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e6 Abstra
t7 During the last years, the need of high �delity simulations on 
omplex geometries for aeroa
ousti
spredi
tions has grown. Most of high �delity numeri
al s
hemes, in terms of low dissipative and lowdispersive e�e
ts, lie on Finite-Di�eren
e (FD) approa
h. But for industrial appli
ations, FD s
hemesare less robust 
ompared to Finite-Volume (FV) ones. Thus the present study fo
uses on the developmentof a new 
ompa
t FV s
heme for two- and three- dimensional appli
ations.The proposed s
hemes are formulated in the physi
al spa
e and not in the 
omputational spa
e as itis the 
ase in most of the known works. Therefore, they are more appropriate for general grids. Theyare based on 
ompa
t interpolation to approximate interfa
e-averaged �eld values using known 
ell-averaged values. For ea
h interfa
e, the interpolation 
oe�
ients are determined by mat
hing Taylorseries expansions around the interfa
e 
enter. Two types of s
hemes 
an be distinguished. The �rst oneuses only the 
urvilinear abs
issa along a mesh line to derive a sixth-order 
ompa
t interpolation formulaewhile the se
ond, more general, uses 
oordinates in a spatial three-dimensional frame well 
hosen. Thislatter is formally sixth-order a

urate in a preferred dire
tion almost orthogonal to the interfa
e and atmost fourth-order a

urate in transversal dire
tions. For non-linear problems, di�erent approa
hes 
anbe used to keep the high-order s
heme. However, in the present paper, a MUSCL-like formulation wassu�
ient to address the presented test 
ases.All s
hemes have been modi�ed to treat multiblo
k and periodi
 interfa
es in su
h a way that high-order a

ura
y, stability, good spe
tral resolution, 
onservativeness and low 
omputational 
osts areguaranteed. This is a �rst step to insure good s
alability of the s
hemes although parallel performan
esissues are not addressed. As high frequen
y waves, badly resolved, 
ould be ampli�ed and then destabilizethe s
heme, 
ompa
t �ltering operators have been used.Numerous test 
ases as the linear 
onve
tion of a gaussian wave, the 
onve
tion of a Lamb-Oseen vortexand the di�ra
tion of an a
ousti
 wave on a plane have been realized to validate the s
hemes. Themost e�
ient s
hemes are shown to be at least �fth-order a

urate on linear and non-linear 
onve
tionproblems. They are also less dissipative and less dispersive on non-uniform 
urvilinear grids than s
hemesusing impli
it interpolation with 
onstant 
oe�
ients of the same order on uniform 
artesian grids.Key words: Finite-volume, high order s
heme, 
ompa
t interpolation, multiblo
k 
omputations,8 stability analysis, aeroa
ousti
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1. Introdu
tion10 The use of 
omputational �uid dynami
s (CFD) methods in 
omputational aeroa
ousti
s (CAA) to11 address noise generation and propagation problems is now a well established pra
ti
e in engineering.12 However it is well known that CFD methods must be modi�ed in order to satisfy stringent requirements13 of CAA [23℄. Indeed, aeroa
ousti
s problems generally display an unsteady behaviour, a broad and14 disparate spe
tral bandwidth along with a large-magnitude disparity between the mean and a
ousti
 �ow15 quantities. Thus, important e�orts have been done to realize numeri
al s
hemes higher-order a

urate,low16 dissipative and low dispersive.17 Numerous studies have 
ontributed to improve numeri
al tools for aeroa
ousti
 
omputation but18 almost entirely in Finite-Di�eren
e (FD) framework. The main ideas of those works are illustrated19 by the Tam and Webb [25℄ dispersion relation preserving (DRP) s
heme and the Padé-like 
ompa
t20 s
hemes[14℄. These methods exhibit an improved spe
tral resolution while having the same a

ura
y as21 the standard expli
it methods of the same order. One 
an �nd abundant litterature on the appli
ation22 of these methods on arbitrary meshes always in the �nite-di�eren
e (FD) 
ontext [5, 26℄.23 However Finite-Volume (FV) formulations are generally preferred for industrial appli
ations due to24 their robustness. Indeed, they are based on the weak formulation of the �eld equations and so require less25 smoothness of fun
tions or mesh than FD formulations. Furthermore, FV methods are advantageous26 sin
e they allow to satisfy the governing 
onservation laws of the �uid physi
s. A
tually, it is shown27 in Mattiussi [15℄, using algebrai
 topology 
on
epts, that integral methods like FV and FE (Finite28 Element) methods are more suitable for �eld equations than FD methods. Therefore, the need of high-29 order a

urate and low dissipative and low dispersive FV s
hemes on arbitrary grids is 
ertain, and the30 present study is in line with this approa
h.31 E�orts have been done to extend both DRP and 
ompa
t s
hemes approa
hes to FV 
ontext. For32 example, Gaitonde and Shang [3℄ introdu
ed a 
lass of fourth-order �nite volume 
ompa
t s
hemes for33 linear problems. Kobayashi [12℄ extends this work by analyzing general impli
it interpolation s
hemes.34 Nan
e et al. [16℄ proposed a way to set up expli
it interpolation whi
h satis�es the DRP property to35 
al
ulate rotor
raft noise. Re
ently, Popes
u et al. [21℄ adapted DRP s
heme of Tam and optimized36 prefa
tored 
ompa
t s
hemes of Ash
roft and Zhang [1℄ and Hixon [10℄ to obtain high-order, low dis-37 sipative and dispersive FV s
hemes. But all these works deal with uniform grids. Pereira et al. [17℄38 performed 
omputations for in
ompressible Navier-Stokes equations using a fourth-order 
ompa
t FV39 s
heme. They extend the s
heme to arbitrary grids using transformed 
oordinates. The same approa
h40 has been used in the re
ent work of Piller and Stalio [18, 19℄. They take into a

ount that, in FV41 
ontext, 
ell-averaged values are known and in parti
ular they do not use these value as pointwise values42 at 
ells 
enters. La
or et al. [13℄ proposed a 
ompa
t interpolation of values on 
ell interfa
es in the43 physi
al spa
e and these values are used to determine the �uxes. This interpolation is made by dire
tly44 a

ounting for multidimensional derivatives involving in the Taylor series expansion of the fun
tion to45 interpolate. The s
heme obtained were fourth-order a

urate on regular grids and se
ond order a

urate46 on arbitrary grids. This approa
h is well suited for highly irregular grids.47 2



This study is in line with the one of La
or and 
oworkers. The proposed s
hemes allow to rea
h,48 on average, the �fth-order a

ura
y on regular meshes (even 
urvilinear) and the spe
tral resolution of49 
ommonly used FD 
ompa
t s
hemes on a 
artesian uniform mesh. To do that, they use sixth-order50 
ompa
t interpolation to 
ompute values on interfa
es. The s
hemes expli
itly 
are that there are 
ell-51 averaged values whi
h are used in a FV 
ontext. Two types of s
hemes 
an be distinguished. The �rst52 type uses 
urvilinear abs
issa assuming that the problem is unidimensional (1D) along the 
urvilinear53 line between the 
enters of interfa
es on a given mesh line. Therefore, values on interfa
es are 
onsidered54 as values at the 
enter of the interfa
e and 
ell-averaged values are line-averaged values. The se
ond one55 is more general sin
e it takes into a

ount that values needed on interfa
es are interfa
e-averaged values.56 So they are line-averaged values in 2D and surfa
e-averaged values in 3D. And 
ell-averaged values are57 surfa
e-averaged values in 2D and volume-averaged values in 3D. Therefore the Taylor expansion series58 used to �nd the interpolation formulae involves multidimensional derivatives.59 For aeroa
ousti
s 
omputations, even if the numeri
al s
heme has good properties in terms of dis-60 sipation and dispersion, the grid must be �ne enough to resolve well either the turbulent stru
tures61 whi
h are the noise sour
e, and the 
onve
tion of a
ousti
 wave with a su�
ient number of points per62 wave-length. The number of points is generally so important that 
omputations have to be done with a63 parallel multiblo
k strategy. Thus the proposed s
hemes have to be adapted for multiblo
k 
omputations64 and this issue is 
arefully adressed. Sin
e it is shown that all boundary treatments 
an 
reate spurious65 high frequen
y waves numeri
al, stabilization pro
edures are also 
onsidered.66 The paper is organized as follows. In se
tion 2, the two types of interior s
hemes are detailed. After67 a rapid re
all about how a s
heme 
ould be studied with the matrix method in se
tion 2.4, multiblo
k68 and periodi
 boundary 
losures are dis
ussed in se
tion 2.5. In Se
tion 3 are reported some remarks69 spe
i�
 to the non-linear 
ase. Se
tion 4 gives a rapid view about �ltering operators used. Then some70 numeri
al tests are performed in Se
tion 5. Firstly, a numeri
al study is done on a linear 
onve
tion71 problem in se
tion 5.1. Then, a non linear 
ase whi
h 
onsists in the 
onve
tion of a vortex, is presented72 in se
tion 5.2. Finally, to highlight the high a

ura
y and the good spe
tral properties of the s
hemes,73 a ben
hmark a
ousti
 problem is solved in se
tion 5.3 on an irregular mesh using a non-linear 
ode.74 2. Finite Volume method and high-order 
ompa
t interpolations75 Let be 
onsidered the following linear 
onve
tion equation:76
∂u

∂t
+ ∇ · f(u) = 0, (1)where f(u) is a linear ve
torial fun
tion of u. By integrating Eq. (1) over a volume 
ontrol Ω and using77 the Stokes formula, one 
an obtain:78

V
dū

dt
+

∮

∂Ω

f(u) · ndS = 0, (2)3



with V = |Ω| and79
ū =

1

V

∫

Ω

udΩ.Now, it is assumed that Ω is a polyhedron (polygon in 2D), i.e. the unitary normal on ea
h of its fa
es80 is 
onstant over the fa
e. Therefore, using the linearity of f , Eq. (2) leads to:81
V

dū

dt
+

nf∑

i=1

f

(∫

∂Ωi

udS

)

· ni = 0, (3)where nf is the number of fa
es and ∂Ωi, the i-th fa
e of Ω. Eq. (3) is equivalent to82
V

dū

dt
+

nf∑

i=1

f (ũi)Si · ni = 0, (4)where Si = |∂Ωi| and83
ũi =

1

Si

∫

∂Ωi

udS.Hen
e, to obtain a high-order dis
retization of Eq. (4), it is su�
ient to have a high-order approximation84 of the fa
e-averaged quantity ũi.85 Now, a three-dimensional strutured (indexed by (i, j, k)) grid 
omposed of polyhedrons is 
onsidered.86 This se
tion presents the di�erent strategies proposed to approximate at a high order the interfa
e-87 averaged value of a quantity u on the interfa
e (i + 1/2, j, k), using 
ell-averaged values of neighbouring88 
ells. In this se
tion, the mesh line (j, k) for whi
h these two indexes remain 
onstant is under 
onsider-89 ation. To make this approximation spatially impli
it or 
ompa
t, the formula involves averaged values90 on neighbouring interfa
es (i − 1/2, j, k) and (i + 3/2, j, k). Thus the 
ompa
t interpolation reads as91
αũi−1/2,j,k + ũi+1/2,j,k + βũi+3/2,j,k =

l=n∑

l=−m

p=r
∑

p=−q

s=u∑

s=−t

al,p,sūi+l,j+p,k+s, (5)where92
ūi,j,k =

1

Vi,j,k

∫

Vi,j,k

udV, (6)are 
ell-averaged values and93
ũi+1/2,j,k ≈

1

Si+1/2,j,k

∫

Si+1/2,j,k

udS, (7)approximate interfa
e-averaged values. The interpolation 
oe�
ients α, β and al,p,s are 
hosen, depend-94 ing on the interfa
e (i + 1/2, j, k), in order to obtain a given order of approximation.95 The system of equations formed with Eq. (5) along the mesh line (j, k) to 
ompute values at the interfa
es96 is a tridiagonal system. This 
hoi
e has been made sin
e this system is e�
iently inversed using, for97 example, the Thomas algorithm. Moreover, the inversion of the system 
ould be done for ea
h grid line98 in ea
h dimension.99 To determine the interpolation 
oe�
ients, a Taylor series expansion is done for ea
h term in Eq. (5),100 and two possibilities are studied in this paper depending on the following 
hoi
e:101 4
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Figure 1: Cartesian-like s
heme using 
urvilinear distan
es between interfa
es.
• u is 
onsidered as a fun
tion of s, the 
urvilinear abs
issa along the (j, k) line;102
• u is 
onsidered as a fun
tion in a well 
hosen tridimensional 
oordinates system (x′, y′, z′).103 2.1. Cartesian-like s
heme using 
urvilinear abs
issa104 In this se
tion, u is assumed to be a fun
tion just of the 
urvilinear abs
issa s along (j, k)-line. Su
h105 a s
heme will be referred to as a 
artesian-like s
heme in the following.106 To obtain a formally sixth-order s
heme, Eq. (5) 
an be redu
ed as follows:107

