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This pap er deals with aerodynamic shap e optimization using an high delit y solver.
Due to the computational cost and restitution time needed to solvethe RANS equations,
this typ e of optimization framew ork must impro ve the solution using very few objec-
tiv e function evaluations despite the high number of design variables. The choice of the
optimizer is thus largely based on its speed of convergence. The quic kest optimization
algorithms use gradien t information to converge along a descent path departing from
the baseline shape to alocal optim um. Within the past few decades, numerous design
problems were successfully solved using this metho d. In our framew ork, the reference
algorithm uses a quasi-Newton gradien t metho d and an adjoin t metho d to inexp en-
sively compute the sensitivities of the functions with respect to shape variables. As
usual aerodynamic functions show numerous local optima when varying shape, a more
global optimizer can be benecial at the cost of more function evaluations. More re-
cently , the use of exp ensiv e global optimizers became possible by implemen ting resp onse
surfaces between optimizer and CFD code. In this way, a Kriging based optimizer is
describ ed. This optimizer pro ceeds in iterativ ely rening at up to three points per
iteration by using a balancing between function minimization and error minimization.
It is compared to the reference algorithm on two drag minimization problems. The test
cases are 2D and 3D lifting bodies parameterized with six to more than forty design
variables driving deformation of meshes with Hic ks-Henne bumps. The new optimizer
e ectiv ely provesto converge to lower function values without prohibitiv ely increasing
the cost. However, response surfaces are known to become inecien t when dimension
increases. In order to ecien tly apply this response surface based optimizer on such
problems, a Cokriging metho d is used to interp olate gradien t information at sample

lo cations.
Nomenclature

C(x) Sampling re nement criterion
Cd Drag coe cien t
Cl Lift coe cient
Cp Pressurecoe cien t
c Mean chord length
D Domain of designvariables
Fs Exact function at samples[N ]
F(x) Objective function
H (x) Hessianmatrix of the objective function
L Likelihood estimate
N Order of the correlation matrix / quantity of information
Naug Number of gradient augmerted samples
Ngy Number of designvariables
Neval Number of function evaluations
Ngr ad Number of gradient evaluations
Niter Number of iterations of the optimization process
Npop Optimizer population size
Ns Number of samples
P Set of possibleoptima on the responsesurface
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R Correlation matrix [N N]

r(x) Correlation vector [N]
S Domain of sample points
SCF(;;3) Spatial correlation function
S(x) Standard error
s i-th sample
X Vector of designvariables [ngy]
Z(x) Stochastic process
Zero order regressionmodel
2 Model variance
SCF correlation coe cien ts [ngy]
i Euclidian norm; 2-norm
Subscripts
[ 2 [1;ns]
j 2 [1;ns]
k 2 [1; Niger ]
c 2 [1;neval]
r 2 [1;npop]
v 2 [1;nay]
Superscripts
ini initial sampling database
A approximated value
ref current bestvalue

. Intro duction

In the eld of aerodynamic aircraft design,the functions studied are very sensitive to small changes
on the shapeand it is then particularly hard for designersto reach an optimal solution by trial-and-error.
Shape optimization tools are thus particularly favoured by aerodynamicians. Thesetools are completely
automatic processcapableof running by themselvescomputer expensive numerical simulation givensome
degreesof freedomon the geometry and a gure of merit qualifying the performance of ead shape. In
the context of detailed design, it was decidedthat the samelevel of delit y of the analysis code should
be used for absolute performance assessmenand for shape optimization purpose. As computational
cost of CFD problems generally increaseswith computational resources(size of meshescan be adpated
to available computational power), the typical restitution time required for one o w anaylsis cannot be
su cien tly decreasedo enablethe use of expensive global optimization algorithms requiring thousands
objective function ewaluations such as genetic algorithms. This drawbadk can be circumvent by using
the shape given by studies performed during conceptual and preliminary design phasesas a starting
point for a gradient based local optimization. The rst aerodynamic shape optimizations by Hicks
et al.! demonstrate the e ciency of this type of process,still in use nowadays®® in combination with
e cien t gradient calculation techniquesbasedon adjoint method maintaining the cost of the optimization
independert of the number of designvariables.

Despiteits speedof corvergence gradient basedalgorithms are known to lack designspaceexploration
and are easilytrapp ed by local optima. As the non-linear physical phenomenaoccuring in transonic o ws
imply numerouslocal optima on aerodynamic functions (drag, lift, momertum), a signi cant gain is ex-
pectedby the useof more global optimizers. The useof such optimizers for applications driven by analysis
of full Navier-Stokesequationswas made possiblemore recertly by the use of surrogate models (or re-
sponsesurfaces§t® approximating the expensive CFD function by an inexpensive to evaluate black-box
model. Moreover, the use of response surfacescoupled with a multi-ob jective global optimizer enables
to have a clearer view of possiblestrade-o s between concurrert objective functions® and facilitates
multidisciplinary analysis! 2 whereasgradient basedalgorithms are limited to mono-objective prob-
lems and solved multi-ob jective problemsonly by using pre-determined equivalencecoe cien ts between
functions.

In the section|l of this paper is presened the high- delit y optimization suite OPTaliA and the gra-
dient basedoptimizer DOT. This algorithm usesa classical quasi-Newton method and is taken as the
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referenceoptimizer. Numerous application were successfullyconducted using this optimization frame-
work,> 12 but to tackle the limitations underlined previously a response surface based optimizer was
dewvelopped using a Kriging method and is presened in sectionlll. The performance of this optimizer
should largely exceedthe referenceon low-dimensional problems by using a multi-criteria re nement
processenabling to run multiples CFD runs in parallel. As surrogate models are known to become
ine cien t as dimension increased,a third optimizer using a Cokriging (gradient-enhancedKriging) for-
mulation is preserted. It usesa sample limited Cokriging approadch. This formulation was set up to
overcomethe large computational cost neededto build a surrogate model interpolating high dimensional
gradient vectors.

