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Many industrial applications involve flows periodic in time. Such flows
are not simulated with enough efficiency when using classical unsteady tech-
niques as a transient regime must be by-passed. New techniques, dedicated
to time-periodic flows and based on Fourier analysis, have been developed
recently. Among these, the Time Spectral Method casts a time-periodic
flow computations in several coupled steady computations, corresponding
to a uniform sampling of the period. Up to now, the steady states were
reached using an explicit pseudo-time algorithm. Thus very small time
steps were needed and the convergence rate slowed down when increas-
ing the number of harmonics. In this paper, a block-Jacobi approach is
presented in order to solve the stationary problems with an implicit algo-
rithm. Numerical simulations show on one hand the good quality of the
results and on the other hand the interest of the proposed method to reduce

the high-harmonic sensitivity.

I. Introduction

Even if three-dimensional steady turbulent flow simulations begin to be handled routinely
in aircraft industry, three-dimensional unsteady turbulent flow simulations still require large
amounts of computing time and a substantial acceleration of the calculations is needed in
order to reduce design cycles.

Depending on the spatial and time scales to be resolved, numerous nonlinear time-
marching methods are available. Direct Numerical Simulation and even Large Eddy Si-
mulation are still too expensive with respect to the best computing resources available to-

day to satisfy industrial requirements. So far, Unsteady Reynolds-Averaged Navier-Stokes
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(U-RANS) techniques have proved to be the most efficient ones to meet industrial needs.
Efficiency is not an absolute notion since it results from a trade-off between the quality of
the physics and the time needed to handle the simulation. In industry, U-RANS techniques
are generally predictive enough and require relatively short time simulations.

To build an efficient method for unsteady flows, it is interesting to take into consideration
all flow characteristics. As an example, a large range of applications leads to time periodic
flows: turbomachinery, pitching wings, helicopter blades, wind turbines... These flows are
intrinsically unsteady and several dedicated methods were developed during the last years.
They consider flow variables either in the time-domain or in the frequency-domain. The
frequency-domain techniques are extensively reviewed in Ref. 1,2. Linearized methods®
form an important group among these methods. They superimpose perturbations over a
steady flow and do not really rely on a time marching procedure. Consequently, they are
very inexpensive to compute. However, when the flow presents strong shock discontinuities
for instance, the linearity assumption is no longer true. Ning and He* extend these techniques
to take account of the non-linearities, yielding the Non-Linear Harmonic method. This one
is limited to only one harmonic of the flow and requires a specific treatment for the time
stepping.

In the recent years, a more efficient time-domain method dedicated to time-periodic
flows has been developed. Following the direction suggested by Hall et al.,> Gopinath et al.’
presented the Time Spectral Method (TSM), which casts the unsteady governing equations
in a set of coupled steady equations corresponding to a uniform sampling of the flow within
the time period. These steady equations can then be solved using standard steady RANS
methods with convergence acceleration techniques such as local time stepping and multigrid.
The convergence of a steady computation is better mastered than the transient needed by
an unsteady computation to reach the periodic state. This method proved to be efficient
in periodic problem computations such as vortex shedding,”® flutter? and turbomachinery
applications.!

All these references use explicit algorithms such as Runge-Kutta methods to advance the
calculations in pseudo-time. This makes the pseudo-time steps relatively small and therefore
requires a large number of iterations to reach the steady state of all the instants. Further-
more it has been observed that the convergence rate decays as the number of harmonics
is increased.® To circumvent this, van der Weide et al.l® use a spectral interpolation of
computations with a low number of harmonics to produce good initial conditions for higher
harmonics computations. This requires to make several computations and to interpolate
between each. An implicit time integration scheme such as backward-Euler could enable
much larger time steps and make the TSM even more efficient. For this reason, the goal of

the present paper is to derive and implement an implicit version of the TSM.
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The following section recalls the formulation of the Time Spectral Method and its stability
criteria. Then the new implicit treatment is described and two solving processes are derived.
A numerical study is then carried out, followed by an application of a pitching wing in forced

harmonic oscillations.