αũi−1/2,j,k + ũi+1/2,j,k + βũi+3/2,j,k = aūi−1,j,k + būi,j,k + cūi+1,j,k + dūi+2,j,k. (8)A Taylor series expansion of u(s) about the 
enter of the interfa
e (i + 1/2, j, k) is done for all terms in108 Eq. (8). In order to get the sixth order, it is ne
essary to mat
h left and right hand sides 
oe�
ients of109 su

essive derivatives ∂sq up to the �fth order. So, six equations are obtained, and 
oe�
ients α, β, a,110
b, c and d, are expli
itly found as fun
tions of the distan
es between interfa
es (Fig. 1) whi
h represent111 the 
urvilinear abs
issae. (see details in Appendix A).112 For an uniform grid, one 
an �nd the following interpolation formula:113

1

3
ũi−1/2,j,k + ũi+1/2,j,k +

1

3
ũi+3/2,j,k =

1

36
ūi−1,j,k +

29

36
ūi,j,k +

29

36
ūi+1,j,k +

1

36
ūi+2,j,k. (9)However, this s
heme does not a

ount for the variation of the 
ells and interfa
es shapes and for the114 
urvature of mesh lines. This de�
ien
y is 
orre
ted by a more general approa
h presented in the next115 se
tion.116 2.2. General 
urvilinear s
heme117 In the general 
ase, sin
e u is a fun
tion of three 
oordinates x, y, z for three-dimensionnal �ow,118 the Taylor series expansion introdu
ed in Eq. (5) involves all derivatives with respe
t to these three119 5



Derivatives Total number1D ∂(0), ∂
(i)
xi , i = 1, ..., 5 62D ∂(0), ∂
(i+j)
xiyj , i, j ∈ {0, ..., 5}, i + j ≤ 5 213D ∂(0), ∂
(i+j+k)

xiyjzk , i, j, k ∈ {0, ..., 5}, i + j + k ≤ 5 56Table 1: Derivatives to 
an
el out in order to get a formal sixth-order interpolation in all dire
tions.
Supplementary cells

Main cells
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Figure 2: Cells used by La
or et al. for the 
urvilinear interpolation.dire
tions:120
u(x, y, z) =

∞∑

m=0

∞∑

n=0

∞∑

p=0

1

m!

1

n!

1

p!
(x − x0)

m
(y − y0)

n
(z − z0)

p ∂m+n+pu

∂xm∂yn∂zp
(x0, y0, z0). (10)Remembering that averaged values as de�ned by Eq. (6) and Eq. (7) are 
onsidered, relations obtained121 using the Taylor series expansion involve kineti
 moments Jxmynzp

Ω =
∫

Ω
(x− xΩ)m(y − yΩ)n(z − zΩ)pdΩ122 of 
ells and interfa
es whi
h belong to the sten
il (see Appendi
es B and C for details).123 In the two dimensional 
ase, there are 21 relations to satisfy in order to get a sixth-order s
heme (see124 Tab. 1) and it would be too expensive to use a suitable sten
il to full�ll these relations.125 In a previous study, La
or et al. [13℄ proposed to use supplementary 
ells above and below the126 interfa
e (see Fig. 2) to obtain a fourth-order s
heme. As the number of 
oe�
ients was still not127 su�
ient (8 
oe�
ients for 10 equations to obtain the fourth order), they proposed, in a se
ond step to128 obtain a formally third-order a

urate s
heme (six equations) by imposing all the derivatives up to the129 se
ond order to be 
an
elled out and minimizing the third derivatives 
oe�
ients with a least square130 method. Sin
e this method leads to unstable simulations, they redu
ed the formal order to two and set131

α = β = 1/4 whi
h are the values obtained to get the fourth-order a

ura
y on an uniform grid.132 The general 
ompa
t FV approa
h proposed in the present work also relies on the use of supplementary133 
ells above and below the interfa
e and a least square approa
h to a

ount for their 
ontribution. But134 it di�ers from La
or's method on some important points. The main idea lies in the de�nition of a135 new frame, lo
al to ea
h interfa
e, in whi
h the Taylor series expansions are performed. Sin
e only the136 6
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ell 
enters lines.Figure 3: Di�erent lo
al frames 
onsidered for the high-order 
urvilinear interpolation.interfa
es (i − 1/2, j, k), (i + 1/2, j, k) and (i + 3/2, j, k) appear in Eq. (5), the proposed s
heme has137 already a preferred dire
tion along this (j, k)-line. Thus a new frame (x′, y′, z′) is introdu
ed so that138 the x′-dire
tion represents this preferred dire
tion, tangent to (j, k) mesh line. Taylor series expansions139 are written in this frame, and all derivatives along x′ are 
an
elled out in order to get the sixth-order140 a

ura
y in this dire
tion. Transverse derivatives along y′ and z′ are a

ounted for as 
orre
tions terms141 using a least square approa
h. Before presenting these so 
alled transverse 
orre
tion, the lo
al frame142 de�nition is adressed.143 2.2.1. Lo
al referen
e frame144 Three types of lo
al frames have been 
onsidered. The �rst and se
ond type are orthogonal and di�er145 by the de�nition of the preferred dire
tion x′. For the �rst type, this dire
tion is de�ned as the dire
tion146 given by the 
enters of the two 
ells adja
ent to the 
entral interfa
e of the sten
il (see Fig. 3(a)). For147 the se
ond one, the x′ dire
tion is de�ned as the normal to the 
entral interfa
e (Fig. 3(b)). For both148 types, the two other dire
tions are built as two independant ve
tors in the plane normal to x′.149 The third frame is non-orthogonal. Its x′ axis is 
hosen as for the �rst type, the y′ and z′ dire
tions150 
orrespond to the mesh lines whi
h link the interfa
e 
enter in j and k dire
tions as presented on Fig. 3(
).151 The y′ dire
tion 
orresponds to the line whi
h joins the Ii+1/2,j+1 and Ii+1/2,j−1 points (Ii+1/2,j is the152 
enter of the Si+1/2,j interfa
e). The relevan
e of this frame will 
learly appear when the dis
retization153 sten
il will be shown.154 7



Dimension Derivatives Total number2D ∂(0), ∂x′, ∂2x′2, ∂3x′3, ∂4x′4, ∂5x′5, 12
∂y′, ∂2y′2, ∂2x′y′, ∂3y′3, ∂3x′2y′, ∂3x′y′23D ∂(0), ∂x′, ∂2x′2, ∂3x′3, ∂4x′4, ∂5x′5, 22
∂y′, ∂z′, ∂2y′2, ∂2z′2, ∂2x′y′, ∂2x′z′, ∂2y′z′, ∂3y′3, ∂3z′3,
∂3x′2y′, ∂3x′y′2, ∂3x′2z′, ∂3x′z′2, ∂3y′2z′, ∂3y′z′2, ∂3x′y′z′Table 2: Derivatives used for the general 
urvilinear s
heme.

Supplementary cells

Main cells

Interfaces

PSfrag repla
ements
Figure 4: Cells used by the 
urvilinear interpolation.2.2.2. Transverse derivatives and dis
retization sten
il155 Sin
e it is too expensive to extend the sten
il so that all transverse derivatives are 
an
elled, it was156 initially de
ided to a

ount for the �rst and se
ond order transverse derivatives. But in 2D, for example,157 it amounts to 
an
el ∂y′, ∂x′y′, ∂y′2 derivatives only and to a
hieve that, only three supplementary158 
ells are needed. Adding only three supplementary 
ells breaks the symmetry of the sten
il, and su
h a159 symmetry-breaking may render the preservation of the spe
tral resolution of the s
heme more di�
ult.160 Therefore, it was de
ided to a

ount for all transverse derivatives up to the fourth order (∂y′, ∂x′y′,161

∂y′2, ∂x′2y′, ∂x′y′2, and ∂y′3) and to use four supplementary 
ells as La
or et al. in 2D 
ase (eight162 supplementary 
ells in 3D). The list of all derivatives used are presented in Tab. 2. Fig. 4 presents the163 resulting sten
il in 2D 
ase. The four points represented by a square are used to mat
h the derivatives164 in x′ dire
tion, and the four points represented by a 
ir
le (•) are used for transversal 
orre
tion.165 As it 
an be seen on Fig. 5, the two lo
al frames (x′, y′) and (x′′, y′′) 
orresponding to the �rst and the166 third lo
al referen
e frames presented respe
tively, dire
tly in�uen
e the tranverse 
orre
tion. In fa
t,167 the four points (•) 
onstitute a better sten
il to approximate the derivative in the y′′ dire
tion than in168 the y′ one.169 8
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Figure 5: Lo
al frame and dis
retization sten
il2.2.3. Least-square error minimization170 However, at this point, in 2D for example, there are four supplementary 
oe�
ients than in the 
arte-171 sian 
ase and up to 6 supplementary relations to verify (see Tab. 2). So the �nal system is overde�ned.172 Those six relations (sixteen in 3D), are minimized by a least square approa
h but with a weighting dis-173 tribution in order to give di�erent importan
e to the 
ontribution of the di�erent transverse derivatives.174 In parti
ular, it has been numeri
ally observed that the weighting 
oe�
ients relative to the �rst and175 se
ond order derivatives must be larger than those relative to higher-order ones to get the best dissipation176 and dispersion properties.177 For sake of simpli
ity, the 2D 
ase is 
onsidered. The interpolation equation reads :178
αũi−1/2,j + ũi+1/2,j + βũi+3/2,j = aūi−1,j + būi,j + cūi+1,j + dūi+2,j

+eūi,j−1 + fūi,j+1 + gūi+1,j−1 + hūi+1,j+1. (11)The unknown 
oe�
ients are separated as X =




α, β, a, b, c, d
︸ ︷︷ ︸

X1

, e, f, g, h
︸ ︷︷ ︸

X2




. The �nal system obtained179 
ould be written180

M.X =




A B

A′ B′





∣
∣
∣
∣
∣
∣

X1

X2

=

∣
∣
∣
∣
∣
∣

C

C′

, (12)where A is a 6 × 6 matrix and B′ a 6 × 4 matrix. (A B) are the relations 
an
elling all derivatives in181 the prin
ipal dire
tion, and (A′ B′) are the relations 
an
elling all transverse derivatives. These matrix182 are normalized so that, the maximum 
oe�
ient of ea
h line equals 1, i.e.183
max

j
(Mij) = 1, ∀i.The part (A B) of the system must mainly de�ne X1, so it is not solved by the least square approa
h.184 Thus, the �nal system is185




I 0

0 B̃T








A B

A′ B′





∣
∣
∣
∣
∣
∣

X1

X2

=




I 0

0 B̃T





∣
∣
∣
∣
∣
∣

C

C′

, (13)9



where, B̃ is the matrix with rows de�ned as186
Li(B̃) = ωiLi(B

′). (14)
ωi is a weight de�ning how mu
h better than other the transverse derivative 
orresponding to the row i187 must be 
an
elled.188 2.3. Remarks189 One 
an remark that for 
artesian meshes, both approa
hes (the one using transverse derivatives andthe one using the 
urvilinear abs
issa) mat
h (it is proved in appendix A).The �nal 
ompa
t formula is not dire
tly appli
able to boundaries of a 
losed domain. It is thereforene
essary to set up a di�erent s
heme for boundaries and this is done in se
tion 2.5.To ensure that the tridiagonal matrix obtained with Eq. (8) is inversible, it is 
he
ked that it is diagonallydominant i.e.:

|α| + |β| ≤ 1,otherwise, α and β are arbitrarily set to 1/3, thus the order is redu
ed to four. This generally happens190 when the mesh is strongly stret
hed or distorted. In this work, this situation happened, for example,191 when performing the linear 
onve
tion on a 3D randomly perturbed mesh (see results presented in192 se
tion 5.1.5).193 2.4. Eigenvalues and spe
tral resolution194 The spe
tral behavior of the proposed s
hemes is now analyzed 
onsidering the 1D linear 
onve
tion195 equation :196
∂u