The last section(section IV), comparesthe two new responsesurfacebasedoptimizers to the gradient
referenceon a low-dimensional drag reduction problem considering 6 design variables on a RAE2822
airfoil and a high dimensional test problem considering 45 designvariables on a wing.

1. Optimization suite

The software OPTaliA, internally developed at Airbus, is usedto perform aerodynamic shape opti-
mization. This high- delit y optimization suite can improve aerodynamic performance of an aircraft by
changesin the external shape (planform variables xed) and is adapted to the work done during the
detailed designphases.

A.  Common optimization framew ork

A general optimization framework, represerted in Figure 1, has been set up in OPTaliA, in order to
implement various type of optimizers (gradient, genetic, response surface). From the global point of
view, the optimization processcan be interpreted as a successionof two main tasks: evaluation and
optimization. Within the evaluator, the function value and if neededthe gradient value corresponding
to npop Shapesare computed. The population size dependson the optimization algorithm chosen, but
if it is superior to one the evaluator performs the simulations of all shapes simultaneously by running
multiple jobs on high performance computers. A large population can reduce the restitution time of
the optimization process,at the risk of saturating computational resources.Once all shapeshave been
evaluated, the optimizer proposesa new population of shapesby using the new information on functions
and the next iteration begins. In addition to optimizer internal stopping criteria, the cornvergenceis
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Figure 1. General Optimization Pro cess

forced at the OPTaliA level when the number of iterations or the number of function evaluations exceeds
a given threshold, niger 100 nevar  200.
One of the challengesin aerodynamic shape optimization is to managerunning e cien tly evaluator
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and optimizer automatically in batch mode. More particularly, the evaluator itself is a complex process
requiring large computational resources.

B. Evaluator for CFD functions
1. Shape parameterization and meshdeformation

The shape parameterization consistsin applying Hicks-Hennesinusoidal bumps on a surface skin of an
initial block-structured mesh. Each bump is de ned by three shape variables driving the amplitude,
the position and the width expansion. The direction of the deformation can be either along the vector
locally normal to the surfaceor alonga xed vector (vertical axis). This type of deformation wasinitially
developed by Hicks et al.! for numerical optimization of airfoils. When applied on a bidimensional
surface corresponding to a three dimensional shape, a linear propagation of the bump is done in the
seconddirection using xed propagation distances.

Once computed, the vector eld of deformation at the surfaceskin is propagatedto the volume mesh
using a mixed integral / trans nite interpolation method.> The integral method is usedto compute
deformation of nodesde ning boundariesbetweenblocks and then the trans nite interpolation computes
deformation inside eadh block in parallel.

An analytical linearization of the shape parameterization and meshdeformation modules enablesto
inexpensively compute (in terms of CPU time) the sensitivity of the surfacemeshand the sensitivity of
the volume meshwith respect to designvariables.

2. Flow simulation

Flow analysis were performed with the elsA'® software dewveloped by Onera. The ow is simulated
by solving the Reynolds Averaged Navier-Stokes (RANS) equations assaiated with the one-equation
Spalart-Allmaras turbulence model on block structured meshesusing a cell-certered nite volume ap-
proach. The secondorder Roe's upwind schemewith the Van Albada limiter is used as spatial scheme
coupled with an implicit time resolution. Multigrid and local time stepping techniques are used to
corvergemore quickly.

One of the main requiremert from designersis to obtain the same results when using the CFD
solver inside or outside the automatic optimization tool. As hysterisis phenomenaare common when
dealing with transonic ows, it imposesthat the sameinitial ow condition (uniform ow) are used
for all simulations during the optimization. So, the computational cost of CFD simulations cannot be
reduced by using a restart strategy using the ow solution corresponding to the previous shape. The
computational cost of the optimization grows linearly with the number of function evaluations.

The sensitivity of the objective function with respect to the shape variables is computed using the
discrete adjoint method** of elsA. For an explicit presenation of the adjoint system solved the reader is
referred to Peter et al.'® and Meaux et al.> This method enablesto compute the sensitivity of a single
function with respectto ng, designvariablesat the cost of onelinear systemresolution (samesizeasthe
RANS system). The gradient vector is thus computed using approximativ ely the same computational
time (factor  1:5) asonedirect ow simulation. For typical aerodynamic problemsconsideringhundreds
of designvariables and a few functions (lift, drag), this is a considerableimprovemert over the classical
method of nite di erences requiring as many o w solutions as designvariables.

3. Aerodynamic function computation

The objective function chosenis the far- eld pressuredrag,
F = Cd;f = Cdvp + de + Cdi: (1)

The friction drag, Cd;, is excluded from the objective function as it does not signi cantly change
considering small amplitudes of deformation. The wetted surfaceis kept unchanged (almost) by the
shape deformation. The far- eld code usedis d41 '® developed by Onera. The two main advantages of
this approadc are its ability to decompose pressuredrag into physical componerts (wave drag, induced
drag, viscouspressuredrag) and its accuracythrough a ltering of non-physical drag (spurious drag).

The post-processingmodule can also compute the sensitivity of the drag with respect to the ow
variables and with respect to the meshwith an analytical formulation.

As aerodynamicians work at xed lift rather than at xed angle of attack, a more realistic problem
should also take into accourt a xed lift coe cient as a constraint for the optimizer and include the
angle of attack asa designvariable, but the presert work comparestwo very di erent type of algorithms
and the comparisonmust not be biasedby di erent methods of constraints handling.
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C. Gradien t based optimizer, reference optimizer (DOT-BF GS)

The referenceoptimizer is gradient basedand usesthe classicalquasi-Newton BFGS method (Broyden-
Fletcher-Goldfarb-Shanno) from the DOT (Design Optimization Tools)!’ library. Description of one
internal step of this optimizer is given in Figure 2. As all gradient optimizers, it corvergesalong a
descem path until no improvemert is achieved during one optimizer iteration or if the gradient norm
is null. Firstly, the algorithm determines a descen direction, dix, using the ewlution of the gradient
vector during the last two internal iterations. Once the direction is computed, a linear seard aiming
at computing the norm of displacemen giving the best improvemen is performed. The linear seard
is driven by a mono-dimensionalpolynomial interpolation and requires successie function evaluations.
This type of optimizer is intrinsically sequetial asit follows a single descem path. For the optimization
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A

Figure 2. Inside the gradien t based optimizer box

framework, only one set of design variables is handled by processiteration. The processpopulation
contains only one individual (Npop = 1).

