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Abstract

During the last years, the need of high fidelity simulations on complex geometries for aeroacoustics
predictions has grown. Most of high fidelity numerical schemes, in terms of low dissipative and low
dispersive effects, lie on Finite-Difference (FD) approach. But for industrial applications, FD schemes
are less robust compared to Finite-Volume (FV) ones. Thus the present study focuses on the development
of a new compact FV scheme for two- and three- dimensional applications.

The proposed schemes are formulated in the physical space and not in the computational space as it
is the case in most of the known works. Therefore, they are more appropriate for general grids. They
are based on compact interpolation to approximate interface-averaged field values using known cell-
averaged values. For each interface, the interpolation coefficients are determined by matching Taylor
series expansions around the interface center. Two types of schemes can be distinguished. The first one
uses only the curvilinear abscissa along a mesh line to derive a sixth-order compact interpolation formulae
while the second, more general, uses coordinates in a spatial three-dimensional frame well chosen. This
latter is formally sixth-order accurate in a preferred direction almost orthogonal to the interface and at
most fourth-order accurate in transversal directions. For non-linear problems, different approaches can
be used to keep the high-order scheme. However, in the present paper, a MUSCL-like formulation was
sufficient to address the presented test cases.

All schemes have been modified to treat multiblock and periodic interfaces in such a way that high-
order accuracy, stability, good spectral resolution, conservativeness and low computational costs are
guaranteed. This is a first step to insure good scalability of the schemes although parallel performances
issues are not addressed. As high frequency waves, badly resolved, could be amplified and then destabilize
the scheme, compact filtering operators have been used.

Numerous test cases as the linear convection of a gaussian wave, the convection of a Lamb-Oseen vortex
and the diffraction of an acoustic wave on a plane have been realized to validate the schemes. The
most efficient schemes are shown to be at least fifth-order accurate on linear and non-linear convection
problems. They are also less dissipative and less dispersive on non-uniform curvilinear grids than schemes
using implicit interpolation with constant coefficients of the same order on uniform cartesian grids.
Key words: Finite-volume, high order scheme, compact interpolation, multiblock computations,

stability analysis, aeroacoustics
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1. Introduction

The use of computational fluid dynamics (CFD) methods in computational aeroacoustics (CAA) to
address noise generation and propagation problems is now a well established practice in engineering.
However it is well known that CFD methods must be modified in order to satisfy stringent requirements
of CAA [23]. Indeed, aeroacoustics problems generally display an unsteady behaviour, a broad and
disparate spectral bandwidth along with a large-magnitude disparity between the mean and acoustic flow
quantities. Thus, important efforts have been done to realize numerical schemes higher-order accurate,low
dissipative and low dispersive.

Numerous studies have contributed to improve numerical tools for aeroacoustic computation but
almost entirely in Finite-Difference (FD) framework. The main ideas of those works are illustrated
by the Tam and Webb [25] dispersion relation preserving (DRP) scheme and the Padé-like compact
schemesm]. These methods exhibit an improved spectral resolution while having the same accuracy as
the standard explicit methods of the same order. One can find abundant litterature on the application
of these methods on arbitrary meshes always in the finite-difference (FD) context [A, 2€].

However Finite-Volume (FV) formulations are generally preferred for industrial applications due to
their robustness. Indeed, they are based on the weak formulation of the field equations and so require less
smoothness of functions or mesh than FD formulations. Furthermore, FV methods are advantageous
since they allow to satisfy the governing conservation laws of the fluid physics. Actually, it is shown
in Mattiussi E], using algebraic topology concepts, that integral methods like FV and FE (Finite
Element) methods are more suitable for field equations than FD methods. Therefore, the need of high-
order accurate and low dissipative and low dispersive F'V schemes on arbitrary grids is certain, and the
present study is in line with this approach.