∂t
+

∂u

∂x
= 0. (15)The dis
retization of Eq. (15) by a FV method 
ould be written in a FD-like matrix form:197

d

dt
Ū = LŪ, (16)where L is the spa
e dis
retization operator and Ū the ve
tor of the 
ell-averaged values. The spa
e198 dis
retization operator L is said to be stable if Re(λ) ≤ 0, for any eigenvalue λ of L.199 To study the spe
tral resolution of the s
heme, an uniform 1D dis
retization of size h is 
onsidered,200 along with the following propagating wave solution:201

uk(x, t) = UkeI(kx−ωt). (17)One 
an show that, if the sixth-order 
ompa
t interpolation is used on all points:202
ū′k

i = (LŪ)i = Ik′ūk
i . (18)10



where k′ is the modi�ed wavenumber asso
iated with the numeri
al s
heme. Using the FD-like form203 of the s
heme, one 
an �nd that k′ is a real number and the s
heme has the same spe
tral properties as204 the Lele's tridiagonal sixth-order 
ompa
t s
heme [14℄.205 However, when a di�erent s
heme is applied on boundaries, the modi�ed wavenumber di�ers on ea
h206 point. To 
ompute this lo
al modi�ed wavenumber, it is ne
essary to use the matrix form Eq. (16). One207 
an write208
Ū ′k = LŪk = IK ′Ūk, (19)where K ′ is the diagonal matrix formed by the lo
al modi�ed wavenumber k′

i of ea
h 
ell i. This lo
al209
k′

i is very 
lose to the one de�ned by Eq. (18) in the interior of the domain. On boundaries, k′

i is210 generally no longer real. The imaginary part introdu
es either a dissipative or an anti-di�usive e�e
t.211 More pre
isely, a positive imaginary part 
orresponds to an anti-di�usion (ampli�
ation) sin
e the wave212 propagate from the left to the right. Thus the study of this lo
al modi�ed wavenumber on boundaries213 as proposed by Sengupta et al. [22℄ gives a view of the spe
tral resolution and the lo
al stability of the214 s
heme at boundaries.215 The next se
tion presents some boundary 
losures at the interfa
e boundary between two blo
ks.216 Firstly, a numeri
al study of eigenvalues of the spa
e semi-dis
retization operator L gives a view of the217 global stability of the s
heme. Then, a numeri
al study of lo
al modi�ed wavenumbers gives information218 about the spe
tral resolution and the lo
al stability of the s
heme at boundaries.219 2.5. Multiblo
k and periodi
 boundaries220 Sin
e the aim of this work is to set up high order 
ompa
t FV method for multiblo
k 
omputations, a221 parti
ular attention is paid to multiblo
k and periodi
 boundaries 
onditions. For these boundaries, two222 possibilities arise. The �rst possibility 
onsists of keeping the interior s
heme on boundaries. For periodi
223 boundaries, one obtains a tridiagonal periodi
 matrix to solve. In 
ase of multiblo
k multipro
essors224 
omputations, this option requires to solve the tridiagonal (even periodi
) system in parallel, whi
h may225 be very expensive. The se
ond possibility is to use ghost 
ells and degenerate the s
heme either by226 upwinding or by de
reasing the order of a

ura
y. This is generally done by using a boundary s
heme227 one order lower than the interior boundary s
heme based on the works of Gustafsson [8℄, who shows that228 for hyperboli
 problems, using expli
it FD s
hemes, this insures the global s
heme to keep the order of229 a

ura
y of the interior. But Kobayashi [12℄ shows, for Padé-like FV s
heme, that the order of a

ura
y230 for the global s
heme redu
e to the one of the boundary 
losure. Therefore, de
reasing the order of231 a

ura
y of the s
heme 
ould redu
e the a

ura
y order on the whole domain. However, as important is232 to preserve high pre
ision, another important 
onstraint is to keep the 
onservativeness of the FV s
heme233 and the stability.234 In this work, only s
hemes using two ghost 
ells are investigated (see Fig. 6).235
11



1/2−1 0 1 2Figure 6: Ghost 
ells on the left boundary of the domain: 
ells indexed -1 and 0 are ghost 
ells, the interfa
e 1/2 is theboundary interfa
e of the domain.
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(b) On a stret
hed meshFigure 7: Eigenvalues spe
tra of the whole s
heme using the Centered expli
it boundary s
heme (CEBC) on meshes of 16,32, 64 and 128 points.2.5.1. Centered expli
it boundary s
heme (CEBC)236 The �rst s
heme 
onsists of using an expli
it fourth-order interpolation on the �rst interfa
e 1/2:237
ũ1/2 = aū−1 + bū0 + cū1 + dū2. (20)Then all other interfa
es are 
omputed with the usual sixth-order s
heme. The stability analysis of the238 spa
e dis
retization operator has shown that the s
heme is stable on uniform meshes (see Fig. 7(a)).239 The spe
tral resolution has been studied for all frequen
ies on an uniform mesh with 40 
ells. Fig. 8(a)240 shows that the s
heme has good spe
tral resolution on the two �rst 
ells on ea
h side of the domain241 but it presents possibility of anti-di�usion at the two last points of the domain for middle frequen
ies.242 However numeri
al tests have highlighted that the s
heme be
ome unstable on mesh with a stret
hing at243 the boundary even if the growth of the mesh size is only about 5% (see Fig. 7(b)). To �x these problems,244 two other possibilities have been explored.245 2.5.2. Upwind 
ompa
t boundary s
heme (UCBC)246 It is proposed to use a de
entered fourth-order 
ompa
t s
heme at the boundary as:247

ũ1/2 + αũ3/2 = aū−1 + bū0 + cū1 + dū2. (21)12
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N1 + 1/2 1/2Figure 9: Roe 
orre
tion for a de
entered s
heme on a boundary.To obtain the s
heme on the last interfa
e, the sten
il is just reversed.The s
heme is 
learly non 
onservative, sin
e the value at interfa
e between two blo
ks is 
omputeddi�erently on the two blo
ks. This latter point is a disadvantage whi
h 
ould be 
orre
ted by applyinga Riemann solver (e.g. Roe solver ) with the two values 
omputed on ea
h blo
k. For example let Σ bean interfa
e between Blo
k 1 and Blo
k 2 as illustrated in Fig. 9. A left value ũ1
N1+1/2 on Σ is 
omputedusing the de
entered 
ompa
t s
heme on Blo
k 1, and the right value ũ2

1/2 is 
omputed on Blo
k 2. Then,the �ux on Σ is obtained thanks to the Roe solver:
FΣ = F 1

N1+1/2 = F 2
1/2 = FRoe(ũ1

N1+1/2, ũ
2
1/2).This Roe solver allows to a

ount for the wave propagation dire
tion. It does not 
orre
t anti-di�usion248 at near boundary 
ells (see Figs. 11(a),11(b)) but the eigenvalues study reveals that the s
heme remains249 globally stable even on stret
hed meshes (see Figs. 10(a) and 10(b)) for −1 ≤ α < 1. Unfortunately, this250 approa
h is too expensive in parallel 
ommuni
ations.251 2.5.3. De
entered 
ompa
t near boundary s
heme (DCNBC)252 This third approa
h aims to be a mix of the two previous methods. Here, the expli
it fourth-order253 s
heme is used on the �rst interfa
e (1/2), while a de
entered �fth-order 
ompa
t s
heme is employed254 13
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(b) On a stret
hed meshFigure 10: Eigenvalues spe
tra of the whole s
heme using the UCBC (α = 2/3) with a Roe solver boundary s
heme onmeshes of 16, 32, 64 and 128 points.
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(b) On a stret
hed meshFigure 12: Eigenvalues spe
tra of the whole s
heme using the DCNBC on meshes of 16, 32, 64 and 128 points.
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ements (b) Imaginary partFigure 13: k′/k for the �rst derivatives in 
ells at boundaries using DCNBC.on the se
ond interfa
e (3/2). To obtain a �fth-order s
heme, only interior 
ells are used:255
αũ1/2 + ũ3/2 + βũ5/2 = bū1 + cū2 + dū3. (22)This boundary 
losure is globally stable on uniform grids (see Fig. 12(a)). Although some eigenvalues have256 positive real part on stret
hed grids (Fig. 12(b)), numeri
al tests have shown that it is more stable than257 the CEBC. The whole s
heme also presents possibility of anti-di�usion at middle and high frequen
ies258 on boundaries. Anti-di�usion at middle frequen
ies is less severe than on CEBC s
heme. Anti-di�usion259 on high frequen
ies 
an be eliminated by �ltering. A
tually, �ltering is generally needed to eliminate260 these high frequen
ies whi
h are not solved by the s
heme.261 2.5.4. Summary262 The three proposed boundary s
hemes have shown the same behaviour in terms of dispersion (real263 part of k′), whi
h is present just at high frequen
ies; but for CUBC, this appears for higher frequen
ies264 15



than for CEBC or DCNBC.265 In terms of anti-di�usion, the CEBC s
heme generates su
h phenomena even for middle frequen
ies while266 it is less severe for DCNBC and inexistant for CUBC. This ampli�
ation appears at higher frequen
ies267 for the two last s
hemes, espe
ially for CUBC. However this behaviour is not so dramati
 sin
e spe
ial268 numeri
al treatment 
ould be applied to damp these spurious waves. Even if CUBC seems to perform269 better, it will not be implemented in our solver for 
omputational 
ost reasons.270 3. Extension to non-linear 
ases271 3.1. Dis
retization of the 
ompressible Euler equations272 Here are 
onsidered the 
ompressible Euler equations written in 
onservative form:273
∂W

∂t
+

∂E

∂x
+

∂F

∂y
+

∂G

∂z
= 0, (23)where274

W = (ρ, ρu, ρv, ρw, ρe)
t
, (24)is the ve
tor of 
onservative variables and275

E =
(
ρu, ρu2 + p, ρuv, ρuw, (ρe + p)u

)t
,

F =
(
ρv, ρuv, ρv2 + p, ρvw, (ρe + p)v

)t
,

G =
(
ρw, ρuw, ρvw, ρw2 + p, (ρe + p)w

)tare the 
onve
tive �ux densities.276 The FV formulation requires to approximate the �uxes de�ned by277
F̃i+1/2,j,k =

∫

Si+1/2,j,k

(Enx + Fny + Gnz)dσ, (25)on the interfa
e (i + 1/2, j, k). If assumed that the normal is 
onstant along the interfa
e, this leads to278 �nd an approximation of:279
F̃i+1/2,j,k = S(Ẽñx + F̃ ñy + G̃ñz), (26)where Ẽ, F̃ and G̃ are interfa
e-averaged values of �uxes, and (ñx, ñy, ñz) is the unitary normal of the280 interfa
e.281 To obtain a high-order 
ompa
t FV s
heme based on the 
ompa
t interpolations presented in the previous282 se
tions, di�erent approa
hes 
ould be followed [17, 18, 13, 19℄ [17℄[18℄[13℄[19℄. One of these approa
hes is283 to approximate Ẽ, F̃ and G̃ using interfa
e-averaged values of 
onservative or primitive �elds 
omputed284 using the 
ompa
t interpolation. However, when 
omputing �uxes using interpolated mean values, a285 problem of pre
ision arises. For instan
e, it is needed to 
ompute the mean of the produ
t ρuv, 〈ρu〉, to286 approximate the �ux. But approximating 〈ρu〉 by 〈ρ〉〈u〉 is a se
ond order approximation. An idea is then287 16



to 
ompare the two values in order to determine whi
h 
orre
tion 
ould be done to keep a higher order.288 Pereira et al. [17℄ shows that it is possible to make a 
orre
tion to obtain a fourth-order approximation289 at a reasonnable 
ost. This requires to approximate the �rst and se
ond order derivatives respe
tively at290 the se
ond and �rst order for ρ and u. This 
orre
tion, extended by La
or et al. [13℄ to arbitrary s
hemes291 notably improved the pre
ision of his s
heme on a rotation of a Gaussian wave test 
ase. However,292 the 
orre
tion was done assuming a Cartesian grid sin
e for a general grid highly there is an important293 in
rease the 
ost of the 
omputations. For sake of 
onvenien
e, this approa
h and the others will be294 dis
ussed in details in a next paper with more appropriate test 
ases sin
e in the appli
ations presented295 in the present paper, they do not make a valuable di�eren
e.296 Therefore, for the vortex 
onve
tion and a
ousti
 s
attering problems handled in the present paper,297 the following formulation (whi
h is formally of the se
ond order) is used, for ea
h interfa
e (i+1/2, j, k):298
F̃ ≈ S(E(W̃ )ñx + F (W̃ )ñy + G(W̃ )ñz). (27)where, W̃ is the ve
tor of the (i + 1/2, j, k) interfa
e-averaged values of the 
onservative variables.299 3.2. Slip wall boundary 
ondition treatment300 In order to address some a
ousti
 test 
ases, it is ne
essary to dis
uss the implementation of the301 slip wall boundary 
ondition. This 
ondition is treated as a symmetry 
ondition. In the same way as302 multiblo
k and periodi
 boundary 
onditions it involves two layers of ghost 
ells whose metri
s (points,303 normals, kineti
 moments) and 
onservative �elds are de�ned by symmetry. Indeed, let Σ on Fig. 14 be304 a symmetri
 boundary. Let M ′ be the symmetri
 of the point M with respe
t to Σ, following the normal305

~n. The symmetry 
ondition indu
es:306






ρ(M ′) = ρ(M),

u(M ′) = u(M) − 2(u(M).n)n,

p(M ′) = p(M).