II. Time Spectral Method

II.A. Governing Equations
The Navier-Stokes equations in Cartesian coordinates are written in semi-discrete form as

oW
Ve HRW) =0, (1)

V' is the volume of a cell, W is the vector of conservative variables
W= (pa pu1, pug, pus, pE)Ta

complemented with an arbitrary number of turbulent variables as within the RANS frame-
work. R(W) is the residual vector resulting from spatial discretization of the convective f;

and viscous f,; fluxes

0
R(W) = 0—1',-fZ(W>’
with f; = foi — fu and
PU; 0
puiuy + poit Til
Jei = | pugug +poip | 5 Suvi = Tio . (2)
puiuz + pdi3 Ti3
pui B+ pu; U-T; — ¢

Here 6 denote the Kronecker symbol. The components of the stress tensor are
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The heat flux vector ¢ is ¢; = —k 0T /0x; where T is the temperature and

K — Cp ( Hiam + Hturb ) '

Prlam Prturb

The total viscosity u is the sum of the laminar p,,, and turbulent pi,,, viscosities. Prig,
and Pry,., are the associated Prandtl number. For an ideal gas, the closure is provided by

the equation of state

p=(y=1p(E-=).

II.B. Fourier-Based Time Discretization
If W is periodic with period T' = 27 /w, so is R(W') and the Fourier series of Eq. (1) is

> (ikwV Wi + Ry) exp(ikwt) = 0, (3)

k=—o0

where W, and Ry, are the Fourier coefficients of W and R corresponding to mode k. The
complex exponential family forming an orthogonal basis, the only way for Eq. (3) to be true
is that the weight of every mode k is zero. An infinite number of steady equations in the

frequency domain is obtained as expressed by
ikoVW, + R, =0,  VkeN. (4)

McMullen et al.l! solve a subset of these equations up to mode N, —N < k < N, yielding
the Non-Linear Frequency Domain (NLFD) method.

The Time Spectral Method (TSM)® uses a Discrete Inverse Fourier Transform (DIFT) to
cast back in the time domain this subset of 2NV +1 equations from Eq. (4). The DIFT induces
linear relations between Fourier’s coefficients W and a uniform sampling of W within the
period

N
W, = Z W, exp(iwnAt), 0<n<2N +1,
k=—N

with W,, = W(nAt) and At = T/(2N + 1). This leads to a time discretization with a new

time operator D; as follows
RW,)+ VD, (W,) =0, 0<n<2N+1. (5)

These steady equations correspond to 2NV + 1 instants equally spaced within the period. The
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new time operator connects all time levels and can be expressed analytically by

N
Dt(Wn): Z den+m7
m=—N

with

(1) ese (5) . m £ 0

dy =

=

, m=0.

A similar derivation can be made for an even number of instants, but it is proved in Ref. 10
that it can lead to an odd-even decoupling and as a consequence, the method can become
unstable. Time-dependent boundary conditions could also benefit from such a derivation,
but this is not an issue for external aerodynamic applications and has not been done.

A pseudo-time derivative 7, is added to Egs. (5) in order to time march the equations to

the steady-state solutions of all instants,

oW,

v
or,

L R(W,) +VD,(W,) =0, 0<n<2N+1. (6)

The term V D, (W,,) appears as a source term that represents a high order formulation of the
initial time derivative in Eq. (1). For stability reasons, the computation of the local time

step is modified!? to take into account this additional source term,

v

AT =CF LW. (7)
An extra term wNV is added to the spectral radius ||A|| to restrict the time step. Equa-
tion (7) implies that a high frequency and/or a high number N of harmonics can considerably
constrain the time step. Actually, it has been observed® that the convergence of the method
speeds down for increasing N. All the cited references use explicit schemes, such as Runge-
Kutta, to carry out the pseudo-time integration. Their limited stability criteria on CFL
numbers is very sensitive to such a restriction. Conversely, implicit schemes are more stable
and allow larger CFL numbers, reducing this sensitivity. Such schemes would have the same

behavior when the frequency of the unsteadiness increases. The following section describes
the backward-Euler algorithm for the TSM.