Efforts have been done to extend both DRP and compact schemes approaches to FV context. For
example, Gaitonde and Shang [3] introduced a class of fourth-order finite volume compact schemes for
linear problems. Kobayashi [12] extends this work by analyzing general implicit interpolation schemes.
Nance et al. [16] proposed a way to set up explicit interpolation which satisfies the DRP property to
calculate rotorcraft noise. Recently, Popescu et al. [21] adapted DRP scheme of Tam and optimized
prefactored compact schemes of Ashcroft and Zhang [1] and Hixon [10] to obtain high-order, low dis-
sipative and dispersive FV schemes. But all these works deal with uniform grids. Pereira et al. |
performed computations for incompressible Navier-Stokes equations using a fourth-order compact FV
scheme. They extend the scheme to arbitrary grids using transformed coordinates. The same approach
has been used in the recent work of Piller and Stalio [1§, B] They take into account that, in FV
context, cell-averaged values are known and in particular they do not use these value as pointwise values
at cells centers. Lacor et al. E] proposed a compact interpolation of values on cell interfaces in the
physical space and these values are used to determine the fluxes. This interpolation is made by directly
accounting for multidimensional derivatives involving in the Taylor series expansion of the function to
interpolate. The scheme obtained were fourth-order accurate on regular grids and second order accurate

on arbitrary grids. This approach is well suited for highly irregular grids.
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This study is in line with the one of Lacor and coworkers. The proposed schemes allow to reach,
on average, the fifth-order accuracy on regular meshes (even curvilinear) and the spectral resolution of
commonly used FD compact schemes on a cartesian uniform mesh. To do that, they use sixth-order
compact interpolation to compute values on interfaces. The schemes explicitly care that there are cell-
averaged values which are used in a F'V context. Two types of schemes can be distinguished. The first
type uses curvilinear abscissa assuming that the problem is unidimensional (1D) along the curvilinear
line between the centers of interfaces on a given mesh line. Therefore, values on interfaces are considered
as values at the center of the interface and cell-averaged values are line-averaged values. The second one
is more general since it takes into account that values needed on interfaces are interface-averaged values.
So they are line-averaged values in 2D and surface-averaged values in 3D. And cell-averaged values are
surface-averaged values in 2D and volume-averaged values in 3D. Therefore the Taylor expansion series
used to find the interpolation formulae involves multidimensional derivatives.

For aeroacoustics computations, even if the numerical scheme has good properties in terms of dis-
sipation and dispersion, the grid must be fine enough to resolve well either the turbulent structures
which are the noise source, and the convection of acoustic wave with a sufficient number of points per
wave-length. The number of points is generally so important that computations have to be done with a
parallel multiblock strategy. Thus the proposed schemes have to be adapted for multiblock computations
and this issue is carefully adressed. Since it is shown that all boundary treatments can create spurious
high frequency waves numerical, stabilization procedures are also considered.

The paper is organized as follows. In section B the two types of interior schemes are detailed. After
a rapid recall about how a scheme could be studied with the matrix method in section 24 multiblock
and periodic boundary closures are discussed in section Z8l In Section Bl are reported some remarks
specific to the non-linear case. Section Hl gives a rapid view about filtering operators used. Then some
numerical tests are performed in Section Bl Firstly, a numerical study is done on a linear convection
problem in section Bl Then, a non linear case which consists in the convection of a vortex, is presented
in section Finally, to highlight the high accuracy and the good spectral properties of the schemes,

a benchmark acoustic problem is solved in section on an irregular mesh using a non-linear code.