In terms of quartity of information, the quasi-Newton gradient algorithm proposesthe next set of
variables by using only the information about the current internal iteration. The internal iteration
contains information about the descen direction (computed using ewolution of two gradient values) plus
somefunction evaluations (usually no more than ten). This optimization algorithm proposesa new shape
basedon N = 2ny, + 10 scalarinformations on the unknown function. Evenif the approximated Hessian
matrix, Hy, is more and more accurate asthe number of internal iterations increasesthe algorithm does
not retain all the information known about the function but focuseson the information in the vicinity
of the current shape.

D. Performance of optimization algorithms

The properties of optimization algorithms are described by two opposite notions, exploration and ex-
ploitation. The exploration denotesthe ability of the optimizer to avoid being trapp ed by the nearest
optimum, whereasthe exploitation denoteshow quickly the optimizer nd the nearestoptimal point.
Gradient basedalgorithms are well known to be very e cien t in exploitation and poor in exploration.

The gure of merit measuringthe restitution time neededfor an optimization to convergeis the num-
ber of processiterations, njer . The gure of merit measuringthe computational cost of an optimization
is the total number of function and gradient evaluations, nevai + Ngrad. These quartities both qualify
the exploitation properties of the optimizer. One hasto notice that for more precision, a distinction is
made betweeniteration at the processlevel and iteration at the optimizer level. The number of internal
iterations of the optimizer does not directly interveneto assesgerformance and is not reported (for
DOT it correspondsto the number of gradient calculations).
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The valuesdenoted by the superscript ref are referencevaluesobtained by comparing the value(s) of
the objective function at a given processiteration to all previous evaluations, soasthe quantity F, F/®f
is positive or null. As gradient algorithms cornverge by following a descen path, the nal ref point is
e ectiv ely the last computation, but that is not true for all optimizers.

The exploration can be measuredin terms of variation of the function value during the, optimization,

(Fc Fle"), and in terms of variation of the designvariables during the optimization, = jix. xL®'jj.
In fact, asthe variablesare de ned on very di erent rangesand are not scaledto measurethe exploration,
the measureof variation of the objective function is more represenativ e.

IIl. Response Surface based optimizer (RS Kriging and RS Cokriging)

Surrogate modeling tools are now widely available within engineering. Basically, these tools enable
to inexpensively approximate a function on a corntinous domain D given a databaseof ng samples,S.
Once built, the surrogate model can give numerousinformation on the true function through: graphical
plots giving trends, sensitivity of the function with respect to ead variable, or the value and location of
the minimum when coupled with an optimizer.

Although it is possibleto build a globally reliable response surface when considering three or four
designvariables, a phenomenondescribed by Bellman'® asthe 'curse of dimensionality' preverts the use
of global responsesurfaceson high dimensional spaces.In fact, this phenomenonalso discardsthe use of
global optimization algorithms on such problems. A previous study!® varying dimensionfrom oneto six
showed that the complexity of aerodynamic functions cannot be represenied with asfew as 200 function
evaluations and recommendsthe use of local responsesurfaces. Local responsesurface basedoptimizers
depart from a space lling sampling giving rough trends of the function and internally usean expensive
global optimizer to optimize one or multiple sampling re nement criteria, C;(x), in order to iterativ ely
increasethe surfaceaccuracy around locations of possibleoptima (cf. Figure 3).

Update the Response Surface with new samples
Build Fi(x) and S(x)

Y
Find s solution of miny C, Fy(x); Sk(x)
check distance from samples

Figure 3. Inside a general resp onse surface based optimizer box

This type of optimizer supposesthat an e cien t surrogate model can be built in high-dimensional
seard spaces(one hundred variables).
A. Building response surfaces with Kriging and Cokriging
Kriging 2° (DACE formulation) was chosento build the responsesurface F (x) for its ability to approxi-
mate accurately non-linear functions and to guarantee a null error at samples.
1. Kriging

The Kriging method is from the statistical point of view the best linear interpolator. It is formed by a
constart term, ", represerting a mean of the function at samples,F, plus a linear combination of basis
function interpolating eacd sample built up as a stochastic process,Z (x),

Fx)= "+2Z(x) FX): 2)

The basic assumption behind Kriging is that the covariance of the function is linked to the spatial
correlation and this correlation is maximum when distance between points is null and decreaseswith
distance, _ _

coMZ(s); ()] = 2Ry : (3)

The correlation matrix R is densesymmetric positive de nite (order N = ng) with ones along the
diagonal and results from evaluations of a Spatial Correlation Function,

R § _ _
Rj = SCF(s';¢') =  scfy(jsy, 9lj): 4)

6 of 21



The basisfunction are the directional function (scf,) linking the distanceto the correlation between
two points. A cubic spline function depending of one hyperparameter driving the directional strength of
the correlation , , was chosen,

8
2 1 6(x )2+ 6(x )3 x <
scfu(X) = _ 2(1 x V3 x< b (5)

T 0;x &
In comparisonto the traditional gaussianfunction, the cubic spline givesgenerally a better conditioned
correlation matrix. In fact, the gaussianfunction decreasesxponertially with the distance but tends
toward zerowithout reacing it, whereasthe spline function is null after a threshold value xed by the
hyperparameter.

Contrary to the radial basisfunction method using a di erent function radius for eat basisfunction,
the Kriging method de nes this radius by direction. Thus, an appropriate comparative study (domain
scaling) of eadh , valuesenablesto assesghe in uence of ead variable on the function.

Spatial correlation functions must respect at least two properties, be equal to one for a null distance
and decreasewith distance. These properties lead Kriging models to be unstable when sample points
are clustered. If the distance between two samplesis too small, their corresponding columns in the
correlation matrix will be almost the sameimplying an ill-conditioned matrix. Space lling sampling
methods like Latin Hypercube Sampling (LHS) are thus recommendedwhen using Kriging.