(28)307 It is then possible to use on this boundary either the CEBC or the DCNBC 
losures. For all test308 
ases, the DCNBC 
losure has been applied.309 4. Numeri
al stabilization310 All spe
tral studies have shown that there is possibility of anti-di�usion of the s
heme at high frequen-311 
ies near boundaries. Thus, 
omputations need to be stabilized. Filtering is a possible way to a
hieve312 it. The �lters 
hosen are 
ompa
t �lters, pre
isely the sixth-order and eight-order �lters proposed by313 Gaitonde and Visbal [4℄ have been used. The inner �lter s
heme reads:314
αf ûi−1 + ûi + αf ûi+1 =

N∑

n=−N

anūi+n, (29)17
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 boundary 
ondition.where αf is a parameter ranging from -1/2 to 1/2. The authors also re
ommend to use higher order one315 sided formulas on boundaries instead of de
reasing the order of the �lter. The one-sided formulas are316 de�ned by317
û1 = ū1, (30)

αf ûi−1 + ûi + αf ûi+1 =

2N+1∑

n=1

anūn, i = 2, ..., N. (31)The �ltering is applied in the 
omputational plane. In multidimensional 
ase, �ltering operator is applied318 su

essively in ea
h dimension. One 
an remark that, in ea
h dire
tion, the �rst and the last points are319 not �ltered. This 
ould be a drawba
k sin
e anti-di�usion is possible at this point. But for multiblo
k320 and periodi
 problems, it is possible to avoid it by using the two ghost 
ells values, so the �rst point non321 �ltered is �
titious.322 5. Appli
ations323 In this se
tion, linear and non linear test 
ases are performed. The results of the proposed s
hemes324 are 
ompared with two s
hemes using 
onstant 
oe�
ients for the interfa
e-averaged value interpolation.325 The �rst one (CEN4) is obtained using the expli
it 
entered interpolation with 
onstant 
oe�
ients,326 fourth-order on uniform grids, de�ned by327
ũi+1/2 = −

1

12
ūi−1 +

7

12
ūi +

7

12
ūi+1 −

1

12
ūi+2. (32)The se
ond one (COMP46) is obtained using the 
ompa
t interpolation with 
onstant 
oe�
ients, sixth-328 order on uniform grids, de�ned by Eq. (9) for interior interfa
es and the above expli
it fourth-order329 
entered interpolation Eq. 32 on the periodi
 boundary interfa
es.330 The �rst part of this se
tion presents a model problem of linear 
onve
tion on di�erent types of grids.331 Then follows the presentation of some non linear appli
ations.332 18



5.1. Linear 
onve
tion333 In order to numeri
ally assess the e�e
tive numeri
al properties of the s
hemes studied, a 2D linear334 
onve
tion problem is 
onsidered:335
∂φ

∂t
+ v.∇φ = 0. (33)An initial Gaussian wave

φ(x, y) = 1 + 0.25 exp(−38.(x2 + y2)),is 
onve
ted through a 
omputational domain 
omprised in the square region −1 ≤ x, y ≤ 1 at the speed336
v = (1, 1). Periodi
 boundary 
onditions are applied on all boundaries. The 
onve
tion following this337 diagonal dire
tion makes the test 
ase really sensitive to boundary 
losures and breaks the preferred338 dire
tion whi
h 
ould exists in the used grids.339 The time integration s
heme used for these 
omputations is the following four steps Runge-Kutta340 method [11℄341







u(0) = un,

u(k) = u(0) + αk∆tL(u(k−1)), k = 1, ..., 4,

un+1 = u(4),

(34)with L, the spa
e dis
retization operator and
α1 =

1

4
, α2 =

1

3
, α3 =

1

2
, α4 = 1.This s
heme is fourth-order a

urate for linear problems.342 In summary, four numeri
al s
hemes have been numeri
ally studied:343 1. CART46 whi
h uses the 
artesian-like sixth-order 
ompa
t s
heme using 
urvilinear abs
issa for344 the interior interfa
es and the CEBC 
losure s
heme;345 2. CART456 whi
h di�ers from the previous in that it uses the DCNBC 
losure s
heme;346 3. CUR46 whi
h is the general FV 
urvilinear s
heme using the CEBC 
losure s
heme;347 4. CUR456 whi
h is the general FV 
urvilinear s
heme using the DCNBC 
losure s
heme.348 It is worth reminding that on 
artesian uniform grids, the CART46, CUR46 and COMP46 s
hemes are349 the same. On another hand, the CART456 and the CUR456 s
hemes are the same.350 Con
erning the CURxxx methods, two types of parameters are to be spe
i�ed: the lo
al referen
e frame351 and the weights used for the least square method. The 
odes (ORTH, NORM and GEN) of the lo
al352 referen
e frames used are shown in Tab. 3. The 
ombinations of weights (W1, W2 andW3) used des
ribed353 in Tab. 4. When it is not spe
i�ed, the lo
al referen
e frame ORTH and the weights 
ombination W2 is354 used.355 The di�erent s
hemes are often 
oupled with the �lter operator. When it is the 
ase, it is mentionned in356 the title of the s
heme using the letter F followed by the order of the �lter and the 
oe�
ient of the �lter357 (e.g.: F80.49 for the eight-order �lter with αf = 0.49). The �lter is applied after the last Runge-Kutta358 step.359 19



Code Lo
al referen
e frameORTH Orthonormal lo
al referen
e frame with the x′ dire
tion de�ned bythe dire
tion between the adja
ent 
ells 
enters (Fig. 3(a))NORM Orthonormal lo
al referen
e frame with the x′ dire
tion de�ned bythe normal of the fa
e (Fig. 3(b))GEN Non-orthogonal lo
al referen
e frame with the dire
tion de�ned bythe neighbouring 
ells 
enters (Fig. 3(
))Table 3: Codes of the lo
al referen
e frames used for the CURxxx methodsDerivatives Weights W1 Weights W2 Weights W31st order: ∂y′, ∂z′ 1 100 5002nd order: ∂2x′y′, ∂2y′2, ∂2x′z′, ... 1 100 5003rd order: ∂3x′y′2, ∂3x′z′2, ∂3x′2y′, ... 1 1 1Table 4: Weights used in general for the least square method applied on transverse derivatives relations: the z′ derivativesare not 
onsidered in 2D 
ases.Di�erent meshes are used in order to highlight di�erent properties of the proposed s
hemes. Therefore,360 to retrieve the numeri
al order of the s
hemes, only meshes whi
h 
an be re�ned or 
oarsened using the361 same initial property of the mesh are used: uniform 
artesian and wavy meshes. All meshes help to assess362 the stability, the dissipation and dispersion properties of the s
hemes. Stret
hed 
artesian grid and non363 uniform 
artesian grid 
onsisting in alternating bigger and smaller 
ells help to assess the importan
e of364 taking into a

ount non-uniformity on 
artesian grid. On another hand, wavy grids and highly irregular365 grid obtained by randomly perturbing an uniform 
artesian grid highlight the importan
e of taking into366 a

ount shape, size and dire
tion variations in 
urvilinear grids.367 Hen
e, seven types of grids have been used (see Figs. 15 and 16):368
• UNIF: uniform 
artesian grid;369
• STRETCH: a stret
hed 
artesian grid with a maximum stret
h ratio of 1.05;370
• ALT: a 
artesian grid 
onsisting in alternating bigger and smaller 
ells with a size ratio of 11/9;371
• WAVY I: an uniform wavy grid de�ned by372







xij = xmin + ∆x
[

(i − 1) + Ax sin
(

nxπ(j−1)∆y
Ly

)]

yij = ymin + ∆y
[

(j − 1) + Ay sin
(

nyπ(i−1)∆x
Lx

)] , (35)with
1 ≤ i, j ≤ N

∆x =
Lx

N − 1
, ∆y =

Ly

N − 1
,where N denotes the number of points in the x and y dire
tions, Lx = xmax − xmin and Ly =373

ymax − ymin are the lengths of the domain in the x and y dire
tions respe
tively. nx = ny = 8 and374
Ax = Ay = 2/r where r is �xed su
h that rN = 128. This parameter r allows to obtain a mesh375 whi
h is a 
oarsen mesh of the mesh obtained with N = 128 and r = 1.376 20
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(b) Uniform wavy mesh (WAVY I).Figure 15: 64×64-
ells Meshes used for 
omputations.
• WAVY II: a highly distorded uniform wavy grid de�ned by377







xij = x̄ij + 0.02Lx sin(2π
(ȳij−y0)

Ly
)

yij = ȳij + 0.04Ly sin(16π
(x̄ij−x0)

Lx
)

, (36)where (x̄ij , ȳij) are the 
oordinates of the 
artesian uniform mesh of the same size, Lx and Ly, the378 lengths of the domain in the x and y dire
tions respe
tively, and (x0, y0), the 
enter of the domain.379
• WAVY III: a highly distorded wavy grid obtained from the ALT grid of the same size using Eq. (36);380
• RAND: a highly irregular grid obtained by randomly perturbing an uniform grid with a maximum381 amplitude of 20%.382 5.1.1. E�e
tive order of a

ura
y383 To measure the numeri
al order of a

ura
y of the di�erent s
hemes, the three types of grids used384 are the UNIF, WAVY I and WAVY II grids. For the �rst two types, four di�erent grid resolutions have385 been 
onsidered to retrieve the e�e
tive order of a

ura
y: 16 × 16, 32 × 32, 64× 64 and 128× 128. For386 the WAVY II grids, a 256 × 256 grid is also used sin
e the 16 × 16 grid is so 
oarse that the domain387 de�ned by WAVY II grids is not 
ompletely des
ribed.388 The time step is 
hosen very small so that the time integration error 
ould be negle
ted in 
omparison389 to the spatial one. The error between the 
omputed solution after one period (i.e., the time for the wave390 to return to the initial position for the �rst time) and the initial solution is found using the L2-norm.391 Fig. 17 displays the evolution of the error versus the mesh size and Tab. 5, Tab. 6 and Tab. 7 give the392 observed order of a

ura
y obtained on the uniform 
artesian and wavy grids. For sake of 
larity, for393 WAVY I and WAVY II grids, only the errors for CART46, CUR46 and COMP46 s
hemes are plotted on394 graphs.395 On the more distorded wavy mesh (WAVY II), CARTxxx and CURxxx methods need to be stabilized396 with �ltering. And when �ltered, the errors obtained are almost the same for CART46 and CART456397 21
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Mesh size CART46 CART456Error Order Error Order16×16 2.52 × 10−4 - 1.88 × 10−4 -32×32 7.55 × 10−6 5.06 5.31 × 10−6 5.1464×64 1.02 × 10−7 6.20 6.36 × 10−8 6.38128×128 1.67 × 10−9 5.93 9.16 × 10−10 6.11Table 5: Numeri
al mean errors and orders of s
hemes on uniform 
artesian meshes (UNIF) for the 2D linear 
onve
tion.Mesh size CART46 CUR46 COMP46Error Order Error Order Error Order16×16 5.13 × 10−4 - 4.01 × 10−4 - 5.13 × 10−4 -32×32 1.03 × 10−5 5.63 1.05 × 10−5 5.25 1.23 × 10−5 5.3864×64 1.44 × 10−7 6.16 1.57 × 10−7 6.06 1.91 × 10−7 6.00128×128 2.34 × 10−9 5.94 3.36 × 10−9 5.54 3.18 × 10−9 5.9Mesh size CART456 CUR456Error Order Error Order16×16 5.33 × 10−4 - 3.91 × 10−4 -32×32 7.56 × 10−6 6.13 7.72 × 10−6 5.6664×64 8.68 × 10−8 6.44 1.00 × 10−7 6.27128×128 1.31 × 10−9 6.05 2.85 × 10−9 5.13Table 6: Numeri
al mean errors and orders of s
hemes on uniform wavy meshes (WAVY I) for the 2D linear 
onve
tion.s
hemes and for CUR46 and CUR456 s
hemes. It is noteworthy that the NORM frame is used sin
e398 it was impossible to stabilize 
omputations using the ORTH frame for this WAVY II mesh. This is399 explained further when dealing with long-time 
onve
tion simulations.400 One 
an see that the averaged order of a

ura
y of the di�erent methods for UNIF and WAVY I grids is401 higher than 5. The results for the WAVY II grids are more di�
ult to explain. In fa
t, the order retrieved402 when passing from the 16 × 16 grid to the 32 × 32 grid is less than one. The reason has already been403 mentioned: the 16 × 16 grid is too 
oarsen and dis
retizes a domain too di�erent from the one de�ned404 by other WAVY II grids. This grid is almost uniform but with slight deformations in the y dire
tion so405 the COMP46 method performed very well while the other methods introdu
es some errors be
ause the406 �ltering was used. When passing from the 128× 128 grid to the 256× 256 grid, the usage of the s
heme407 in physi
al spa
e probably allows to 
an
el out more higher-order terms than formally predi
ted than408 the COMP46 method.409 5.1.2. Stability, dissipation and dispersion properties on uniform grids410 To analyze the stability, the dispersion and dissipation of the di�erent s
hemes, 
omputations have411 been 
arried out for 25 periods on the 64×64 grids. This se
tion presents the results obtained on uniform412 grids UNIF, WAVY I and WAVY II. It is shown that the proposed s
hemes behave well on uniform grids.413 The results obtained on the WAVY II grid highlight the importan
e of the lo
al referen
e frame for the414 CURxxx methods.415 Results of the simulation on the uniform grid are shown in Fig. 18. The CEN4 s
heme is obviously416 the most dispersive one sin
e many lo
al extrema are generated. The proposed s
hemes behaves very417 23