2. Finite Volume method and high-order compact interpolations

Let be considered the following linear convection equation:

ou
E—Fv-f(u)zo, (1)

where f(u) is a linear vectorial function of u. By integrating Eq. (@) over a volume control §2 and using

the Stokes formula, one can obtain:

V@ + f(u) -ndS =0, (2)
dt  Jao
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= [ wa.
V/Q“

Now, it is assumed that € is a polyhedron (polygon in 2D), i.e. the unitary normal on each of its faces

is constant over the face. Therefore, using the linearity of f, Eq. (@) leads to:

du & (
V— 4+ f / udS) -n; =0, 3
a2, ®)

where ny is the number of faces and 9€;, the i-th face of Q. Eq. @) is equivalent to

du .
VE—I—;f(ul)Sl-nl—O, (4)
where S; = |0€;| and
1
fLi = — udS
Si Joq,

Hence, to obtain a high-order discretization of Eq. (@), it is sufficient to have a high-order approximation
of the face-averaged quantity ;.

Now, a three-dimensional strutured (indexed by (i, j, k)) grid composed of polyhedrons is considered.
This section presents the different strategies proposed to approximate at a high order the interface-
averaged value of a quantity w on the interface (i + 1/2, j, k), using cell-averaged values of neighbouring
cells. In this section, the mesh line (4, k) for which these two indexes remain constant is under consider-
ation. To make this approximation spatially implicit or compact, the formula involves averaged values

on neighbouring interfaces (i — 1/2, 4, k) and (i + 3/2, j, k). Thus the compact interpolation reads as

l=n p=r s=u

QU172 4k T Uit1/2,5,k + Bliys/ojkx = § g g Ay p sUitl,j+pk+s; (5)

l=—m p=—q s=—t

where
o
Us 5.k = udV, 6
’ Vijk Jvi ;. ©)
are cell-averaged values and
1
Uiy1/2,4k = 7/ udS, (7)
Si+1/2,j,k Sit1/2,5,k

approximate interface-averaged values. The interpolation coefficients o, 8 and a; s are chosen, depend-
ing on the interface (i + 1/2, 4, k), in order to obtain a given order of approximation.

The system of equations formed with Eq. (B) along the mesh line (7, k) to compute values at the interfaces
is a tridiagonal system. This choice has been made since this system is efficiently inversed using, for
example, the Thomas algorithm. Moreover, the inversion of the system could be done for each grid line
in each dimension.

To determine the interpolation coefficients, a Taylor series expansion is done for each term in Eq. (H),
and two possibilities are studied in this paper depending on the following choice:

4
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Figure 1: Cartesian-like scheme using curvilinear distances between interfaces.

e u is considered as a function of s, the curvilinear abscissa along the (j, k) line;

e v is considered as a function in a well chosen tridimensional coordinates system (x’,y’, 2’).

2.1. Cartesian-like scheme using curvilinear abscissa

In this section, u is assumed to be a function just of the curvilinear abscissa s along (j, k)-line. Such
a scheme will be referred to as a cartesian-like scheme in the following.

To obtain a formally sixth-order scheme, Eq. () can be reduced as follows:

Q12 4k + Uig1/2,5k T BUirs/2,jk = Qli—1 4k + bUij g + CUiv1 jk + dUivaj k- (8)

A Taylor series expansion of u(s) about the center of the interface (i + 1/2, 7, k) is done for all terms in
Eq. @). In order to get the sixth order, it is necessary to match left and right hand sides coefficients of
successive derivatives 0s? up to the fifth order. So, six equations are obtained, and coefficients «, 3, a,
b, ¢ and d, are explicitly found as functions of the distances between interfaces (Fig. [) which represent
the curvilinear abscissae. (see details in Appendix [A]).
For an uniform grid, one can find the following interpolation formula:

1. . 1. 1 _ 29 _ 29 _ 1 _

gui—l/Q,j,k + U125,k T §Ui+3/2,j,k = %Uifl,m + %U”k + %Uiﬂ,gyk + %Uwzj,k- 9)

However, this scheme does not account for the variation of the cells and interfaces shapes and for the

curvature of mesh lines. This deficiency is corrected by a more general approach presented in the next

section.