To evaluate Kriging at an unknown location a vector of correlation r betweensample points and the
unknown is computed,

ri(x) = SCF(x;s'): (6)
Once the correlation matrix inverted, the Kriging, F, can nally be evaluated at a new point x,
N\

Fix) = "+ 'R *(Fs 17): @)

One should notice, that only two samplesare neededto build a Kriging response surface, whereasa

linear polynomial interpolator requiresat least ng, + 1 samplesto determine polynomial coe cien ts. In

addition, the predicted uncertainty of the Kriging function or standard error, $(x), can be computed,
I1

1R r(x) ° °?

1R 11

-

§x)="~ 1 r'x)R r(x) +

0: (8)

2. Kriging t

As Kriging models directly interpolate the samples,they are not tted by minimizing the least square
residual error at samplesas polynomial regressionmodels. The standard error of Kriging is null at
samplesand increaseswith distance. Kriging are tted by minimizing their predicted errors, more
preciselyby maximizing the logarithm of their likelihood estimates. This optimization problem is known
asthe Maximum Likelihood Estimate (MLE) problem.

For the parameters and 2 analytical expressionsmaximizing this value are known,

"= (@R 1) 'R F; (9)

N

): (10)

The correlation parameters( ) are solution of the following MLE optimization problem,

1
M= Z(Fs 1R YFs 1
Ns

MLE = max In(L) : (12)

It is solved using a gradient basedoptimization algorithm initialized by an appropriate guessasdescribed
by Laurenceauet al.l® Each likelihood evaluation requires the computation of the determinant of the
correlation matrix,

In(L( ) = % ns N(*%)+ @2 )+ 1 + njRj ; (12)

and the resolution of the optimization problems requiresup to one thousand likelihood evaluations.
During the iterativ ere nement processthe hyperparametersarere tted at ead update of the sample
database.
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3. Samplelimited indirect Cokriging, gradient enhaned Kriging

A Cokriging model?! interpolates the function and the gradient at eac samplelocation. As Cokriging
models include more information on the true function than Kriging models, they needfewer samplesto
achieve a given level of accuracy Moreover a comparisonvarying the dimension of the problem and the
number of sampleson an aerodynamic test casé® has proven that the vectorial information provided by
the gradient is more bene cial for high-dimensional problems.

Forits exibilit y, the formulation retained to build gradient enhancedKriging is the indirect Cokriging
formulation.?! It does not change the Kriging formulation described previously becausethe gradient
interpolation is performed through a sample database augmertation scheme. Instead of directly using
the gradient information, it is usedto add one point per direction at eadh sample using a rst order

Taylor approximation, ‘
. . g
F(s"s*V)= F(s') + %10 “range, (S): (13)
@y
After usingthe gradient information at ead sample,the augmened databasecontains N = ng(ngy + 1)
samples.
The computational cost of Kriging model t or evaluation dependsmainly on the order of the corre-
lation matrix, N. On a standard Intel Pentium4 2.8GHz processor,the estimated computation time for
one correlation matrix inversionis,

tuser  3:10 °N°® seconds; (14)

and a total of seweral hundreds matrix inversionsare done for ead responsesurface.

The computational cost of the responsesurface(t and evaluation) is considerednegligible compared
to CFD function ewaluations for matrix order up to N 400. Howewer, as the computational cost of
Cokriging dependson the number of variables, it becomesunusablefor high-dimensional problems. It is
then necessaryto use altered augmertation schemes. Liu?! proposeda direction limited augmertation
scheme using only one augmertation point per sample, N = 2ng. Practically, this strategy implies a
lossof information. As gradients of CFD functions are computed with an adjoint method, the complete
gradient vector is computed even if only one term of the vector is needed.

This is why a samplelimited augmertation schemeis preferred, as suggestedoy Kim et al.??> on their
aerodynamic problem depending on six variables. It consistsin using the complete gradient information
but only for a xed number of samplesdenoted nyg. The augmerted matrix order is then N =
Ns + Naug Ngv . Basically, using na,g = 10 enablesto abide by the rule of thumb recommendingthe use of
at least 10 samplesper direction to have a correct responsesurface. Practically, it is usedto adapt the
Cokriging computational costto the number of variables.

B. Global optimization on the response surface

As stated in Figure 3, another optimization problem hasto be solved inside the responsesurface based
optimizer box. Somesampling re nement criteria, C, (x), must be optimized to exploit the information
cortained in the response surfaceand nd a suitable new set of design variables. As the criteria are
inexpensiwely evaluated, a global optimization strategy was adopted for their minimization. In order
to e ectively nd the global minimum even for high dimensional problems, a strategy using multiple
optimizers and multiple runs is used. This strategy proceedsin building a set, P, of possibleoptima of
the criterion given by various methods and nally retains only the minimum of this set.

Firstly, the set of possibleoptima, P, is initialized by the minimum from the sample database.

Secondly a binary coded geneticalgorithm from David Caroll 2 is usedwith a population size of 100
individuals and a maximum number of generationsequal to 1000. A corvergencetest was implemented
to stop this algorithm when no improvemen on the function is made during 10 consecutiw iterations.
This algorithm is ran 100times using di erent seedvalues. Each run enablesto incremert a new point
in the set of possibleoptima P.

Thirdly , a pseudo-randomexploration is performed on 100 10° sites. The minimum of the exploration
phaseis usedto initialize a gradient descem (quasi-newtonBFGS method). Oncecorvergedthe minimum
of the gradient algorithm is incremerted in the set P. This stepis repeated 10 times with di erent seed
valuesfor the exploration.

Finally, a last gradient descen is performed departing from the minimum point of the set of possible
optima P.