III. Implicit Time Integration

Let us recall the backward-Euler algorithm for the Navier-Stokes equations and the stan-

dard solving LU-SSOR' (Lower Upper-Symmetric Successive Over Relaxation) method.
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IIT.A. Algorithm for Steady Navier-Stokes Equations

The time derivative in Eq. (1) is discretized by a first-order scheme

AW
VTt = —R(W), (8)

where AW = W4t -4 is the increment of the conservative variables between the iterations
q and ¢ + 1. By considering R(W) at iteration g + 1, the implicit backward-Euler scheme
is derived. As R(W49t1) is unknown, it is linearized. Let J be the Jacobian matrix of the
residual vector, J = R (W) /OW, the linearization of R(W) is

R (W™ = R(WY) + JAW + O(AW?). (9)

Equations (8) and (9) lead to the following linear system

v
— I+ J | AW = —R(W1).
(5:+7) W)
The LU-SSOR method is used to approximate the solution of this system. Formally, the

matrix A of the linear system is split into three matrices
AAW = (L+D+U) AW = —R(W1), (10)

with £ a lower triangular matrix, D a diagonal matrix and & an upper triangular matrix.
One LU-SSOR step is composed of the forward and backward sweeps of the iterative SSOR
method (Eq. (11)), performed one after the other for s > 0,

s+1/2 q\ __ s
{(£+D)AW+ = —R(W9) —UAW?, a1

U+ D)AWH = —_R(W) — LAWH/2,

with AW? = 0. These two sweeps are repeated several times and W+l = W4 4 AW $max,
Smax corresponding to the maximum number of LU-SSOR steps.

Convective fluxes are written with a first order Steger and Warming!? flux vector splitting
for the residual linearization to end up with a diagonally dominant implicit matrix, which
ensures that the method is convergent. Viscous terms are also linearized and preserve this
diagonal dominance. Artificial dissipation is added for stability issues. The boundary condi-
tions could be linearized in a same manner as the residual operator. As the scalar LU-SSOR
is used in this paper, this point is not required to get convergence. The relaxation parameter
is set to unity as it gives the best performances. This is equivalent to remove over-relaxation

and to use LU-SGS (Symmetric Gauss-Seidel). Nevertheless, in the following sections, we
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keep the LU-SSOR designation but, for a sake of simplicity, the derived equations do not
mention the relaxation parameter. This method has proved its efficiency in an industrial

context for several years.

II1.B. Extension for the Time Spectral Method

To introduce an implicit algorithm in the TSM, the first approach is to linearize only the
residual R(W,,) of Eq. (6) but not the source term V D;(W,,). This leads to the augmented
system

v
A—I + Jo 0 ... 0
0 - AWy Rrsy (W)
0 T4+ J | . AW, R Wi
Ar ! = TSV( Dl ay
. . 0 : :
AWsn Rrsm(Wiy)
0 .. 0 4 I+ Jon N
ATon

with Rpgpy (W9) = R(W2)+V D, (W7) the right-hand side of the TSM equations, and J,, the
Jacobian of the standard residual operator at instant n, J,, = OR(W,,)/0W,,. The augmented
matrix is block diagonal and a LU-SSOR algorithm can be applied independently on each
instant n. In other words, 2N + 1 steady flows are computed and they are only coupled
through the explicit residuals. This is clearly an advantage since this approach has no
impact on message passing and does not need any new development on the implicit side.
However, it will be shown in §IV that convergence is not achieved easily with this technique

and the present paper proposes another alternative.

III.C. Full Implicitation Method for the Time Spectral Method

In order to improve the performances, the source term of the TSM needs to be taken into

account. The TSM equations with W considered at iteration ¢ + 1 read

VAL (R (W) VD (W), 0<n<aN 41 (13

As the operator D, is linear, applying it on W,, at iteration q + 1 gives
D, (WI) = Dy(W)) + Dy(AW,). (14)

Whereas the TSM new time operator D; couples together the conservative variables at all

instants, Eq. (14) leads to a coupling of the increments AW at all instants. Equation (13)
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turns into

.
(AT I+ Jn) AW, + VDy(AW,)) = —Rrsy (W9, 0<n<2N+1.

As dy = 0, the diagonal terms are identical to the diagonal terms of Eq. (12). The matrix of
the system becomes

v
— I+ Jy| VdiI VdnI Vd_nI Vd_11
ATty
Vd_q1
: VdiI
N \%4
A* = Vd_nI oo Vd_qI | —T+ Jn VidiI VdnI
ATn
Vd_11
: Vdil
Vdi1 VdnI Vd_nI Vd_11 I+ Jon
AToN

N

m=—

As d,, = —d,,, the sum of the d coefficients vanishes, »

dominant, so is A*.