2.2. General curvilinear scheme

In the general case, since u is a function of three coordinates z,y, z for three-dimensionnal flow,

the Taylor series expansion introduced in Eq. () involves all derivatives with respect to these three
5
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1D 9©.9% i=1,..5 6
2D 9 asz;’), i,j€{0,..,5},i+j<5 21
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Table 1: Derivatives to cancel out in order to get a formal sixth-order interpolation in all directions.
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Figure 2: Cells used by Lacor et al. for the curvilinear interpolation.

directions:

co 00 o0
8m+n+pu

w(@y,2)= > > > ;L, ;, ;, —20)" (y —y0)" (2 — Zo)pm(%,yo, 20)- (10)
m=0n=0 p=0
Remembering that averaged values as defined by Eq. (@) and Eq. (@) are considered, relations obtained
using the Taylor series expansion involve kinetic moments Jémynzp = Jolz —2a)™(y —ya)"(z — 20)PdQ
of cells and interfaces which belong to the stencil (see Appendices [Bl and [C] for details).
In the two dimensional case, there are 21 relations to satisfy in order to get a sixth-order scheme (see
Tab. ) and it would be too expensive to use a suitable stencil to fullfill these relations.

In a previous study, Lacor et al. |13] proposed to use supplementary cells above and below the
interface (see Fig. B to obtain a fourth-order scheme. As the number of coefficients was still not
sufficient (8 coefficients for 10 equations to obtain the fourth order), they proposed, in a second step to
obtain a formally third-order accurate scheme (six equations) by imposing all the derivatives up to the
second order to be cancelled out and minimizing the third derivatives coefficients with a least square
method. Since this method leads to unstable simulations, they reduced the formal order to two and set
a = 3 = 1/4 which are the values obtained to get the fourth-order accuracy on an uniform grid.

The general compact FV approach proposed in the present work also relies on the use of supplementary
cells above and below the interface and a least square approach to account for their contribution. But
it differs from Lacor’s method on some important points. The main idea lies in the definition of a

new frame, local to each interface, in which the Taylor series expansions are performed. Since only the

6
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(a) Orthogonal frame defined by the cell (b) Orthogonal frame defined by the nor-
centers line. mal of the interface.

(c) Non orthogonal frame defined by the
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Figure 3: Different local frames considered for the high-order curvilinear interpolation.

interfaces (i — 1/2,4,k), (i + 1/2,4,k) and (i + 3/2,j,k) appear in Eq. (), the proposed scheme has
already a preferred direction along this (4, k)-line. Thus a new frame (a/,y’, 2’) is introduced so that
the z’-direction represents this preferred direction, tangent to (j, k) mesh line. Taylor series expansions
are written in this frame, and all derivatives along z’ are cancelled out in order to get the sixth-order
accuracy in this direction. Transverse derivatives along 3’ and 2’ are accounted for as corrections terms
using a least square approach. Before presenting these so called transverse correction, the local frame

definition is adressed.

2.2.1. Local reference frame

Three types of local frames have been considered. The first and second type are orthogonal and differ
by the definition of the preferred direction z’. For the first type, this direction is defined as the direction
given by the centers of the two cells adjacent to the central interface of the stencil (see Fig. . For
the second one, the 2’ direction is defined as the normal to the central interface (Fig. . For both
types, the two other directions are built as two independant vectors in the plane normal to z’.
The third frame is non-orthogonal. Its x’ axis is chosen as for the first type, the 3’ and 2z’ directions
correspond to the mesh lines which link the interface center in j and k directions as presented on Fig.
The 3’ direction corresponds to the line which joins the Iiv1/2,j+1 and Ijyq/o ;1 points (I;1q/o; is the
center of the ;1 /5 ; interface). The relevance of this frame will clearly appear when the discretization

stencil will be shown.
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Table 2: Derivatives used for the general curvilinear scheme.
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. | ¥ Interfaces

Figure 4: Cells used by the curvilinear interpolation.