2CU Aerospace, http://www.cuaerospace.co m/carro I/ ga.html
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The global optimization on the responsesurfaceis necessaryto assesshe e ciency of the response
surfacebasedoptimizer. In fact lesscaution would have beenpossibleduring this internal optimization,
but asthis step should be ase cien t on the 6 designvariablestest caseason the 45 designvariablestest
case,robustnesswas privileged in detriment of convergencespeed. As no bias can be attributed to this
internal optimization, any loss of performance of the response surface basedoptimizer when increasing
dimension can be attributed to a lossof accuracy of the responsethe surface.

C. Sampling renemen t criteria

A variety of sampling re nement criteria exists. Some are designedto reduce the global error of the
response surface!® and some are designedto minimize the true function modelised by the response
surface. Sasen&® compareda variety of criteria.

1. De nition
The most basic criteria exploits only information on the function,
Ci(x) = F(x): (15)

As stated in the Surrogate Managemert Framework,?* 25 optimization algorithms that re ne iterativ ely
only at the predicted minimum ('SEARCH' step) cannot e cien tly nd an optimum. A spatial explo-
ration is necessary('POLL' step) to ensureconvergence.Using the standard error (Eqn. 8), it is possible
to compute criteria able to locate minimum of the function taking into accourt uncertainty of the model.

Each re nement criterion proposesits own manner to balance exploitation of low function values
with exploration of high uncertainty values. The Expected Improvemert (El)® is the most common
when using Kriging. It is a statistical criterion maximizing the probability of improvemert over the
best sample value. The maximum of the El function indicates the predicted location of the global
minimum of the true function. It has provento be an e cien t re nement criterion on low dimensional
problems® ® 26 Despite that, the EI criterion was not retained here asit tends to cluster points around
predicted minimum before exploring other locations. Moreover, it has quasi-rull gradients on large parts
of the domain making it impossibleto use gradient algorithms to nd its maximum (Figure 4). This
criterion is then hard to maximize.

The Lower Con dence Bounding (LCB) criterion of Cox et al.?” was preferred as it tends to give
more weight to the uncertainty. The LCB directly usesa balancing coe cien t b between function and
error to perform a linear combination,

LCBu(x) = F(x) bS(X);b2 R : (16)

The minimum of LCB indicates the expectedlocation of the minimum of the true function. The standard
error of Kriging being always positive, the error balancing coe cien t, b, can be positive or negative. The
values tested by Cox et al. are b= 2:0 and b = 2.5, using a di erent optimization process(single
re nement criterion) on low-dimensionalanalytical functions. In this work, the valueschosenareb= 1:0
andb= 1.0,
Ca(x) = LCB1(x) = F(x) S(x); (17)
Cs(x) = LCB 1(x) = F(x) + §(x): (18)
On Figure 4, the minimum of the surrogate model F indicates an already sampledlocation, di erent
from the optimum on the true function. Using the standard error (error bars), the minimum of the
LC B, function will explore a zone of higher uncertainty whereasthe E| criterion indicates a location
very closeto the minimum of the Kriging function corresponding to an already sampled location.

2. Distance check

Each location indicated by the minimization of a sampling re nement criteria must be validated by
performing a distance computation with respect to already computed locations. The main purpose of
this validation is to avoid expensive CFD computations on shapes already well known. The secondary
purposeis to ensurea good conditioning of the Kriging correlation matrix. The point is rejected if its
minimal distance with respect to already computed samplesfall b|elcw a xed threshold,

X iyref i
rel acceptedif; min; o SIS, (19)
, range,

X

The value of the threshold, , should be adapted to the level of corvergenceexpected from the optimizer
i.e. the number of iterations authorized. The value chosenhereis = 10 6.
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Figure 4. Exp ected Impro vement and Lower Condence Bounding Function on a one dimensional example
appro ximated using three samples

D. Kriging/Cokriging based resp onse surface optimizer

The new Kriging/Cokriging based optimizers (Figure 5) are initialized using a space lling sampling
method for the rst iteration. The re nement processbeginsat the seconditerations after n function
evaluations. It usesfor the exploitation of the best function value a re nement at the predicted min-
imum of the function. In order to ensureexploration of the domain and try to corvergeto the global
optimum, the LCB function is usedwith two di erent error balancing coe cien ts. This framework runs
simultaneously up to three CFD runs (npep  3) per iteration. As the sampling re nement includes
exploratory steps, this optimizer is able to managevery coarseinitial sample database (10 samplesfor
45 variables) at the cost of more iteration of the process.The useof large initial sampling databasecan
also save time asthe nM ewaluations are done simultaneously.

Update the Response Surface with new samples
Build Fi(x) and $¢(x)

A,

Find miny Fi(X) Find miny Fi(x) Sc(X) Find miny Fi(x) + Sc(x)
check distance check distance check distance
Figure 5. Inside the Kriging/Cokriging based optimizer box

Convergenceis said to be reached when all three proposedre nements are closetoo already sampled
locations or if the function value cannot be improved during 20 iterations.

V. Results

In the following section, a comparisonbetweenthe two new Kriging and Cokriging basedoptimizers
and the referencegradient optimizer is made on two test cases. This comparison was not made on
analytical test functions common in the optimization community becauseit cannot be represenativ e
of real CFD functions: multimodal (lots of local optima), high number of more or lessindependern
variables and noise. The no-free-lunch theorem for optimization by Wolpert et al.?® states that the
ultimate optimization algorithm doesnot exist. If an optimizer is the most competitiv e for a given set
of problems, it is always possibleto nd another set of problemsto cortradict this fact. Wolpert et al.
recommendationsare then to use a wide variety of test problemsin order to compare general-purpose
optimization algorithms, and to incorporate problem-speci ¢ knowledgeinto the optimizer as much as
possible. Our test casesare then directly performedwithin OPTaliA. Moreover, the problemsare de ned
as represenativ e simpli cations (no constraints, lessdesign variables, coarsemeshes)of real industrial
problems handled by Airbus designers.
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A. Airfoil drag minimization considering 6 design variables

The rst test problem is about a RAE2822 airfoil at a Mach number M = 0:729, an angleof attack 2:31°.
The chord length is one meter and the Reynolds number value is Re = 7:10°. The C-meshis formed
of 73 458 nodes with its boundary layer re nement. The restitution time for one ow simulation is
400 secondsusing two processorsAMD Opteron 275 (2.2 Ghz) to perform 400 steady iterations. The
objective function consideredis the far eld pressuredrag. Two bumps (ng, = 6) are applied to deform
the upper surfacein the direction of the vertical axis. Only positive deformations are authorized and
the maximum amplitude of one bump is 5 millimeters. The domain of variation for the position of the
bumps authorizes recovering.