~ dm =0, and as A is diagonally

The new matrix A* is not block-sparse anymore and couples all the increments AW,, of all
instants n. It could be decomposed as a sum of three matrices A* = L*+D* +U* with L* a
lower block triangular matrix, D* a block diagonal matrix and U* an upper block triangular
matrix. Then a classical SSOR algorithm could be applied on the whole system but it would
necessitate to go all over the blocks and thus would break down the performances. To remove

this drawback, two solving algorithms based on the block-Jacobi method are now presented.

II1.D. Block-Jacobi Strategies for Full Implicit TSM

Applied to the TSM, the iterative block-Jacobi method!* allows to move the implicit cou-
pling term V D,(AW,,) to the right-hand side and yields 2N + 1 independent linear systems.
A Jacobi step [ reads

v

(A I+ Jn) AW = —Rpsu(W2) — VD, (AW)), 0<n<2N +1, (15)
Tn

with [ > 0, AW? = 0 and at the end of the l,,,, block-Jacobi iterations, the increments

AW, allows to compute W at the next iteration: W4Tt = W4 + AWlmes For every block-

Jacobi steps, a linear system has to be solved. This system could be solved with any direct

or iterative method. The classical SSOR technique is actually used as it allows minimum

efforts to be adapted from the LU-SSOR method.
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III.D.1.  Block-Jacobi-SSOR (BJ-SSOR) Strategy

Each equation of the block-Jacobi system Eq. (15) could be solved with a iterative SSOR

technique, classically decomposed in a forward sweep
(L, + D)X 2 = — (Rpsnu (W) + VD, (AW})) — U, X7, (16)
followed by a backward sweep
(D + U)X = — (Rpsu (W) + VD, (AW))) — L, X512, (17)

for s > 0 with X° = AW!. At the end of the SSOR iterations, X*m= is updated into the
block-Jacobi steps: AVV};rl = X®mer g . being the number of SSOR forward and backward
sweeps inside a block-Jacobi step. It should be noticed that L, D,, and U,, refer to Eq. (10),
where the splitting of the implicit matrix was obtained for one instant n. The block-Jacobi
method imposes the implicit coupling term D, (AW,ZL) to be updated at each step [. In
other words, the implicit coupling term is computed every 2s,,.,, sweeps and frozen over the
following 28,4, — 1 sweeps. As AW?Y = 0, it remains null during all the sweeps in the first
block-Jacobi step and consequently at least two steps are needed to ensure the coupling of
increments of all instants, l,4: > 2. If [0 = 1, no implicit coupling occurs and Eq. (12) is

recovered. The solving algorithm uses two nested loops as described by algorithm 1.

Algorithm 1 Block-Jacobi-SSOR, Algorithm for the Time Spectral Method
Require: W1, l,00 > 2, Spaz > 1
AWY =0
for | =0to l,,,; — 1 do
compute D; (AW})
X0 — AW
for s =0 to S0, — 1 do
solve Eq. (16) { Forward sweep}
solve Eq. (17) { Backward sweep}
end for
AWTIL—H — X Smaz
end for
Ensure: Witt = W4 4 AW lmas

To reinforce the influence of the implicit coupling, the next method is proposed.

II1.D.2. Block-Jacobi-SOR (BJ-SOR) Strategy

The system Eq. (15) could also be solved in a special way with alternate SOR techniques.

Only a loop is needed and the imposed constraint is to have an even number [,,,, of block-
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Jacobi steps to balance forward and backward sweeps. Indeed, when [ is even, the system is
solved with only one forward SOR sweep Eq. (16) and when [ is odd, the system is solved
with only one backward SOR sweep Eq. (17). Algorithm 2 describes this strategy.

Algorithm 2 Block-Jacobi-SOR, Algorithm for the Time Spectral Method.
Require: W1, 1., even
AW? =0
for | =0 to l,,4. — 1 do
compute D, (AW})
if [ is even then { Forward sweep}
X =AW!, solve Eq. (16), AW = X5+1/2
else {l is odd, Backward sweep}
X512 = AWl solve Eq. (17), AWM = xs+!
end if
end for
Ensure: Witt = W4 4 AW lmas

The implicit coupling term V D,(AW,) is computed before every sweep (but the first
one as AW? = 0) and thus this strategy ensures the strongest coupling. If $,,4, = 2 in
the BJ-SSOR method for instance, the implicit coupling term is computed before the fifth
(forward) sweep and frozen over the three following sweeps. Table 1 enables the comparison

between the two methods in terms of SOR sweeps.