2.2.2. Transverse derivatives and discretization stencil
Since it is too expensive to extend the stencil so that all transverse derivatives are cancelled, it was
initially decided to account for the first and second order transverse derivatives. But in 2D, for example,
it amounts to cancel dy’, d2'y’, y'? derivatives only and to achieve that, only three supplementary
cells are needed. Adding only three supplementary cells breaks the symmetry of the stencil, and such a
symmetry-breaking may render the preservation of the spectral resolution of the scheme more difficult.
Therefore, it was decided to account for all transverse derivatives up to the fourth order (9y’, dz'y’,
oy, 9x"%y', 0z'y"?, and 9y’®) and to use four supplementary cells as Lacor et al. in 2D case (eight
supplementary cells in 3D). The list of all derivatives used are presented in Tab. @ Fig. H presents the
resulting stencil in 2D case. The four points represented by a square are used to match the derivatives
in 2’ direction, and the four points represented by a circle (o) are used for transversal correction.
As it can be seen on Fig. [, the two local frames (2’,y’) and (2”,y") corresponding to the first and the
third local reference frames presented respectively, directly influence the tranverse correction. In fact,
the four points (e) constitute a better stencil to approximate the derivative in the y” direction than in

the 1’ one.
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2.2.8. Least-square error minimization

However, at this point, in 2D for example, there are four supplementary coefficients than in the carte-
sian case and up to 6 supplementary relations to verify (see Tab. ). So the final system is overdefined.
Those six relations (sixteen in 3D), are minimized by a least square approach but with a weighting dis-
tribution in order to give different importance to the contribution of the different transverse derivatives.
In particular, it has been numerically observed that the weighting coefficients relative to the first and
second order derivatives must be larger than those relative to higher-order ones to get the best dissipation
and dispersion properties.

For sake of simplicity, the 2D case is considered. The interpolation equation reads :

Qlly_1/2 + Uip1/2,5 + Bliygja; = allj—1,; + bl j + clijy1j + diiyoj
‘et j—1 + fUij+1 + 9Uiv1j—1 + Uit j11- (11)
The unknown coefficients are separated as X = | o, 3,a,b,¢,d, e, f,g,h |. The final system obtained
—_———  —
X1 Xa
could be written

A B X, C
M.X = = , (12)

A B X5 o

where A is a 6 x 6 matrix and B’ a 6 X 4 matrix. (A B) are the relations cancelling all derivatives in
the principal direction, and (A’ B’) are the relations cancelling all transverse derivatives. These matrix

are normalized so that, the maximum coefficient of each line equals 1, i.e.
J

The part (A B) of the system must mainly define X7, so it is not solved by the least square approach.
Thus, the final system is
I 0 A B X3 I 0 C

- = - P (13)
0 BT A B X 0 BT C’
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where, B is the matrix with rows defined as

w; is a weight defining how much better than other the transverse derivative corresponding to the row i

must be cancelled.

2.3. Remarks

One can remark that for cartesian meshes, both approaches (the one using transverse derivatives and
the one using the curvilinear abscissa) match (it is proved in appendix [A]).
The final compact formula is not directly applicable to boundaries of a closed domain. It is therefore
necessary to set up a different scheme for boundaries and this is done in section
To ensure that the tridiagonal matrix obtained with Eq. () is inversible, it is checked that it is diagonally
dominant ¢.e.:

lal+ 18] <1,

otherwise, a and [ are arbitrarily set to 1/3, thus the order is reduced to four. This generally happens
when the mesh is strongly stretched or distorted. In this work, this situation happened, for example,

when performing the linear convection on a 3D randomly perturbed mesh (see results presented in

section BT0).