Mesh size CART46F80.49 CUR46F80.49-NORM COMP46Error Order Error Order Error Order16×16 1.84 × 10−4 - 1.84 × 10−4 - 1.04 × 10−4 -32×32 6.23 × 10−5 1.56 6.22 × 10−5 1.56 7.35 × 10−5 0.5064×64 4.0 × 10−6 3.96 4.01 × 10−6 3.95 4.08 × 10−6 4.17128×128 3.03 × 10−8 7.04 2.91 × 10−8 7.10 3.14 × 10−8 7.02256×256 1.46 × 10−10 7.69 4.12 × 10−11 9.46 5.29 × 10−10 5.89Mesh size CART456F80.49 CUR456F80.49-NORMError Order Error Order16×16 1.84 × 10−4 - 1.84 × 10−4 -32×32 6.23 × 10−5 1.56 6.22 × 10−5 1.5664×64 4.01 × 10−6 3.95 4.02 × 10−6 3.95128×128 3.04 × 10−8 7.04 2.94 × 10−8 7.09256×256 1.47 × 10−10 7.68 4.87 × 10−11 9.23Table 7: Numeri
al mean errors and orders of s
hemes on highly distorded wavy meshes (WAVY II) for the 2D linear
onve
tion.
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PSfrag repla
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th-order �lter.Figure 18: Pro�les along the line x = y of a linear 
onve
tion equation solution on the uniform 
artesian mesh (UNIF)after 25 periods.well. The eight-order �lter does not deteriorate the results obtained.418 Fig. 19 shows results obtained on the WAVY I mesh after 25 periods. In this 
ase, COMP46 method419 is stable and gives good results. It shows that a 
omputational spa
e formulation is stable and e�
ient420 on smooth grids even 
urvilinear. The CART46 and CUR46 methods seems to be the most stable of the421 proposed s
hemes sin
e all others need �ltering. This shows the limitations of a 1D approa
h as it has422 been done in the eigenvalues and spe
tral study of se
tion 2.5 to analyze the stability of a s
heme on423 
urvilinear grids. Until now, no explanation has been found to justify this phenomenon. However when424 �ltering is applied all the methods give similar results.425 It is worth noting that the eigth-order �lter with one-sided formulas failed to stabilize CART456 and426 CUR456 s
hemes. But the 
y
li
 eight-order �lter (not using eight-order one-sided formulas on bound-427 aries), whi
h is used for the results shown, stabilizes the 
omputations. This problem 
ould 
ome either428 from the one-sided formulations on boundaries either from the fa
t that the �rst point is not �ltered.429 Results obtained on the vortex 
onve
tion and presented further show that the latter fa
t is probably430 the main reason. Therefore, it is inadequate to leave the �rst 
ell of the domain un�ltered as it is done431 with one-sided �lter on boundaries.432 Sin
e, on wavy meshes, �ltered CARTxxx methods behave similarly, as well as CURxxx, 
omputations433 results on the highly distorded mesh (WAVY II) are shown only for s
hemes using the CEBC boundary434 
losure. For this WAVY II mesh, all the methods (even the CEN4 method) are unstable ex
ept the435 COMP46 one. However its results (not shown) are pretty dispersive. To 
ompare them with equal436 parameters, the �lter has been applied to all methods. In Fig. 20(a), one 
an observe that on highly437 distorded meshes, the �ltered CARTxxx method are �nally more dispersive and more dissipative than438 the s
heme using 
onstant 
oe�
ients (COMP46) and �ltering. One 
an 
on
lude that it is not su�
ient439 to use the 
urvilinear abs
issa when mesh line dire
tions vary strongly. This is 
on�rmed by results440 obtained further on non-uniform 
urvilinear meshes. The �ltered COMP46 method is slightly more441 dissipative than the �ltered CURxxx methods.442 It is worth noting that the CUR46 method used has been 
omputed using the GEN frame. In Fig. 20(b),443 25
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onve
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hemes: CUR46method is used with the GEN frame. 0.95
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PSfrag repla
ements(b) Comparison between the di�erent lo
al frames forthe CUR46F80.49-W2 method.Figure 20: Pro�les along the line x = y of a linear 
onve
tion equation solution on the distorded wavy mesh (WAVY II)after 25 periods.a 
omparison is made between the results obtained with this latter method and those obtained using the444 orthogonal lo
al frame de�ned by the interfa
es normals. Results are pretty similar, however it 
ould445 be observed that the results with GEN frame are better in terms of dissipation while the NORM ones446 present a slightly better behaviour in terms of dispersion. The 
omputations using the ORTH frame447 lead to an non diagonally dominant matrix to inverse. For these test 
ases, the restri
tion to the fourth-448 order has not been done so the 
omputations are unstable even with the �ltering. But this allows to449 
on
lude that the lo
al frame plays an e�e
tive role (although not su�
ient) on the stability and on the450 dispersion-dissipative e�e
ts of the solution. Something noteworthy is the fa
t that the transverse axe is451 pretty the same for the NORM and GEN frames. It 
ould indi
ate that the good dis
retization of the452 transverse derivatives in the two frames (as explained in se
tion 2.2.2) is the reason of the better results453 obtained. Indeed, this dis
retizatio is less good for the CURxxx method with ORTH frame and absent454 for the CARTxxx methods. On meshes with very strongly varying grid lines dire
tions, the GEN frame455 is the best to get the lowest dissipation e�e
t.456 26
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PSfrag repla
ements (b) With 8
th-order �lter.Figure 21: Pro�les along the line x = y of a linear 
onve
tion equation solution on the stret
hed 
artesian mesh (STRETCH)after 25 periods.5.1.3. Stability, dissipation and dispersion properties on nun-uniform 
artesian grids457 This se
tion presents 
omputations done for 25 periods on 64 × 64 non-uniform 
artesian grids458 STRETCH and ALT. The results obtained on both grids 
on�rms the 
on
lusion of the eigenvalues459 study of the multiblo
k boundary 
losures. Meanwhile the results obtained on the ALT grid highlight460 the ne
essity to take into a

ount the non-uniformity of 
artesian grids.461 Fig. 21 shows results on the stret
hed mesh after 25 periods. The CART46 method is not stable462 without �ltering whereas the CART456 yields very satisfa
tory results. Hen
e, this 
on�rms that on this463 type of grids, CEBC boundary 
losure is really less stable than DCNBC boundary 
losure as foreseen by464 the eigenvalues study. However, the COMP46 method is stable without �ltering. This is easily explained465 by the fa
t that, when pro
essing interfa
es on the same mesh line, the COMP46 s
heme behaves like466 if the mesh was uniform. Moreover, sin
e the interfa
es on this mesh line have the same normal, when467 
omputing the �uxes balan
es in the mesh line dire
tion, these �uxes blan
es behave like the 1D spa
e468 dis
retization operator on an uniform grid. Therefore the s
heme is stable as it is on uniform grids.469 Taking into a

ount the non-uniformity breaks this stability property for the CART46 s
heme.470471 A

ording to those previous results, it seems like taking into a

ount non-uniformity of the grid is472 not ne
essary. Results obtained on the ALT s
heme shows that it is 
ertainly not the 
ase. Fig. 22473 shows results obtained using the di�erent s
hemes. Althought the COMP46 s
heme is stable, it is very474 dispersive and pretty anti-di�usive. It is therefore possible that the s
heme be
omes unstable for longer475 simulations. This is a real drawba
k sin
e the alternating size ratio is not so important. On
e again, the476 CART46 s
heme is not stable while the CART456 one is. The use of the �lter does not 
ompletely solve477 the problem. Something interesting to see here is the fa
t that using the �lter introdu
es little dispersion478 to the CART456 results, even when using a 
y
li
 formulation. It 
an indi
ate that the �lter 
ould be479 also a sour
e of dispersion e�e
ts when dealing with non-uniform grids. However, it is 
lear that taking480 into a

ount non-uniformity of grids is important.481 27
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ements(b) Comparison between di�erent weights 
ombinationsfor the CUR46F80.9-ORTH method.Figure 23: Pro�les along the line x = y of a linear 
onve
tion equation solution on the RAND mesh after 25 periods.5.1.4. Stability, dissipation and dispersion properties on non-uniform 
urvilinear meshes482 This se
tion deals with non-uniform 
urvilinear meshes: RAND and WAVY III. A �rst interesting483 
on
lusion is that, when dealing with non-uniform 
urvilinear meshes, it is not su�
ient and even not484 re
ommended to use a s
heme using only the 
urvilinear abs
issa. However, it is 
learly shown that485 taking into a

ount shape, size and mesh lines dire
tions variations is important to get lowest dissipation486 and dispersion e�e
ts. Computations done on RAND grid highlight the importan
e of weights used for487 the least square method.488 The results obtained on the RAND mesh are presented in Fig. 23(a)). All s
hemes are unstable489 without �ltering. Using �ltering, CURxxx s
hemes are obviously superior to CARTxxx and COMP46490 s
hemes in terms of dissipation and dispersion. Dissipation e�e
ts are extremely important for CARTxxx491 s
hemes. It is possible that those s
hemes develop strong high frequen
ies waves whi
h are damped by492 the �lter.493 It is important to note that in the weighted least square method, the weight of the �rst order and494 se
ond order transverse derivatives has to be more important than the higher order transverse derivatives495 28
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PSfrag repla
ementserror
h(b) On WAVY I meshesFigure 25: Evolution of the errors following the mesh size for the 3D linear 
onve
tion: the GEN Frame and the W2 weightsextended to 3D have been used.a

ording to results presented in Fig. 23(b). Otherwise CURxxx s
hemes behave like CARTxxx s
hemes.496 The results in Fig. 23(b) also show that the weight 
ombination W2 
hosen for all simulations is su�
ient497 to get the best possible results.498 Fig. 24 shows results obtained on the WAVY III meshes. None s
heme is stable without �ltering.499 On
e again, it is 
lear that CURxxx methods show a better behaviour than all other s
hemes. Other500 methods introdu
e an important dispersion e�e
t whi
h 
ompletely denaturates the solution. Thus, the501 CURxxx methods, whi
h a

ount for the variation of the 
ells shapes and sizes and of the mesh lines502 dire
tions, are more 
apable to handle non-uniform 
urvilinear meshes.503 5.1.5. 3D Computations504 To show the 
apability of the CURxxx s
hemes to treat three dimensional �ows, a rapid study of505 the numeri
al a

ura
y order and of the stability, dissipation and dispersion properties of the CURxxx506 s
heme have been performed. The same numeri
al order has been retrieved as it 
an be seen in Fig. 25.507 A long-time 
onve
tion simulation has been performed but for a larger 
onve
tion time (50 periods)508 on a 64 × 64 × 64 RAND mesh. The GEN frame and the W2 weights 
ombination are used. It is509 noteworthy that, for a limited number of points, the tridiagonal system obtained was not diagonally510 29
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PSfrag repla
ementsFigure 26: y = 0 pro�le of a linear 
onve
tion equation solution on a 3D RAND mesh after 50 periods: the GEN Frameand the W2 weights extended to 3D have been used..dominant. In this 
ase, the restri
tion to the fourth-order by �xing α = β = 1/3 has been a
tivated.511 However, the good behavior of the CURxxx appears 
learly in Fig. 26.512 5.1.6. Con
lusion on linear 
omputations513 These numeri
al tests have shown that the proposed s
hemes have good a

ura
y and spe
tral res-514 olution on regular 
urvilinear meshes although the more general FV s
hemes (CURxxx) need to be515 stabilized for long 
omputations. However, if all methods give pretty similar results on regular meshes,516 CURxxx s
hemes are more a

urate, low dissipative and low dispersive than the 
artesian like s
hemes517 (CARTxxx) and than the s
hemes using 
onstant 
oe�
ients (COMP46) when dealing with irregular518 
urvilinear meshes.519 The next se
tions aim to validate the di�erent s
hemes with the approa
h de�ned by Eq. (27) in a520 non linear 
ontext and on problems requiring high pre
ision and spe
tral resolution, some appli
ations521 have been performed with the 
ode elsA of ONERA for aerodynami
s simulations [2℄. Two test 
ases522 have been sele
ted:523
• the 
onve
tion of a vortex on a 2D square region with periodi
 boundary 
onditions in all dire
tions;524
• the s
attering of an a
ousti
 wave di�ra
ted by a plane wall boundary;525 All these 
ases are realized using the following third order three steps TVD Runge-Kutta algorithm of526 Gottlieb and Chi-Shu [7℄:527







u(0) = un,

u(k) = (1 − αk)u(0) + αku(k−1) + αk∆tL(u(k−1)), k = 1, ..., 3,

un+1 = u(3),

(37)with
α1 = 1, α2 =

1

4
, α3 =

2

3
.Filters have been implemented using one-sided boundaries formulas. However, �lters are applied on528 �
titious 
ells also so that the un�ltered points are the �
titious 
ells. So the �rst points of the domain are529 30



�ltered and 
omputations are better stabilized. Be
ause of programming 
onstrainsts, 
y
li
 formulations530 are not implemented.531 5.2. Vortex 
onve
tion532 This numeri
al test 
onsists of 
onve
ting a Lamb-Oseen vortex. The initial vortex is given by the533 stream fun
tion:534
Ψ(x, y) = Γ exp

