorov time scale,St� = � p

� �
, where� � � (� g="g)1=2 is the Kolmogorov time scale.

Preferential concentration is usually observed for particles withSt� � 1. The slice of particle distribution presented
in Fig. 3 shows that EL model correctly reproduce the effectsof preferential concentration: (left) a completely homo-
geneous particle concentration �eld corresponding toSt� = 0 , (right) particle concentration �elds atSt� = 1 (slice
centered at Z=0, slice thickness of 1/64 the box length).
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Fig. 3 2D slice showing concentrated particle �elds at (left) St � = 0 and (right) St � = 1 .

Analysis of code scalability

In this section, the scalability of the Euler-Lagrange model is analyzed by means of two basic parameters used to
measure the ef�ciency of parallel implementation: the speedup,Srun (Nprocs ), and the reference single-phase CPU
time ratio,Trun (Nprocs ). The former is de�ned as the ratio between the CPU time of a simulation with 2 processors
and the CPU time of a simulation with a given number of processorsNprocs :

Srun (Nprocs ) =
Trun (2)

Trun (Nprocs )
� 2 : (18)

The latter is de�ned as the ratio between the CPU time of a simulation with a given number of procs and the CPU time
of the reference single-phase simulation with 2 processors:

Trun (Nprocs ) =
Trun (Nprocs )

Tsingle � phase (2)
: (19)

The values of these two parameters for the homogeneous and the non-homogeneous cases are summarized in Tables
2 and 3. Note that in the EE model, the CPU time is the same for both cases since the computational cost of this
approach does not depend on the number of particles.

Nprocs 2 4 8 12

Ideal scaling 2 4 8 12
Single-phase 2 3.94 7.88 12.18
Two-phase EE 2 3.77 7.69 11.12
Two-phase EL Homog. 2 3.96 8.84 14.37
Two-phase EL Non-Homog. 2 3.47 5.53 5.49

Table 2 Summary of the speedup of EE and EL models.

Nprocs 2 4 8 12

Single-phase 1 0.51 0.25 0.16
Two-phase EE 2.47 1.31 0.64 0.45
Two-phase EL Homog. 2.09 1.05 0.47 0.29
Two-phase EL Non-Homog. 2.59 1.49 0.93 0.94

Table 3 Summary of the CPU time ratios of EE and EL models.
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Fig. 4 Top: Speedup of the single and two-phase �ow models, Eq. 18. Bottom: CPU time ratio with respect to the single-
phase simulation, Eq. 19 (all scalings are reported relative to the corresponding two-processors simulation).

Homogeneous and non-homogeneous particle loading

Figure 4 (top) shows the speedup for both single and two-phase models for the homogeneous and non-homogeneous
particle loading. An excellent speedup can be observed for the single and the two-phase EE model. The super-linear
values obtained for the two-phase EL model with the homogeneous distribution evidence a good parallel implemen-
tation of the model. However, this, contrasts with the speedup of the non-homogeneous case with the two-phase EL
approach which drifts rapidly far from the ideal, linear curve. The drop of performance in this case is not related to
large communications costs between processors but merely to a load balancing problem.
In the non-homogeneous case, the dispersed phase in the EL model is only computed by a single processor (the ”mas-
ter” node in the present study). This leads to a signi�cant increase in CPU time compared to the homogeneous case
where all parallel processors execute the same number of instructions for both gaseous and dispersed phases. The
main reasons contributing to this increase are: i) a higher number of numerical operations per processor related to
the solution of Eqs. 11 and 12, such as search and interpolation procedures; ii) higher memory requirements and iii)
communication cost related to the �ux of particles between processors.
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Figure 4 (bottom) indicates that taking into account the dispersed phase results in about twice and a half the CPU time
the single-phase simulation for the EE model and about twicethe CPU time for the EL approach. The differences
between both models increase with the number of processors,thus, the higher the number of processors, the faster the
EL model, leading to differences from 18% for a two-processors simulation up to 55% for the simulation performed
with 12 processors. This is due to a lower ratio of particles by processor which implies less computational operations,
less memory requirements and, therefore, less cache memorydefaults. These effects are stronger than the increase of
the communication cost related to a higher number of particles crossing processors domain. On the other hand, the EE
approach does not suffer from this load balancing problem.

Thus, an ef�cient parallel implementation of an EL model canonly be achieved by applying the same principles used
in parallel computing so as to reduce the computational timerequired to complete a task: namely, decomposition of
a data set into smaller subsets executing the same instructions on separate processors. This points out the need of
dynamic load balancing for real two-phase �ow LES in complexgeometry (see also13), e.g., by using multi-constraint
partitioning algorithms which take into account particlesloading on each processor. Although the current tests have
been performed over only a few processors, the results reported in Fig. 3 show encouraging scaling of the EL homo-
geneous case. The super-linear speedup obtained for the EL homogeneous case con�rms the improved behaviour of
the EL approach when increasing the number of partitions.

Conclusions and Perspectives
In the present work Euler-Euler and Euler-Lagrange formulation for two-phase reacting �ows were compared in terms
of parallel ef�ciency. Tests were performed for dispersed particles in homogeneous isotropic turbulence: results show
that the code scales very well when the particles are homogeneously distributed but leads to large numerical losses if
particles are located in only one partition of the computational domain. As a consequence, a strategy to control the
load of particles before and during the simulations must be considered in order to avoid big differences in the num-
ber of particles between processors, e.g., with multi-constraint partitioning algorithms to take into account particles
information. Future work includes the integration of particle/mesh load balancing capabilities and the development of
additional modules for evaporation and two-way coupling.
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