2.4. Eigenvalues and spectral resolution

The spectral behavior of the proposed schemes is now analyzed considering the 1D linear convection

equation :
ou  Ou

N + oz 0. (15)

The discretization of Eq. (Id) by a FV method could be written in a FD-like matrix form:

U =L, (16)

where L is the space discretization operator and U the vector of the cell-averaged values. The space
discretization operator L is said to be stable if Re(\) < 0, for any eigenvalue A of L.
To study the spectral resolution of the scheme, an uniform 1D discretization of size h is considered,

along with the following propagating wave solution:
uF(z,t) = Uke!kz=wt), (17)
One can show that, if the sixth-order compact interpolation is used on all points:

alk = (LU); = IK'ak. (18)
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where k' is the modified wavenumber associated with the numerical scheme. Using the FD-like form
of the scheme, one can find that &’ is a real number and the scheme has the same spectral properties as
the Lele’s tridiagonal sixth-order compact scheme [14].

However, when a different scheme is applied on boundaries, the modified wavenumber differs on each
point. To compute this local modified wavenumber, it is necessary to use the matrix form Eq. ([Il). One
can write

U*=LU" =IK'U*, (19)

where K’ is the diagonal matrix formed by the local modified wavenumber k. of each cell 4. This local
ki is very close to the one defined by Eq. (I8) in the interior of the domain. On boundaries, k; is
generally no longer real. The imaginary part introduces either a dissipative or an anti-diffusive effect.
More precisely, a positive imaginary part corresponds to an anti-diffusion (amplification) since the wave
propagate from the left to the right. Thus the study of this local modified wavenumber on boundaries
as proposed by Sengupta et al. [22] gives a view of the spectral resolution and the local stability of the
scheme at boundaries.

The next section presents some boundary closures at the interface boundary between two blocks.
Firstly, a numerical study of eigenvalues of the space semi-discretization operator L gives a view of the
global stability of the scheme. Then, a numerical study of local modified wavenumbers gives information

about the spectral resolution and the local stability of the scheme at boundaries.

2.5. Multiblock and periodic boundaries

Since the aim of this work is to set up high order compact FV method for multiblock computations, a
particular attention is paid to multiblock and periodic boundaries conditions. For these boundaries, two
possibilities arise. The first possibility consists of keeping the interior scheme on boundaries. For periodic
boundaries, one obtains a tridiagonal periodic matrix to solve. In case of multiblock multiprocessors
computations, this option requires to solve the tridiagonal (even periodic) system in parallel, which may
be very expensive. The second possibility is to use ghost cells and degenerate the scheme either by
upwinding or by decreasing the order of accuracy. This is generally done by using a boundary scheme
one order lower than the interior boundary scheme based on the works of Gustafsson [&], who shows that
for hyperbolic problems, using explicit FD schemes, this insures the global scheme to keep the order of
accuracy of the interior. But Kobayashi [12] shows, for Padé-like FV scheme, that the order of accuracy
for the global scheme reduce to the one of the boundary closure. Therefore, decreasing the order of
accuracy of the scheme could reduce the accuracy order on the whole domain. However, as important is
to preserve high precision, another important constraint is to keep the conservativeness of the FV scheme
and the stability.

In this work, only schemes using two ghost cells are investigated (see Fig. [l).

11
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Figure 7: Eigenvalues spectra of the whole scheme using the Centered explicit boundary scheme (CEBC) on meshes of 16,
32, 64 and 128 points.

2.5.1. Centered explicit boundary scheme (CEBC)

The first scheme consists of using an explicit fourth-order interpolation on the first interface 1/2:

17,1/2 = at_1 + bug + cuq + dus. (20)

Then all other interfaces are computed with the usual sixth-order scheme. The stability analysis of the
space discretization operator has shown that the scheme is stable on uniform meshes (see Fig. .
The spectral resolution has been studied for all frequencies on an uniform mesh with 40 cells. Fig.
shows that the scheme has good spectral resolution on the two first cells on each side of the domain
but it presents possibility of anti-diffusion at the two last points of the domain for middle frequencies.
However numerical tests have highlighted that the scheme become unstable on mesh with a stretching at
the boundary even if the growth of the mesh size is only about 5% (see Fig. [[(b)). To fix these problems,

two other possibilities have been explored.