Table 1. Implicit coupling term update. Values of the loop indexes | and s before each sweep, and if the
implicit coupling term is updated.

Number | BJ-SSOR s,,.. =2 | BJ-SOR
of sweeps | [ s update [ update
1 0 0 no 0 no
2 0 0 no 1 yes
3 0 1 no 2 yes
4 0 1 no 3 yes
) 1 0 yes 4 yes
6 1 0 no ) yes
7 1 1 no 6 yes
8 1 1 no 7 yes

The LU-SSOR and the new block-Jacobi methods are now compared. The influence of

the number of block-Jacobi iterations on convergence rate is also studied.
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IV. Validation of the Implicit TSM

The TSM technique has been implemented in the parallel structured multiblock solver
elsA.> The code capability is wide as it can simulate steady and unsteady, internal and
external flows, in a relative or fixed motion. The solver uses a conservative cell-centered
finite volume approach for the spatial discretization. Several spatial and time integration

6 is used for

schemes are available. In this paper, the second order JST centered scheme!
convective terms and a central second order scheme for diffusive terms. In combination with
local time-stepping, a V-cycle multigrid technique with two levels of coarse grids is used to
accelerate the convergence of the steady computations. The Spalart-Allmaras!'” turbulence
model is used in all simulations.

The new implicit algorithm has been validated with the flow simulation around the
transonic LANN wing!® in a forced harmonic pitching movement at frequency f = 24 Hz.
The angle of attack « oscillates as a(t) = ag + auy, sin(27 ft) with ap = 0.6° and «,, = 0.25°.
The flow conditions are M., = 0.822 and Re= 5.43 - 10%. Experimental data are available
for the time-averaged and the first harmonic values of the wall pressure coefficient C), at

different wing cross sections.

IV.A. Numerical Study

First, a numerical study of the different parameters is conducted. The convergence curves

for the first approach described in §III.B are given in figure 1(a). The solution residual is

— N =1, CFL = 100 — N=1
+ N=2 CFL=1001| | = N=2
» o N =3, CFL = 100 w N=3
E 1+ N =4, CFL = 30 E 1+ e N =4
T N =4, CFL =20 5 -—- N=5
g 107! -~ N=5,CFL=5 z
~ , ~
-2
8§10 P e —
Z 108 [ E
1074 |
10_5 L s o SN
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Multigrid cycles Multigrid cycles
(a) Standard LU-SSOR (b) BJ-SOR (all CFL = 100)

Figure 1. Convergence of computations.

defined as the root mean square of the residual operator R(1W) on all mesh cells averaged by
the number of instants. The curves indicate the residual on the density residual p and are
normalized by the residual at first iteration to enable comparison. It is observed that the

CFL needs to be decreased in order to converge high harmonic computations. For N = 4,
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the CFL must be decreased to 20 (dotted line) as with 30 the computation does not converge
(dashed line). The five-harmonic computation needs a few thousand iterations at CFL =5
to lose five orders of magnitude: the convergence rate is very slow. The first block-Jacobi
strategy used is the BJ-SOR §II1.D.2 as it should ensure the best coupling. The results
with ln.x = 4 are presented in figure 1(b). The benefits of the full implicitation are clear
as all computations are now performed at CFL = 100. Furthermore almost no differences
are found between the normalized convergence curves. Not all test cases show such a good
matching, but it is observed that the convergence rate is nearly the same for any number of
harmonics.

Up to now, results have been obtained using all in all four SOR sweeps, leading finally
to the first forward sweep without implicit coupling (AW = 0 initially) and the three other
sweeps with implicit coupling (cf. table 1). The influence of the derived strategies is shown
in figure 2 for the most difficult case N = 5. It is observed that the BJ-SOR strategy with
lmax = 2 (with only the backward sweep ensuring the implicit coupling) is sufficient to obtain
convergence at CFL = 100. Thanks to the three coupling sweeps, the BJ-SOR method with
lmax = 4 substantially speeds up the convergence with respect to the number of multigrid
cycles (figure 2(a)). The adimensional time of computation (figure 2(b)) remains mostly
in favor of the BJ-SOR method. The best convergence rate in term of multigrid cycles is
obtained with the block-Jacobi-SOR strategy with l,.x = 6 but this advantage is lost when
considering the time spent. The extra CPU cost induced by the two supplementary sweeps

is not worth the gain in convergence rate.