The complexity of the optimization problem is low as only one function and six designvariables are
considered. Moreover, the rangeson variables are restrained to positive deformationsin order to limit
the complexity of the objective function on the domain and thus the number of possibleoptima and to
limit the impact on lift.

The sameinitial databaseis usedfor Kriging and Cokriging responsesurfaces.It cortains 10 samples,
niM = 10, including the baselineshape and nine space lling samplesdistributed by a Sobol method. The
sampledatabaseaugmertation for the sample-limited Cokriging includesthe information of 10 gradient
vectors, nayg = 10, providing a quartit y of information equivalert to 60 additional samples.

The starting point for the gradient algorithm corresponds to large equidistributed bumps of null
amplitudes.

On Figure 6 are represerted the baselineand the optimized shapesand assa@iated pressurecoe cien t
values. The pressuredistribution of the baselineshape demonstratesthe presenceof a shock wave (drag
production) at the upper surface of the airfoil (between50% and 60% of the chord length). This shock
wave is attenuated (suppressed)by the deformation proposedby the di erent optimizers. It appears
that the referenceoptimizer (DOT-BF GS) convergedto a di erent optimal deformation. Whereasboth
responsesurfaceoptimizers nd an optimal shape by distributing the two bumpsat two di erent locations
(leading edgeand location of the shack), the gradient optimizer hasbeentrapp ed by the high sensivity of
the drag to deformation nearthe shock wave and hastried to superposeboth bumps. This illustrates the
fact that even considering simple shape variables (only two bumps), functions studied in aerodynamic
shape optimization exhibit multimo dal behaviour and strong trends (high gradient values) especially
when consideringtransonic o ws. The low complexity of this problem doesnot prevent the gradient to
be trapped by a local optima.

In terms of nal function value, both response surface optimizers largely outperform the gradient
optimizer. It appearsthat even the purely exploratory space lling samples(nevas  10) managedto
improve the baselineshape and to outperform the gradient. Both responsesurfacesalgorithms give very
closeresults in terms of shape deformation and nal objective function value con rming their enhanced
global exploration capabilities. One can seefrom Table 1 that contrary to the RS optimizers, DOT-BF GS
doesnot manageto completely suppressthe shock and slightly increasesthe viscouspressuredrag by its
larger deformation near the trailing edge.

0.06

0.02 }," —————— Baseline
" —s8— DOT-BFGS

ﬁ —a—— RS Kriging 8'

i —=o—— RS Cokriging
------ Baseline
—8—— DOT-BFGS
—=4A—— RS Kriging
———c—— RS Cokriging

| A Vo= il W N NN NS S s RN SR WA NI AT WA SR WA WA N |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x/c x/c

Figure 6. Optimized shap e and pressure distribution of an RAE2822 airfolil

Before totally discarding the referenceoptimizer, it is necessaryto look at the computational cost
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Baseline‘ DOT-BF GS ‘ RS Kriging ‘ RS Cokriging

Cd,=F 100 | 84.6(-15%) | 76.7(-23%) | 76.9(-23%)
Cdy 100 16.5 0.0 3.0
Cdyp 100 100.7 95.3 94.5
Cl 100 103.2 102.1 102.2

Table 1. Aero dynamic performance summary for RAE2822 optimizations

(total number of evaluations Neyal + Ngrad) and restitution time (number of processiterations nje, ) of the
di erent optimizations represened on the Figure 7 and summarizedin Table 2. The worst algorithm in
terms of nal function value, DOT-BF GS, is alsothe quickestand lessexpensiwe. It seemscoherent with
the fact that this method performs very few exploration of the domain in terms of variation in function
value and variables value. The additional cost of RS optimizers is attenuated by the parallelization of
the optimization processand stays acceptablein an industrial context. It is important to note that
the RS optimizers reached a plateau of convergencein as few iterations as the gradient optimizer, but
the RS optimizers managedto continue domain exploration from this referencevalue. The additional
gradient information usedby the Cokriging RS seemsnot absolutely necessarycertainly due to the low
dimensionality of the problem. It e ectiv ely producesa more accurate surrogate model ascanbe deduced
from the lower values of exploration comparedto the Kriging RS When consideringthe the last process
iteration of DOT-BF GS (nijer = 41 on Figure 7), the function value given by the gradient optimizer is
a lot larger than function valuesgiven by both RS basedoptimizers. Moreover both RS optimizers have
reached a plateau of corvergence. One could then say that in terms of resitution time the RS based
optimizers are better than the gradient reference.

On gures Figure 7 and Figure 10, the lines stand for ref valuesof the objective function and the
symbols represen the current valuesof the function.

100
DOT-BFGS 180 o DOT-BFGS
98 — — — - RS Kriging DOT-BFGS
— - RS Cokriging 170 a RS Kriging
96 H o RS Kriging
F r o RS Cokriging
04 :i 160 r RS Cokriging
Fl )
92 E‘ 150 :_A
Wk 140
T b EYIN a
L? 88 :— l |-?130 ;
86 F | 120 F o
= F
84F | E
82 l'_'-T """ v I
- I_‘ __
80 F L i
F T T
78F I
- T —
eb L e il S e e o |
0 20 40 60 80 100 120 140 160 180 0 10 20 30 40 50 60 70 80 90 100
Neval Niter process