2.5.2. Upwind compact boundary scheme (UCBC)

It is proposed to use a decentered fourth-order compact scheme at the boundary as:

Uiy /o + aliz/s = ati_1 + big + ctiy + diia. (21)

12
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Figure 9: Roe correction for a decentered scheme on a boundary.

To obtain the scheme on the last interface, the stencil is just reversed.

The scheme is clearly non conservative, since the value at interface between two blocks is computed
differently on the two blocks. This latter point is a disadvantage which could be corrected by applying
a Riemann solver (e.g. Roe solver ) with the two values computed on each block. For example let 3 be
an interface between Block 1 and Block 2 as illustrated in Fig. @l A left value @}, 41/2 On 3 is computed
using the decentered compact scheme on Block 1, and the right value ﬁf /2 is computed on Block 2. Then,

the flux on ¥ is obtained thanks to the Roe solver:
Fo = Fyiy10 = FLjg = Froe(liyi 119,13 o)

This Roe solver allows to account for the wave propagation direction. It does not correct anti-diffusion
at near boundary cells (see Figs.[11(a)li11(b)]) but the eigenvalues study reveals that the scheme remains
globally stable even on stretched meshes (see Figs. [L0(a)land [LO(b)) for —1 < o < 1. Unfortunately, this

approach is too expensive in parallel communications.

2.5.8. Decentered compact near boundary scheme (DCNBC)
This third approach aims to be a mix of the two previous methods. Here, the explicit fourth-order
scheme is used on the first interface (1/2), while a decentered fifth-order compact scheme is employed
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Figure 10: Eigenvalues spectra of the whole scheme using the UCBC (o = 2/3) with a Roe solver boundary scheme on
meshes of 16, 32, 64 and 128 points.
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Figure 11: k’/k for the first derivatives in cells at boundaries using the UCBC (o = 2/3) with a Roe solver boundary
scheme.
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at boundaries using DCNBC.

aty /g + Uz + ﬁ’ﬁ5/2 = buy + cug + dus.

(22)

This boundary closure is globally stable on uniform grids (see Fig.[12(a)). Although some eigenvalues have

positive real part on stretched grids (Fig. [L2(b)]), numerical tests have shown that it is more stable than

the CEBC. The whole scheme also presents possibility of anti-diffusion at middle and high frequencies

on boundaries. Anti-diffusion at middle frequencies is less severe than on CEBC scheme. Anti-diffusion

on high frequencies can be eliminated by filtering. Actually, filtering is generally needed to eliminate

these high frequencies which are not solved by the scheme.

2.5.4. Summary

The three proposed boundary schemes have shown the same behaviour in terms of dispersion (real

part of k'), which is present just at high frequencies; but for CUBC, this appears for higher frequencies
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than for CEBC or DCNBC.

In terms of anti-diffusion, the CEBC scheme generates such phenomena even for middle frequencies while
it is less severe for DCNBC and inexistant for CUBC. This amplification appears at higher frequencies
for the two last schemes, especially for CUBC. However this behaviour is not so dramatic since special
numerical treatment could be applied to damp these spurious waves. Even if CUBC seems to perform

better, it will not be implemented in our solver for computational cost reasons.

3. Extension to non-linear cases

3.1. Discretization of the compressible Euler equations

Here are considered the compressible Euler equations written in conservative form:

oW OE OF 9G

o Tar Tyt Tl (23)

where
W = (p, pu, pv, pw, pe)" , (24)
is the vector of conservative variables and
2 t
= (pu, pu® + p, puv, puw, (pe + p)u) ",

t
= (pv, puv, pv2 + p, pow, (pe + p)v) )

t
(pw, puw, pvw, pw? + p, (pe + p)w)

are the convective flux densities.

The FV formulation requires to approximate the fluxes defined by

fi+1/2,j,k = / (Enw + FTLy + an)dO', (25)
Siv1/2.5.k

on the interface (i + 1/2, j, k). If assumed that the normal is constant along the interface, this leads to
find an approximation of:

Fi1yo,jk = S(Eg + Fivy + Giiz), (26)

where E, F' and G are interface-averaged values of fluxes, and (g, My, Tz) is the unitary normal of the
interface.