1 1
- 1071 T BJ—SOR lmam = 4 n 10_1 T BJ_SOR lmam - 4
< O °F BJ-SOR limaz = 6 3 were BJ-SOR, lymaz = 6
3 ) o BJ-SSOR lymaz = 2 = o BJ-SSOR lmaz =2
7 1072 % BJ-SSOR lmaz = 3 7 10—2 BJ-SSOR lmaz = 3
/e [ /e
g 1077 ¢ g 1073
= [ E
S 1074 E S 1071
10—5 R | I | .:EEBT'E":@:IQI P 10—5 : £iC-0aap. )
0 100 200 300 400 500 600 0 02 04 06 0.8 1 1.2
Multigrid cycles Time

(a) Convergence curves with respect of the num- (b) Convergence curves with respect of an adi-
ber of multigrid cycles mensional CPU time

Figure 2. Effect of the number of modified LU-SSOR steps on convergence (all CFL = 100).

Results from the block-Jacobi-SSOR algorithm described in §II1.D.1 are represented by
marks. As AW,, = 0 for the first block-Jacobi step, at least two steps are needed to ensure
the coupling of increments (see table 1). As shown previously with the BJ-SOR method,

12 of 18

Implicit Algorithms for the T'SM, Sicot et al.



six sweeps are already expensive. To ensure an implicit coupling as often as possible with
this few number of sweeps, S,,q. is set to one for the BJ-SSOR algorithm. Even though the
coupling occurs less often, the convergence rate is almost the same for the BJ-SOR method
with [h.x = 4 as for the BJ-SSOR method with [, = 2, and slightly slowed down with
two additional sweeps for each method (resp. lnax = 6 and l,.x = 3) with respect to the
number of multigrid cycles. As the term D;(AW,,) is only computed every two sweeps, the
CPU time required by the BJ-SSOR method is notably reduced compared to the BJ-SOR
approach with the same number of sweeps.

The CPU and memory costs of the implicitation are not negligible as shown in figure 3.
The lines show the trend and do not necessarily pass through the data points. All the
computations are operated on a parallel computer which shows a variation of up to 5 %
in CPU time so that this statistic is averaged over four runs of simulation. They are all
performed with four sweeps, either l,.. = 4 for the BJ-SOR method or [,.. = 2 for the
BJ-SSOR method. All the curves are normalized by the cost of three uncoupled steady
computations. The circles indicate the CPU time and memory consumption required for
2N + 1 uncoupled steady computations. The downward triangles denote the TSM with the
first approach of Eq. (12) with standard LU-SSOR. The complexity of the computation of
D, is quadratic with respect to the number of instants but it is only involved in a small part
of the global calculations and the whole time remains linear with respect to the number of
instants. Finally, the first approach adds penalties of about 3.5 % in CPU time and 6.5 % in
memory. When considering the BJ-SOR method (squares), D; is applied several times over
the conservative variable increment AW, inside the SOR sweeps. Nevertheless, the CPU
time remains linear. The extra cost is significant as the CPU time is increased by 30 %
and the memory by 10 % compared to the LU-SSOR method. With the BJ-SSOR method
(plus signs), the implicit coupling term is less often computed so that the extra CPU cost
is reduced to 20 %. The memory consumption remains identical as the same information is
stored though not computed at the same moment.

Finally the block-Jacobi-SSOR scheme enables fast convergence rate of computations at
a cost of about one fifth more CPU time and 10 % more memory requirements compared to
the LU-SSOR method. Nevertheless, the time step allowed are much larger and the TSM is
far less sensitive to either high frequencies or an important number of harmonics than with
explicit schemes. It can thus be concluded that the extra numerical cost of the implicitation

is greatly counterbalanced by the larger time step enabled.

IV.B. Pitching Wing

The quality of the presented implicit Time Spectral Method is now studied. The BJ-SSOR

method with 300 multigrid cycles and l,,x = 2 is retained in the following simulations of
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Number of harmonics

Number of harmonics
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(a) CPU cost

Figure 3. Costs of the different implicitation strategies.