(

−
x2 + y2

2R2

)

, (38)where Γ is the vortex strength and R 
ontrols the size of the vortex. The resulting velo
ity distribution535 is obtained throught the velo
ity stream fun
tion relationship:536
u = U∞ −

∂Ψ

∂y
, v = V∞ +

∂Ψ

∂x
. (39)

Γ is 
hosen small (0.004) so that the speed of the vortex is mu
h lower than the mean �ow speed to test537 the resolution of the s
hemes. R is set equal to 0.15. The asso
iated pressure variation follows the radial538 momentum equation:539
p − p∞ = −

ρΓ2

2R2
exp

(

−
x2 + y2

R2

)

. (40)The 
onve
tion will be done on the domain −1 ≤ x, y ≤ 1 at the speed v∞ = (U∞, V∞) = (1, 1). The540 four boundaries are de�ned as periodi
. In this 
ase also, the 
onve
tion following diagonal dire
tion541 makes the 
ase really sensitive to multiblo
k boundary 
losures and breaks the preferred dire
tion whi
h542 
ould exists in the used grids. In order to do not repeat same 
on
lusions as for the linear 
ases, the543 number of meshes used for this non linear 
ase is redu
ed. The notations of methods on �gures are544 un
hanged.545 Something noteworthy is the fa
t that the initial solution in this 
ase is not simply the point-wise546 values at the 
ells 
enters but really the 
ell-averaged values of the analyti
al initial solution. This was547 not ne
essary when dealing with linear 
onve
tion sin
e, be
ause of the linearity, the point-wise values548 
ould be seen as 
ell-averaged values of, of 
ourse, a di�erent initial solution. Sin
e in the non-linear 
ase,549 the solved equations are, without any approximation, equations on 
ell-averaged values, using point-wise550 values as 
ell-averaged values is a supplementary sour
e of errors. This is an important point to get the551 right order of a

ura
y of the methods.552 5.2.1. E�e
tive order of a

ura
y553 Numeri
al orders of the s
heme have been retrieved on uniform 
artesian and uniform wavy meshes:554 UNIF, WAVY I and WAVY II. The numeri
al errors presented are 
omputed using the u and v �elds.555 A
tually, it is the sum of the L2-error over the two �elds. The errors are presented in Tab. 8, Tab. 9,556 Tab. 10 and Fig. 27. For sake of 
larity, for WAVY I and WAVY II meshes only the CART46, CUR46557 and COMP46 errors have been reported on graphs.558 On uniform 
artesian grids, the s
hemes are, on average, at least �fth-order a

urate. On wavy grids,559 in general, the errors made with CURxxx methods are inferior to those made with other s
hemes. One560 31



Mesh size CART46 CART456Error Order Error Order16×16 2.57 × 10−5 - 1.85 × 10−5 -32×32 5.79 × 10−7 5.47 3.51 × 10−7 5.7164×64 1.04 × 10−8 5.79 6.22 × 10−9 5.81128×128 2.57 × 10−10 5.33 2.18 × 10−10 4.83Table 8: Numeri
al mean errors and orders of s
hemes on UNIF meshes for the vortex 
onve
tion.Mesh size CART46 CUR46 COMP46Error Order Error Order Error Order16×16 6.11 × 10−5 - 4.23 × 10−5 - 6.11 × 10−5 -32×32 1.17 × 10−6 5.70 7.12 × 10−7 5.89 9.97 × 10−7 5.9364×64 2.90 × 10−8 5.33 1.26 × 10−8 5.82 2.21 × 10−8 5.49128×128 9.51 × 10−10 4.93 2.93 × 10−10 5.42 9.13 × 10−10 4.59Mesh size CART456 CUR456Error Order Error Order16×16 6.37 × 10−5 - 4.27 × 10−5 -32×32 4.62 × 10−7 7.10 4.61 × 10−7 6.5364×64 1.50 × 10−8 4.94 7.56 × 10−9 5.93128×128 8.45 × 10−10 4.14 2.39 × 10−10 4.98Table 9: Numeri
al mean errors and orders of s
hemes on WAVY I meshes for the vortex 
onve
tion.
an noti
e that for CURxxx methods, the error is at least 
lose to 5 while for other s
hemes, it 
ould561 de
rease near to 4. However, the error is higher than the se
ond-order expe
ted and taking into a

ount562 remarks made in se
tion 3 
ould improve these results.563 5.2.2. Stability, dissipation and dispersion properties564 The vortex position is 
aptured after 25 periods for two types of meshes: WAVY III and RAND.565 The results obtained on the RAND grid (Fig. 28) and on the WAVY III grid (Fig. 29) 
on�rm566 
on
lusions of the linear 
onve
tion study. The CURxxx s
hemes have a better behaviour than the567 CARTxxx and COMP46 s
hemes.568 5.2.3. Multiblo
k 
omputations569 Some multiblo
k simulations have been performed using four blo
ks with the CARTxxx and CURxxx570 s
hemes. Fig. 30 shows both the initial and after 50 periods iso
ontours of vorti
ity on a UNIF mesh and571 a WAVY II mesh. It shows that the proposed multiblo
k treatment does not alter the global pre
ision572 even if the vortex is 
onve
ted through the blo
k mat
hing line. The two results obtained on wavy573 meshes prove that our multiblo
k strategy works well not only for the FV 
ompa
t s
heme but also for574 the �ltering operator. The y = 0 pro�les of the v-
omponent of velo
ity obtained with a monoblo
k or575 multiblo
k 
al
ulation mat
h very well(Fig. 31).576 5.2.4. Con
lusion on the vortex 
onve
tion 
ase577 These results 
on�rm the one obtained in the linear 
onve
tion test 
ases. The proposed s
hemes are578 at least of the fourth-order, thus far superior than the formally se
ond-order expe
ted. Even if, it is also579 32



Mesh size CART46F80.49 CUR46F80.49-NORM-W2 COMP46Error Order Error Order Error Order16×16 6.04 × 10−5 - 3.22 × 10−5 - 3.67 × 10−5 -32×32 2.39 × 10−5 1.33 1.15 × 10−5 1.48 2.71 × 10−5 0.4364×64 1.33 × 10−6 4.17 3.41 × 10−7 5.07 1.51 × 10−6 4.16128×128 1.58 × 10−8 6.39 3.13 × 10−9 6.76 1.59 × 10−8 6.56256×256 5.76 × 10−10 4.77 9.91 × 10−11 4.98 7.79 × 10−10 4.35Mesh size CART456F80.49 CUR46F80.49-NORM-W2Error Order Error Order16×16 6.04 × 10−5 - 3.47 × 10−5 -32×32 2.36 × 10−5 1.35 1.17 × 10−5 1.5664×64 1.27 × 10−6 4.21 4.05 × 10−7 4.85128×128 1.31 × 10−8 6.59 3.76 × 10−9 6.75256×256 5.61 × 10−10 4.54 1.01 × 10−10 5.21Table 10: Numeri
al mean errors and orders of s
hemes on WAVY II meshes for the vortex 
onve
tion.

1e-11

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

0.01 0.1 1

L
2

-e
rr
o
r

h

CART46
CART456

6th Order Slope
5th Order Slope(a) On UNIF meshes 1e-11

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

0.001

0.01 0.1 1

L
2

-e
rr
o
r

h

CART46
CUR46

COMP46
6th Order Slope
5th Order Slope(b) On WAVY I meshes

1e-12

1e-11

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

0.001

0.01

0.001 0.01 0.1 1

L
2

-e
rr
o
r

h

CART46
CUR46

COMP46
6th Order Slope
5th Order Slope(
) On WAVY II meshesFigure 27: Evolution of the errors following the mesh size for the 2D vortex 
onve
tion.33



0.98

0.985

0.99

0.995

1

1.005

1.01

1.015

1.02

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

v

x

Exa
t
CART46F80.49
CUR46F80.49

COMP46F80.49

Figure 28: y = 0 pro�le of the v-
omponent of a vortex velo
ity on a RAND mesh after 25 periods.
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Figure 32: Pressure wave re�e
tion on wall boundary test 
ase.the 
ase for the COMP46 method, CURxxx methods are obviously more a

urate. It is also interesting580 to note that the multiblo
k 
omputations do not deteriorate the solution for long time simulations.581 5.3. A
ousti
 s
attering by a plane wall582 This test 
ase is the �rst problem of the fourth 
ategory of the �rst workshop ICASE-NASA [9℄. It583 
onsists of the re�e
tion of a 2D Gaussian pressure pulse on a wall boundary. This test 
ase aims also584 to test the wall boundary s
heme. The 
on�guration is presented on Fig. 32. The referen
e values are585 the same as those used by Gloerfelt [6℄: P∞ = 1× 105 Pa, ρ∞ = 1.22kg.m−3. The a
ousti
 pertubations586 introdu
ed is given by:587
p′ = exp

[

−
ln 2

25

(
x2 + (y − 25)2

)
]

. (41)Computations are 
arried out on a randomly perturbed mesh (RAND) with 100×100 
ells.588 The in�ow 
hara
teristi
 boundary 
ondition of Poinsot and Lele [20℄ is used. The out�ow boundaries589 are 
omputed using Tam and Dong [24℄ a
ousti
 radiative 
ondition. Numeri
al results are 
ompared590 with the exa
t solution.591 A pro�le of the a
ousti
 pressure along the axis x = y is shown on Fig. 33. CUR46 and COMP46 s
hemes592 behave better than CART46 and CEN4 s
hemes. CUR46 s
heme is slightly better than COMP46 in593 term of dissipation. CEN4 is obviously the worst s
hemes. The test 
ase was pretty di�
ult sin
e it has594 been realized using a non linear 
ode while it is generally realized using linearized Euler equations. The595 su

ess of the test 
on�rms that the s
hemes are able to propagate properly an a
ousti
 wave of 10−5596 magnitude lower than the aerodynami
 pressure.597
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Figure 33: Pro�le of the a
ousti
 pressure along the axis x = y at t = 100: all methods are 
ombined with the F80.49�lter.6. Con
lusion598 High order 
ompa
t interpolation methods have been presented in order to develop high order �nite-599 volumes methods using small sten
ils on arbitrary 
urvilinear s
hemes. The �rst approa
h (CARTxxx600 methods) is a 1D-like s
heme 
onsidering a mesh line as a 1D dire
tion and using the 
urvilinear abs
issa601 on this mesh line. The se
ond approa
h (CURxxx), more general, uses supplementary 
ells to a

ount602 for transverse derivatives terms and kineti
 moments to a

ount for the 
ells shape and size. This latter603 approa
h is developed in a lo
al frame and is sixth-order in a preferred dire
tion of this lo
al frame.604 It is worth noting that both approa
hes mat
h on 
artesian grids. Considering parallel 
al
ulations605 requirements, three boundary 
losures for multiblo
k or periodi
 boundaries have been studied and two606 have been 
hosen for implementation in the solver elsA. The boundary 
losure whi
h uses an upwind607 formulation of the �ux at the se
ond interfa
e shows a good behaviour in terms of stability and dispersion608 on 
artesian grids. This is no longer the 
ase on 
urvilinear grids. This fa
t shows some limits of609 generalizing a 1D theoriti
al analysis to multidimensional problems.610 Numeri
al tests of 
onve
tion have been realized both in linear and non-linear 
ases to observe611 stability and dispersion properties of the di�erent s
hemes. These tests have highlighted the need to612 stabilize the methods for long 
omputations. This have been done using high-order 
ompa
t �lters in613 
omputational spa
e. For most of the test 
ases done, �lters behave very well although they are done in614 the 
omputational spa
e. Moreover, even with the �ltering, the e�e
tive order of a

ura
y of s
hemes615 is, at least four for the CARTxxx methods and �ve for the CURxxx ones for two and three dimensional616 �ows.617 Although the s
heme using 
ompa
t interpolation with 
onstant 
oe�
ients (COMP46) behaves very well618 on uniform 
artesian and 
urvilinear grids, when dealing with non-uniformities (irregularity of 
ells size),619 CARTxxx and CURxxx give mu
h better results in terms of dispersion and dissipation. Moreover, when620 
ells shape and mesh line dire
tions strongly vary, CURxxx s
hemes are 
learly superior to CARTxxx621 37



ones. These latter s
hemes 
ould, in some of those 
ases, behaves worse than COMP46 s
hemes.622 For CURxxx methods, it is shown that the 
hoi
e of the lo
al frame 
ould help to get more stability, low623 dissipation and dispersion e�e
ts.624 An a
ousti
 s
attering ben
hmark problem has also been solved with the proposed methods. This test625 has shown that the di�erent methods 
an handle problems requiring high pre
ision and good spe
tral626 resolution, and thus 
onstitute an interesting building blo
k for aeroa
ousti
s appli
ations in the future.627 In the present paper, the extension to non-linear equations has been rapidly dis
ussed but need a628 more deeper investigation. This work is on going. For the test 
ases presented, the di�erent approa
hes629 whi
h 
ould be 
onsidered do not make a valuable di�eren
e. It would be interesting to analyze them630 using, for example, an isotropi
 homogenous turbulen
e simulation with a Large Eddy Simulation (LES)631 approa
h. Along these lines, it 
ould be interesting to investigate if for
ing the usage of supplementary632 
ells even on 
artesian grids 
ould improve the isotropy properties of s
heme and thus their ability to633 perform LES.634 A. Sixth-order 
ompa
t interpolation for a 
artesian mesh635 This se
tion presents the derivation of the 
oe�
ients used for the 
artesian-like s
heme (Eq. (8))636 whi
h is sixth-order on a 
artesian mesh. Therefore, it is assumed that the mesh is 
artesian, whi
h637 means that the i mesh lines follow a x′ dire
tion and the j mesh lines a y′ dire
tion su
h that (x′, y′)638 is an orthonormal frame. For sake of 
onvenien
e, it is assumed that these dire
tions x′ and y′ mat
h639 with the usual 
oordinate dire
tions x and y. Thus, when introdu
ing the Taylor developments, it is not640 ne
essary to integrate over the y dire
tion (neither over the z dire
tion in the 3D 
ase). Indeed, Eq. (8)641 leads to:642
∫ ∆y