Figure 7. Optimization convergence history on the RAE2822 test case

The experience of numerous airfoil optimization with OPTaliA demonstrated that it is impossible
to increaseinde nitely the number of design variables on bidimensional airfoils without having highly
correlated design variables. In fact, by using a decomposition of optimal shape deformation into a
sum of Hicks-Henne bumps, one can seethat the optimum of airfoil drag minimization problems are
generally obtained through a sum of no more than v e bumps. Increasing the number of bumps on a
bidimensional wing section is generally equivalent to a parameterization using lessbumps with higher
rangesin amplitude of bumps. By considering only two bumps, one can guarantee that there is no
redundancy betweendesignvariables and that the complexity of the optimization problem is e ectiv ely
represerted by the number of designvariables. In Figure 8, a simple shape deformation obtained with 2
Hicks-Hennebumps of maximal amplitude equalto 3:0 millimeters is reconstructed using a very complex
combination of 20 Hicks-Hennerecovering bumps of maximum amplitude equalto 0:5 millimeters.
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| DOT-BF GS | RS Kriging

‘ RS Cokriging
Fref nal value 84.6 (-15%) | 76.7 (-23%) 76.9 (-23%)
Niter 5 feval + Ngrad ; nit | 41;41+6; 0 | 90; 162+0; 10 | 63; 121+10; 10
jFe  Flefj 56.2 1503 490.0
P jFe  FIe j=niter 1.37 16.7 7.78
b jFe  Flef j=neval 1.37 9.28 4.05
jixe  xLefji=ngy 0.565 65.4 41.0
b jixe  XLEfji=nier =Ny 1:3810 2 72710 2 65:110 2
jixe XL jj=neyai =Nay 1:3810 ? 40:410 2 33910 ?

Table 2. Optimizers performance summary on the RAE2822 test case

35 A Deformation induced by 2 bumps
P === Deformation induced by 20 bumps
sl A
i 3N
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25k : %
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Figure 8. Equiv alence between 2 Hic ks-Henne bumps and 20 Hic ks-Henne bumps of lower amplitude
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B. Wing drag minimization considering 45 design variables

In order to increasethe number of designvariableswith aslessredundancy betweenvariables as possible
a three dimensional shape is considered,the AS28 wing in cruise condition, at Mach number M = 0:8
and angle of attack AoA = 2:2°. The wing spanis b= 25 meters and the mean chord value is c = 5:4
meters, giving a Reynolds number Re = 40 10°. The structured mesh (Figure 9) is formed of 4 blocks
cortaining a total of 500 10° nodeswith its boundary layer re nement. The restitution time for one
o w simulation is 4400secondsusing two processorsAMD Opteron 275 (2.2 Ghz) to perform 500 steady
iterations.

The 45 shape parameters correspond to 15 Hicks-Hennebumps on the upper surface. The vertical
bumps are distributed by group of three in v e sparwise sections. At ead section, the three bumps
are equidistributed and a recovering is authorized by groups of two bumps. In order to ensurea wide
diversity of possibleshapes(maximum degreeof freedom)with this parameterization, the linear sparwise
expansion of ead sectional deformation is stopped either at the closestboundary either at the closest
deformed section. Only positive deformations are authorized and the maximum amplitude of one bump
is 50 millimeters. The complexity of this problem is thus increasedby con5|der|ng more independert
designvariables and also by increasingthe relative range of possibledeformation, 2—— from v eto ten
as represerted by optimal shapeson Figures 14-17.

Figure 9. Mesh and pessure coecien t of the AS28 wing baseline shape

The RS basedoptimizers wereintialized with only 11samples,n™ = 11, and the number of samplesis
eveninferior to the number of variables. The initial databasewasformed of the baselinecon guration plus
10 space lling samples(Latin Hypercube Sampling method). The Cokriging sampling was augmerted
by including the information of 5 gradient vectors, na,g = 5, giving 225 additional scalar values. The
starting point for the gradient algorithm correspondsto large equidistributed bumps of null amplitudes.

In cruise condition a shock wave appears on the upper surface of the baseline con guration. The
Table 3 shaws that most of optimizers drag reduction camesfrom minimization of the wave drag and
leadsto shapeswith very weak shocks as can be veri ed on pressuredistribution (cf. Figures 11-13).

Figure 10 preseris the convergencehistory of the optimizations. The gradient basedalgorithm keeps
the sameproperties aswith the previoustest problem. It convergesusing few processiterations and very
few objective function ewaluations (even fewer than on the six dimensional problem). Despite its speed,
it givesthe lowestimprovemert of the objective function.

For the RS based optimizations, the in uence of the very coarseinitial sampling can directly be
obsened by comparing exploration valuesof Kriging and Cokriging optimizers (Table 4). As the Kriging
responsesurfaceis lessaccurate, the Kriging basedoptimizer performs three times more exploration and
needsmore iterations to corvergeto its nal value. The sampling re nement becomesalmost similar

14 of 21



Baseline‘ DOT-BF GS ‘ RS Kriging ‘ RS Cokriging

Cdy=F 100 | 95.1(-4.9%) | 94.6(-5.4%) | 93.5(-6.5%)
Cdy 100 28.3 28.3 11.2
Cdyp 100 99.2 98.3 98.7
Cdi 100 103.2 102.9 103.7

Cl 100 102.9 102.3 103.2
Table 3. Aero dynamic performance summary for AS28 wing optimizations

to a space lling re nement, but a signi cant improvemen of the function is achieved and the Kriging

optimizer outperforms the gradient reference. Somehav, its corvergenceis stopped becauseno improve-
ment is achieved during the last 20 iterations whereasthe algorithm continuesits domain exploration

characterized by the large widespreadingof symbols on Figure 10. The Kriging basedoptimizer seems
to needmore iterations to robustly corverge. The Cokriging basedalgorithms doesnot su er this prob-

lem, asvery few improvemert is achieved during the last 50 iterations despite the corntinous exploration

of the domain. By looking at the tridimensional views of optimal deformation elds given by Kriging

(Figure 12) and Cokriging (Figure 13) basedoptimizers, it appearsthat both elds are very similar but

the Kriging shapes corresponds in fact to an intermediate shape explored during the Cokriging based
optimization.