(b) Memory cost

the LANN wing in forced harmonic oscillations. The Time Spectral Method is compared to
A dual-time

stepping backward-difference-formula scheme advances the equations in time with 50 inner

a reference U-RANS computation'® on the same mesh shown on figure 4(a).
iterations that take advantage of the same acceleration techniques as for the previous TSM
computations. Indeed, an implicit backward-Euler time integration method is used for the
inner iterations. The resulting linear system is solved with a scalar LU-SSOR method. Four

periods of the flow are discretized by 30 time steps each, leading to 6,000 multigrid cycles.
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(b) Instantaneous pressure coefficient

Figure 4. LANN Wing.

The TSM computations can be carried out in two ways: in a wing-relative or an absolute

reference frame. For the first one, the mesh remains rigid around the wing and the variation
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of incidence is induced by different far-field boundary conditions applied at each instant.
In this case, the inertial force has to be taken into account through a source term of the
Navier-Stokes equations. In an absolute reference frame, the incidence variation is produced
by deforming the mesh around the wing skin while the far-field boundary conditions remain
fixed. In an arbitrary Lagrangian-Eulerian formulation, the deformation velocity of the mesh
is introduced in the computation of the fluxes Eq. (2) and as the cell volume of the cells also
varies in time, the TSM operator is applied on VW leading to the following semi-discrete
equation
Vn% + R(W,,) + Dy(V,W,,) =0, 0<n<2N +1.

Both methods lead to very close results and cannot be discriminated.

An instantaneous snapshot of the pressure coefficient C, is presented in figure 4(b) at
a = 0.6°. A A-shock is clearly visible near the wing root. The Fourier analysis is conducted
on two sections at 47.5 % and 82.5 % of the wing span. The time-averaged part is presented in
figure 5. A one-harmonic TSM computation is sufficient to match the U-RANS computation
almost everywhere but at the shock location, where it slightly fluctuates. With higher
harmonics (N = 3 or N = 5), TSM solutions match well the reference solution obtained with
the U-RANS simulation. Both kinds of simulation give solutions that match the experimental
data quite well, although the shock on the upper surface is predicted downstream with respect

to the experimental data.

_]..5 T T T T _105 T T T T
Experiment + Experiment +
U-RANS — U-RANS —
-1k N=1--
N =3 o
N=5 -—-
4\
< 0.5 T 1 <
0 i 4
05 | | | | 05 | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x/c x/c
(a) 47.5 % of wing span (b) 82.5 % of wing span

Figure 5. Time average of the wall pressure coefficient C,,.

The real and imaginary parts of the first harmonic of the pressure coefficient are presented
in figures 6 and 7. The differences are more pronounced and it appears that one harmonic
is not sufficient to match the U-RANS computation as it shows a small phase lag and some
over- and under-shoots around the shock area. Three harmonics remove these drawbacks

while some peaks are still sharp. Five harmonics better lessen the irregularities at the peaks.
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Figure 6. Real part of the first harmonic of C).
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Figure 7. Imaginary part of the first harmonic of Cj.

This point emphasizes the need for an accurate and efficient implicit formulation since all
authors using an explicit time step algorithm mention the difficulty to get convergence with
a higher number of harmonics. Finally, a three-harmonic TSM computation is sufficient to
match the U-RANS computation. In this case, the TSM is about seven times faster than
the U-RANS.

V. Conclusion and Future Work

The Time Spectral Method is dedicated to simulate time-periodic flows with a better
efficiency than classical time-marching methods, i.e. a quality of physics close to good

U-RANS computations with a faster convergence rate. Up to now, the coupled steady
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computations have only been solved with explicit time marching, yielding in small time steps,
further decreased by the stability criteria which restricts the time step for high frequencies
and for a large number of harmonics. In an industrial context, it was therefore necessary to
propose an alternative to the explicit time marching. Based on the LU-SSOR decomposition,
new block-Jacobi implicit approaches have been derived to reduce the sensitivity of the
method to high frequencies issues. Several solving processes have been tested to retain the
most efficient approach. Finally, the BJ-SSOR approach enables better performances and
faster convergence.

Our current effort concerns the extension of Time Spectral Method to turbomachinery.
The frequencies met in these applications are much higher than in pitching wing flows and
the present implicit treatments should ensure convergence. Even though it does not offer the
best performances on the LANN wing test case, the BJ-SOR approach will still be considered

for turbomachine applications as it ensures the strongest coupling.
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