2

−
∆y
2

(
αu(xi−1/2,j , y) + u(xi+1/2,j , y) + βu(xi+3/2,j , y)

)
dy ≈

∫ ∆y
2

−
∆y
2

(

a
1

hi−1

∫ xi−1/2,j

xi−3/2,j

u(x, y)dx

+b
1

hi

∫ xi+1/2,j

xi−1/2,j

u(x, y)dx + c
1

hi+1

∫ xi+3/2,j

xi+1/2,j

u(x, y)dx + d
1

hi+2

∫ xi+5/2,j

xi+3/2,j

u(x, y)dx

)

dy,

(42)where ∆y is the size of the iso-meshline j following the y dire
tion. Hen
e, it is su�
ient to �nd the643 
oe�
ients α, β, a, b, c, d su
h that:644
αu(xi−1/2,j , y) + u(xi+1/2,j , y) + βu(xi+3/2,j , y) ≈ a

1

hi−1

∫ xi−1/2,j

xi−3/2,j

u(x, y)dx + b
1

hi

∫ xi+1/2,j

xi−1/2,j

u(x, y)dx

+c
1

hi+1

∫ xi+3/2,j

xi+1/2,j

u(x, y)dx + d
1

hi+2

∫ xi+5/2,j

xi+3/2,j

u(x, y)dx. (43)This shows that it is su�
ient to derive a sixth-order approximation just in the x-dire
tion. To do so, it645 is ne
essary to mat
h the 
oe�
ient of the derivatives until the �fth-order derivative in the x-dire
tion646 of the left and right hand sides of the approximation Eq. (43).647 38



There are detailed the 
oe�
ients of the derivatives for the left hand side of Eq. (43):648
0th order : 1 + α + β,

1st order ∂

∂x
: −αhi + βhi+1,

2nd order ∂2

∂x2
: 1

2αh2
i + 1

2βh2
i+1,

3rd order ∂3

∂x3
: − 1

6αh3
i + 1

6βh3
i+1,

4th order ∂4

∂x4
: 1

24αh4
i + 1

24βh4
i+1,

5th order ∂5

∂x5
: − 1

120αh5
i + 1

120βh5
i+1,

(44)
where hi′ = xi′+1/2 − xi′−1/2 is the distan
e between the interfa
es i′ − 1/2 and i′ + 1/2.649 The 
oe�
ients of the derivatives for the right hand side are:650

0 order : a + b + c + d,

1st order ∂

∂x
:

1

2
[−a(2hi + hi−1) − bhi + chi+1 + d(2hi+1 + hi+2)] ,

2nd order ∂2

∂x2
:

1

6

[

a
1

hi−1

(
(hi + hi−1)

3 − h3
i

)
+ bh2

i + ch2
i+1 + d

1

hi+2

(
(hi+1 + hi+2)

3 − h3
i+1

)
]

,

3rd order ∂3

∂x3
:

1

24

[

a
1

hi−1

(
h4

i − (hi + hi−1)
4
)
− bh3

i + ch3
i+1 + d

1

hi+2

(
(hi+1 + hi+2)

4 − h4
i+1

)
]

,

4th order ∂4

∂x4
:

1

120

[

a
1

hi−1

(
(hi + hi−1)

5 − h5
i

)
+ bh4

i + ch4
i+1 + d

1

hi+2

(
(hi+1 + hi+2)

5 − h5
i+1

)
]

,

5th order ∂5

∂x5
:

1

720

[

a
1

hi−1

(
h6

i − (hi + hi−1)
6
)
− bh5

i + ch5
i+1 + d

1

hi+2

(
(hi+1 + hi+2)

6 − h6
i+1

)
]

.(45)Solving the system results in �nding the following 
oe�
ients:651
α =

h2
i+1(hi−1 + hi)(hi+1 + hi+2)

hi−1(hi + hi+1)2(hi + hi+1 + hi+2)
, (46)652

β =
h2

i (hi−1 + hi)(hi+1 + hi+2)

(hi + hi+1)2(hi−1 + hi + hi+1)hi+2
, (47)653

a =
h2

i h
2
i+1(hi+1 + hi+2)

hi−1(hi−1 + hi)(hi−1 + hi + hi+1)2(hi−1 + hi + hi+1 + hi+2)
, (48)654

b =
h2

i+1

h2
i−1

(
2hi−1hi(hi−1 + hi)

(hi + hi+1)3
+

(2hi−1 − hi)(hi−1 + hi)

(hi + hi+1)2

+
h3

i

(hi−1 + hi)(hi−1 + hi + hi+1)2
−

hi−1h
2
i (hi−1 + hi)

(hi + hi+1)2(hi−1 + hi + hi+1)2

+
hi(hi−1 + hi)(hi(hi + hi+1) − hi−1(3hi + hi+1))

(hi + hi+1)3(hi + hi+1 + hi+2)

−
h3

i

(hi−1 + hi + hi+1)2(hi−1 + hi + hi+1 + hi+2)

)

,

(49)
39



655
c =

h2
i

h2
i+2

(
2hi+2hi+1(hi+1 + hi+2)

(hi + hi+1)3
+

(−hi+1 + 2hi+2)(hi+1 + hi+2)

(hi + hi+1)2

+
h3

i+1

(hi+1 + hi+2)(hi + hi+1 + hi+2)2
−

h2
i+1hi+2(hi+1 + hi+2)

(hi + hi+1)2(hi + hi+1 + hi+2)2

+
hi+1(hi+1 + hi+2)(hi+1(hi + hi+1) − (hi + 3hi+1)hi+2)

(hi + hi+1)3(hi−1 + hi + hi+1)

−
h3

i+1

(hi + hi+1 + hi+2)2(hi−1 + hi + hi+1 + hi+2)

)

,

(50)656
d =

h2
i h

2
i+1(hi−1 + hi)

hi+2(hi+1 + hi+2)(hi + hi+1 + hi+2)2(hi−1 + hi + hi+1 + hi+2)
. (51)B. Sixth-order 
ompa
t interpolation for a 
urvilinear mesh657 In this se
tion, 
onsidering Eq. (5), details are presented about how the 
oe�
ients of the 
urvilinear658 s
heme using transverse derivatives and lo
al frame are determined. For sake of simpli
ity all develop-659 ments are done for the 2D 
ase. For sake of 
onvenien
e the lo
al referen
e frame (x′, y′) is assumed to660 mat
h with the usual frame (x, y). All equations written there are retrieved in (x′, y′) just by repla
ing661

x and y by x′ and y′ respe
tively. The interpolation is done around the interfa
e (i + 1/2, j). There are662 some de�nitions on an interfa
e (i′ + 1/2, j′):663
xi′+1/2,j′ = 1

Si′+1/2,j′

∫

Si′+1/2,j′
xdS,

yi′+1/2,j′ = 1
Si′+1/2,j′

∫

Si′+1/2,j′
ydS,

Jxnym

i′+1/2,j′ = 1
Si′+1/2,j′

∫

Si′+1/2,j′
(x − xi′+1/2)

n(y − yi′+1/2)
mdS,

δx
i′+1/2,j′ = xi′+1/2,j′ − xi+1/2,j ,

δy
i′+1/2,j′ = yi′+1/2,j′ − yi+1/2,j .Sin
e, just interfa
es on the j-th i mesh line are 
onsidered, interfa
es unders
ripts are just i′ + 1/2664 instead of (i′+1/2, j). With same 
onsiderations, 
oe�
ients αi+1/2,j,k, βi+1/2,j,k, and ai+1/2,j,k

.,.,. are just665 noted α, β, and a.,.,.. There are now equivalent de�nitions for a 
ell (i, j):666
xi′,j′ = 1

Vi′,j′

∫

Vi′,j′
xdV,

yi′,j′ = 1
Vi′,j′

∫

Vi′,j′
ydV,

Jxnym

i′,j′ = 1
Vi′,j′

∫

Vi′,j′
(x − xi′,j′)

n(y − yi′,j′ )
mdV,

δx
i′,j′ = xi′,j′ − xi+1/2,

δy
i′,j′ = yi′,j′ − yi+1/2.One 
an note that Jx

.,. = Jy
.,. = 0.667 The Taylor series of a fun
tion u(x, y) at the point (x0, y0) is668

u(x, y) =
∞∑

m=0

∞∑

n=0

∂m+n

∂xm∂yn
u(x0, y0)

1

m!

1

n!
(x − x0)

m(y − y0)
n. (52)40



So, the mean value of u on a domain Ω is669
ūΩ =

1

|Ω|

∫

Ω

udΩ =
1

|Ω|

∫

Ω

[
∞∑

m=0

∞∑

n=0

∂m

∂xm

∂n

∂yn
u(x0, y0)

1

m!

1

n!
(x − x0)

m(y − y0)
n

]

dΩ. (53)When introdu
ing Taylor series around xi+1/2, on the left hand side, 
oe�
ients of the derivatives whi
h670 will be 
an
elled are:671
0th order : 1 + α + β,

1st order ∂

∂x
: αδx

i−1/2 + βδx
i+3/2,

∂

∂y
: αδy

i−1/2 + βδy
i+3/2,

2nd order ∂2

∂x2
: 1

2α
(

(δx
i−1/2)

2
+ Jx2

i−1/2

)

+ 1
2Jx2

i+1/2 + 1
2β
(

(δx
i+3/2)

2
+ Jx2

i+3/2

)

,

∂2

∂y2
: 1

2α
(

(δy
i−1/2)

2
+ Jy2

i−1/2

)

+ 1
2Jy2

i+1/2 + 1
2β
(

(δy
i+3/2)

2
+ Jy2

i+3/2

)

,

∂2

∂x∂y
: α

(

δx
i−1/2δ

y
i−1/2 + Jxy

i−1/2

)

+ Jxy
i+1/2 + β

(

δx
i+3/2δ

y
i+3/2 + Jxy

i+3/2

)

,

3rd order ∂3

∂x3
: 1

6α
(

(δx
i−1/2)

3
+ 3δx

i−1/2J
x2

i−1/2 + Jx3

i−1/2

)

+ 1
6Jx3

i+1/2 + 1
6β
(

(δx
i+3/2)

3
+ 3δx

i+3/2J
x2

i+3/2 + Jx3

i+3/2

)

,

∂3

∂y3
: 1

6α
(

(δy
i−1/2)

3
+ 3δy

i−1/2J
y2

i−1/2 + Jy3

i−1/2

)

+ 1
6Jy3

i+1/2 + 1
6β
(

(δy
i+3/2)

3
+ 3δy

i+3/2J
y2

i+3/2 + Jy3

i+3/2

)

,

∂3

∂x2∂y
: 1

2α
(

(δx
i−1/2)

2
δy
i−1/2 + 2δx

i−1/2J
xy
i−1/2 + δy

i−1/2J
x2

i−1/2 + Jx2y
i−1/2

)

+ 1
2Jx2y

i+1/2

+ 1
2β
(

(δx
i+3/2)

2δy
i+3/2 + 2δx

i+3/2J
xy
i+3/2 + δy

i+3/2J
x2

i+3/2 + Jx2y
i+3/2

)

,

∂3

∂x∂y2
: 1

2α
(

δx
i−1/2(δ

y
i−1/2)

2
+ 2δy

i−1/2J
xy
i−1/2 + δx

i−1/2J
y2

i−1/2 + Jxy2

i−1/2

)

+ 1
2Jxy2

i+1/2

+ 1
2β
(

δx
i+3/2(δ

y
i+3/2)

2
+ 2δy

i+3/2J
xy
i+3/2 + δx

i+3/2J
y2

i+3/2 + Jxy2

i+3/2

)

,

4th order transverse terms will not be used
∂4

∂x4
: 1

24α
(

(δx
i−1/2)

4
+ 6(δx

i−1/2)
2
Jx2

i−1/2 + 4δx
i−1/2J

x3

i−1/2 + Jx4

i−1/2

)