The samplelimited Cokriging basedreachedthe best nal objective function value at the cost of more
function evaluations comparedto DOT-BF GS. Despite the additionnal computational cost, the Cokriging
basedoptimizer outperforms the gradient referencein terms of restitution time. When consideringthe
last processiteration of DOT-BF GS (niier = 26 on Figure 10), the function value given by the gradient
optimizer is larger than the function value given by the Cokriging basedoptimizer. Howewer, the RS
Cokriging optimizer hasnot yet reachedits plateau at this iteration and needsthree times more iterations
to corverge.
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H 1 ———— - RS Cokriging 112 DOT-BFGS
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Figure 10. Optimization convergence history

On Figure 18 are plotted approximated drag polar for the baseline con guration and the three
optimized shapes. The approximation is done using a secondorder polynomial method tted with three
samplesfor ead shape represeried by symbols on the gure. This graph shows that even after changing
the angle of attack of the new shapesto obtain the samelift coe cien t aswith the baselineshape, the
aerodynamic performance keep the same classi cation, gradient and Kriging based optimization give
equivalent improvemerts and the Cokriging basedoptimal shape is best. Despite the improvemert at
cruise conditions, it is not surprising to obsene that the performancesat low lift ight conditions are
decreasedby all optimizations asit was not taken into accourt in the formulation of the optimization
problem. As expected, the lessthe drag is reduced,the lesslow lift performancesare impacted and the
shape given by the gradient optimization is better than the shapesgiven by both RS basedoptimzations
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Figure 11.

‘ DOT-BF GS ‘ RS Kriging ‘ RS Cokriging

F'e’ nal value
Niter ;Fpeval + ngrad ; nisni
ch Fé efj
=) ch Féefj:niter
p iFec Fé ef J=Neval
fixe ¢ ji=nav
=3 Jixe XEef Ji=Niter =Nay
jixe  X¢®ji=Nevai =nay

95.1(-4.9%)

26; 26+4+0
26.8
1.03
1.03
4.79
0.18
0.18

94.6 (-5.4%)
66;198+0; 11
534.4
8.10
2.70
232.1
3.52
1.17

93.5(-6.5%)

88;197+5; 11
205.5
2.34
1.04
73.5
0.84
0.37

Table 4. Optimizers performance

pressure coe cien t.
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on the AS28 wing test case

Optim um given by DOT-BF GS for the AS28 wing. Left: vectorial

eld of deformation.

Righ t:



Figure 12. Optim um given by the Kriging based optimizer for the AS28 wing. Left: vectorial eld of
deformation. Righ t: pressure coecien t.

Figure 13. Optim um given by the Cokriging based optimizer for the AS28 wing. Left: vectorial eld of
deformation. Righ t: pressure coecien t.

17 of 21



-0.08

Baseline
——8—— DOT-BFGS

ﬁ —=2—— RS Kriging 8
0.16 ———oc—— RS Cokriging
H Baseline
o1sk ——a—— DOT-BFGS
r —=A—— RS Kriging
Ozi_ —=~o—— RS Cokriging
_022:”w\Iu\wlu\wlu\wlwH\Iw\HIHHIHHIHHIHHI co b b b b b by by by el
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
xlc xlc
Figure 14. Optimized shap e and pressure distribution at 6% of the wing span
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Figure 17. Optimized shap e and pressure distribution at 60% of the wing span

in these conditions.
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Figure 18. Appro ximated drag polars for the AS28 wing

V. Conclusion

A generalframework for optimization enabling the use of various optimizers was set up. Two algo-
rithms basedon responsesurfacesbuilt with Kriging and Cokriging werethen implemented and compared
to the quasi-Newton referencealgorithm. These optimizers seemvery promising as they achieve bet-
ter function improvemert and are complemernary to the referencegradient optimizer corverging very
quickly to the nearestoptimum. Best practices can be drawn from the results obtained on the two drag
reduction test problems.

For the low dimensional problem, both response surface based optimizers largely outperform the
gradient in terms of nal function value, but also outperform it at equivalent computational cost and
restitution time. Despite the fact that the gradient algorithm cornvergesto a local optimum, it needs
fewer functions evaluations to reach its nal optimum. The interpolation of gradient information does
not signi cantly improve Cokriging basedoptimizer performances,that is why in conclusionthe gradient
free Kriging basedoptimization algorithm should be preferred for low dimensional problems.

When increasing the complexity of the problem by considering 45 design variables on a wing, the
Kriging based optimizer requires twice more iterations after gradient convergencebefore outmatching
it. The lack of accuracy of the Kriging model makes it cornverge permaturously due to an excessie
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exploration of the domain. The samplelimited Cokriging basedoptimizer doesnot su er this problem
and e ectiv ely convergesto a better solution than the gradient reference.The additional cost neededis
small in terms of restitution time due to the e ciency of the parallel framework, but is large in terms of
total function evaluations. The cost of the gradient optimizer being totally independen of the number
of design variables, it should be preferred for high dimensional problems when computational cost is
the major issue. The Cokriging basedoptimizer can corvergeto a more global optimum and should be
preferred when performanceis the major issue.

These conclusionscan be explained by consideringthe quantity of information, N, contained inside
ead optimizer. At a giveniteration, the gradient algorithm only knows a seard direction given by com-
paring two gradient vectors and a few function evaluations, 8neyvai Ner adient 10+ 2 ng. Response
surfacesare a mean to cumulate all known information on the function in a sample databaseand the
sampling re nement processaims at having an accurate model in the vicinity of the global optimum.
For the Kriging basedalgorithm, the quantity of information is independert of the number of variables
8neval Nrskriging = Neval €Xxplaining its domain of applicability. The Cokriging based algorithm in-
terpolates a xed number (na,g) of gradient vectors 8neva Nrsk riging = Neval + Nayg Nav Qiving an
e cien t algorithm even for high dimensional problems.

Lastly, it wasassessedhat the useof global optimizers imply a careful de nition of the optimization
problem in order to avoid unrealistic shapes. The gradient basedoptimizer, departing from an already
existing shape and cornverging to a closelocal optimum, is lessprone to this problem.
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