+ 1
24Jx4

i+1/2

+ 1
24β

(

(δx
i+3/2)

4 + 6(δx
i+3/2)

2Jx2

i+3/2 + 4δx
i+3/2J

x3

i+3/2 + Jx4

i+3/2

)

,

5th order transverse terms will not be used
∂5

∂x5
: 1

120α
(

(δx
i−1/2)

5
+ 10(δx

i−1/2)
3
Jx2

i−1/2 + 10(δx
i−1/2)

2
Jx3

i−1/2 + 5δx
i−1/2J

x4

i−1/2 + Jx5

i−1/2

)

+ 1
120Jx5

i+1/2

+ 1
120β

(

(δx
i+3/2)

5
+ 10(δx

i+3/2)
3
Jx2

i+3/2 + 10(δx
i+3/2)

2
Jx3

i+3/2 + 5δx
i+3/2J

x4

i+3/2 + Jx5

i+3/2

)

.(54)

41



On the right hand side, the following 
oe�
ients are found:672
0 order :

l=n∑

l=−m

p=r
∑

p=−q

al,p,

1st order ∂

∂x
:

l=n∑

l=−m

p=r
∑

p=−q

al,pδ
x
i+l,j+p,

∂

∂y
:

l=n∑

l=−m

p=r
∑

p=−q

al,pδ
y
i+l,j+p,

2nd order ∂2

∂x2
: 1

2

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

(δx
i+l,j+p)

2
+ Jx2

i+l,j+p

)

,

∂2

∂y2
: 1

2

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

(δy
i+l,j+p)

2
+ Jy2

i+l,j+p

)

,

∂2

∂x∂y
:

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

δx
i+l,j+pδy

i+l,j+p + Jxy
i+l,j+p

)

,

3rd order ∂3

∂x3
: 1

6

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

(δx
i+l,j+p)

3
+ 3δx

i+l,j+pJ
x2

i+l,j+p + Jx3

i+l,j+p

)

,

∂3

∂y3
: 1

6

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

(δy
i+l,j+p)

3
+ 3δy

i+l,j+pJ
y2

i+l,j+p + Jy3

i+l,j+p

)

,

∂3

∂x2∂y
: 1

2

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

(δx
i+l,j+p)

2
δy
i+l,j+p + 2δx

i+l,j+pJ
xy
i+l,j+p + δy

i+l,j+pJ
x2

i+l,j+p + Jx2y
i+l,j+p

)

,

∂3

∂x∂y2
: 1

2

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

δx
i+l,j+p(δ

y
i+l,j+p)

2
+ 2δy

i+l,j+pJ
xy
i+l,j+p + δx

i+l,j+pJ
y2

i+l,j+p + Jxy2

i+l,j+p

)

,

4th order transverse terms will not be used
∂4

∂x4
: 1

24

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

(δx
i+l,j+p)

4
+ 6(δx

i+l,j+p)
2
Jx2

i+l,j+p + 4δx
i+l,j+pJ

x3

i+l,j+p + Jx4

i+l,j+p

)

,

5th order transverse terms will not be used
∂5

∂x5
: 1

120

l=n∑

l=−m

p=r
∑

p=−q

al,p

(

(δx
i+l,j+p)

5
+ 10(δx

i+l,j+p)
3
Jx2

i+l,j+p + 10(δx
i+l,j+p)

2
Jx3

i+l,j+p + 5δx
i+l,j+pJ

x4

i+l,j+p + Jx5

i+l,j+(55)It is now ne
essary to prove that this method mat
hes with the 
artesian-like method when a 
artesiangrid is 
onsidered. To do so, for sake of simpli
ity, let be 
onsidered a 2D 
ase with notations introdu
edin se
tion 2.2.3 and in appendix A. It is 
lear that the three types of lo
al referen
e frames introdu
edare the same in this 
ase. It is still assumed that the preferred dire
tion for the interfa
e (i+1/2, j) is the
x dire
tion. The aim is to show that the 
oe�
ients X =




α, β, a, b, c, d
︸ ︷︷ ︸

X1

, e, f, g, h
︸ ︷︷ ︸

X2




 with α, β, a, b, c, dde�ned as in appendix A and e = f = g = h = 0 is the one whi
h verify the equations de�ned for theCURxxx method.Considering that 
oe�
ients α, β, a, b, c, d are determined by mat
hing 
oe�
ients of derivatives in the

x dire
tions involving in Eq. (42), it is 
lear that:
(A B)X = 0.42



This 
ould be 
he
ked using the following expressions of kineti
 moments:673
δx
i−1/2,j = −hi and δy

i−1/2,j = 0

δx
i+3/2,j = hi+1 and δy

i+3/2,j = 0

Jxmyn

i−1/2,j = Jxmyn

i+1/2,j = Jxmyn

i+3/2,j = 0, ∀m > 0

Jy2

i−1/2,j = Jy2

i+1/2,j = Jy2

i+3/2,j = ∆y2/12

Jy3

i−1/2,j = Jy3

i+1/2,j = Jy3

i+3/2,j = 0674
δx
i−1,j = −(hi−1/2 + hi), δx

i,j = −hi/2, δx
i+1,j = hi+1/2 and δx

i+2,j = (hi+1 + hi+2/2),

δy
i−1,j = δy

i,j = δy
i+1,j = δy

i+2,j = 0,

Jxmyn

i−1,j = Jxmyn

i,j = Jxmyn

i+1,j = Jxmyn

i+2,j = 0, ∀m, n if m or n is odd,
Jx2

i−1,j = h2
i−1/12, Jx2

i,j = h2
i /12, Jx2

i+1,j = h2
i+1/12 and Jx2

i+2,j = h2
i+2/12

Jx4

i−1,j = h4
i−1/80, Jx4

i,j = h4
i /80, Jx4

i+1,j = h4
i+1/80 and Jx4

i+2,j = h4
i+2/80

Jx5

i−1,j = Jx5

i,j = Jx5

i+1,j = Jx5

i+2,j = 0

Jy2

i−1,j = Jy2

i,j = Jy2

i+1,j = Jy2

i+2,j = ∆y2/12

Jy4

i−1,j = Jy4

i,j = Jy4

i+1,j = Jy4

i+2,j = ∆y4/80where ∆y is the length following the y dire
tion of the interfa
e (i + 1/2, j). It 
ould also be 
he
ked675 that the given ve
tor X verify all the relations given by the transverse derivatives. Indeed, the following676 relations are obtained:677
∂

∂y
: 0 = eδy

i,j−1 + fδy
i,j+1 + gδy

i+1,j−1 + hδy
i+1,j+1

∂2

∂y2
: ∆y2

24 (α + 1 + β) = ∆y2

24 (a + b + c + d) + 1
2e((δy

i,j−1)
2

+ Jy2

i,j−1)+

1
2f((δy

i,j+1)
2

+ Jy2

i,j+1) + 1
2g((δy

i+1,j−1)
2
+ Jy2

i+1,j−1)+

1
2h((δy

i,j−1)
2

+ Jy2

i+1,j+1)

∂2

∂x∂y
: 0 = e(δx

i,j−1δ
y
i,j−1 + Jxy

i,j−1) + f(δx
i,j+1δ

y
i,j+1 + Jxy

i,j+1)+

g(δx
i+1,j−1δ

y
i+1,j−1 + Jxy

i+1,j−1) + h(δx
i+1,j+1δ

y
i+1,j+1 + Jxy

i+1,j+1)

∂3

∂y3
: 0 = 1

6e((δy
i,j−1)

3
+ 3δy

i,j−1J
y2

i,j−1) + 1
6f((δy

i,j+1)
3

+ 3δy
i,j+1J

y2

i,j+1)+

1
6g((δy

i+1,j−1)
3

+ 3δy
i+1,j−1J

y2

i+1,j−1) + 1
6h((δy

i+1,j+1)
3

+ 3δy
i+1,j+1J

y2

i+1,j+1)678
∂3

∂x2∂y
: 0 = 1

2e((δx
i,j−1)

2
δy
i,j−1 + δy

i,j−1J
x2

i,j−1) + 1
2f((δx

i,j+1)
2
δy
i,j+1 + δy

i,j+1J
x2

i,j+1)+

1
2g((δx

i+1,j−1)
2δy

i+1,j−1 + δy
i+1,j−1J

x2

i+1,j−1) + 1
2h((δx

i+1,j+1)
2δy

i+1,j+1 + δy
i+1,j+1J

x2

i+1,j+1)

∂3

∂x∂y2
: 0 = 1

2e
(

δx
i,j−1(δ

y
i,j−1)

2
+ δx

i,j−1J
y2

i,j−1

)

1
2f
(

δx
i,j+1(δ

y
i,j+1)

2
+ δx

i,j+1J
y2

i,j+1

)

1
2g
(

δx
i+1,j−1(δ

y
i+1,j−1)

2
+ δx

i+1,j−1J
y2

i+1,j−1

)

1
2h
(

δx
i+1,j+1(δ

y
i+1,j+1)

2
+ δx

i+1,j+1J
y2

i+1,j+1

)

.Solving these equations by a least square method leads to zero values for e, f, g and h.679 43



C. Computation of kineti
 moments680 This se
tion presents the 
al
ulation of kineti
 moment whi
h are used in the formulation of inter-681 polation 
oe�
ients. Firstly, these moments are pre-
omputed in the general frame and geometri
al682 transformations are then employed to obtain these moments in lo
al frame. Unfortunately, this method683 su�ers of round-o� errors if the mesh is very-stret
hed, therefore the 
al
ulation of kineti
 moments is684 done dire
tly in lo
al frame.685 The 
oordinates in global frame are denoted as (x, y, z), and as (x′, y′, z′) for the lo
al frame. Two686 kind of moments have to be 
al
ulated: 
ells and interfa
es kineti
 moments. Cells kineti
 moments are687 denoted by Jx′my′nz′p . Sin
e the lo
al 
oordinate x′, y′, z′ 
ould be expressed as linear fun
tion of x, y, z,688 the 
al
ulation of kineti
 moments 
onsist simply of the numeri
al integration of polynomial fun
tion :689
Jx′my′nz′p

=
1

|Ω|

∫

Ω



(ax′a + bx′y + cx′z + dx′)m

︸ ︷︷ ︸

x′

... (az′x + bz′y + cz′z + dz′)p

︸ ︷︷ ︸

z′



 dΩ =
1

|Ω|

∫

Ω

P (x, y, z)dΩ(56)where P (x, y, z) represent a polynomial of order n + m + p fun
tion of x, y, z.690 The 
ell Ω is supposed to be de�ned only by its eight verti
es, and a tri-linear transfomation is applied691 to transform the physi
al 
ell Ω into the iso-parametri
 
ell Ω∗ de�ned by :692
Ω∗ =







−1 ≤ ξ ≤ 1

−1 ≤ η ≤ 1

−1 ≤ ζ ≤ 1

, (57)and the numeri
al integration is performed by a Gauss quadrature on Ω∗.693 The position ve
tor for a point inside the 
ell Ω 
an be expressed in terms of ξ, η and ζ by :694
8~x = (1 − ξ)(1 − η)(1 − ζ) ~x1 + (1 + ξ)(1 − η)(1 − ζ) ~x2 + (1 − ξ)(1 + η)(1 − ζ) ~x3

+ (1 + ξ)(1 + η)(1 − ζ) ~x4 + (1 − ξ)(1 − η)(1 + ζ) ~x5 + (1 + ξ)(1 − η)(1 + ζ) ~x6 (58)
+ (1 − ξ)(1 + η)(1 + ζ) ~x7 + (1 + ξ)(1 + η)(1 + ζ) ~x8where ~xi represent the verti
es of Ω. Thus we obtain :695

Jx′my′nz′p

=
1

|Ω|

∫ 1

−1

∫ 1

−1

∫ 1

−1

|Jac|P (ξ, η, ζ)dξdηdζ (59)where |Jac| denote the ja
obian of the tri-linear transformation.696 A Gaussian approximation is used for ea
h integral :697
Jx′my′nz′p

=
1

|Ω|

∑∑∑

wiwjwk|Jac|P (βi, βj , βk) (60)where βi represent the Gauss points and wi the 
orresponding weight. As the highest order for kineti
698 moments integrands is �ve, the highest order is six for the fun
tion |Jac|P and so three Gauss points699 44



are used in ea
h dire
tion.700 One 
an noti
e that the grid geometry 
an be approximated to a higher order by using a polynomial701 transformation instead of a tri-linear ones. This possibility will be studied in the future.702 For an interfa
e kineti
 moment, a parametrization of the interfa
e is introdu
ed as for the 
ell703 moment and the formula :704
∫

S

f(x, y, z)dS =

∫ 1

−1

∫ 1

−1

f(ξ, η)||~rξ ~rη||dξdη (61)is used to 
al
ulate the integral with a gaussian quadrature. In this formula, ~r(ξ, η) represent a point on705 the surfa
e S and the two ve
tor ~rξ and ~rη are 
al
ulated by :706
~rt =

(
∂x

∂t
,
∂y

∂t
,
∂z

∂t

)T (62)where t represents either ξ or η.707
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