To obtain a high-order compact F'V scheme based on the compact interpolations presented in the previous
sections, different approaches could be followed |17, [18, (13, [19] [14][1&][13][19]. One of these approaches is
to approximate E, F and G using interface-averaged values of conservative or primitive fields computed
using the compact interpolation. However, when computing fluxes using interpolated mean values, a
problem of precision arises. For instance, it is needed to compute the mean of the product puv, {pu), to

approximate the flux. But approximating (pu) by (p)(u) is a second order approximation. An idea is then
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to compare the two values in order to determine which correction could be done to keep a higher order.
Pereira et al. [11] shows that it is possible to make a correction to obtain a fourth-order approximation
at a reasonnable cost. This requires to approximate the first and second order derivatives respectively at
the second and first order for p and u. This correction, extended by Lacor et al. |13] to arbitrary schemes
notably improved the precision of his scheme on a rotation of a Gaussian wave test case. However,
the correction was done assuming a Cartesian grid since for a general grid highly there is an important
increase the cost of the computations. For sake of convenience, this approach and the others will be
discussed in details in a next paper with more appropriate test cases since in the applications presented
in the present paper, they do not make a valuable difference.

Therefore, for the vortex convection and acoustic scattering problems handled in the present paper,

the following formulation (which is formally of the second order) is used, for each interface (i +1/2, j, k):
F e S(EW)ig + F(W )iy + GOV )iiz). (27)
where, W is the vector of the (i +1/2,j,k) interface-averaged values of the conservative variables.

3.2. Slip wall boundary condition treatment

In order to address some acoustic test cases, it is necessary to discuss the implementation of the
slip wall boundary condition. This condition is treated as a symmetry condition. In the same way as
multiblock and periodic boundary conditions it involves two layers of ghost cells whose metrics (points,
normals, kinetic moments) and conservative fields are defined by symmetry. Indeed, let ¥ on Fig. [[4 be
a symmetric boundary. Let M’ be the symmetric of the point M with respect to X, following the normal

7. The symmetry condition induces:

p(M') = p(M),
u(M’) = uM)-2(u(M)n)n, (28)
p(M') = p(M)

It is then possible to use on this boundary either the CEBC or the DCNBC closures. For all test
cases, the DCNBC closure has been applied.

4. Numerical stabilization

All spectral studies have shown that there is possibility of anti-diffusion of the scheme at high frequen-
cies near boundaries. Thus, computations need to be stabilized. Filtering is a possible way to achieve
it. The filters chosen are compact filters, precisely the sixth-order and eight-order filters proposed by

Gaitonde and Visbal [4] have been used. The inner filter scheme reads:

N
aplij—1 + U + apllipr = Z AnUitn, (29)
n=—N
17
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Figure 14: Symmetric boundary condition.

where oy is a parameter ranging from -1/2 to 1/2. The authors also recommend to use higher order one
sided formulas on boundaries instead of decreasing the order of the filter. The one-sided formulas are

defined by

i = i, (30)
2N+1

aplly—1 + U + apliyp = Z Anlp, 1 =2,...,N. (31)
n=1

The filtering is applied in the computational plane. In multidimensional case, filtering operator is applied
successively in each dimension. One can remark that, in each direction, the first and the last points are
not filtered. This could be a drawback since anti-diffusion is possible at this point. But for multiblock
and periodic problems, it is possible to avoid it by using the two ghost cells values, so the first point non

filtered is fictitious.

5. Applications

In this section, linear and non linear test cases are performed. The results of the proposed schemes
are compared with two schemes using constant coefficients for the interface-averaged value interpolation.
The first one (CEN4) is obtained using the explicit centered interpolation with constant coefficients,

fourth-order on uniform grids, defined by

- 1 n 7 n 7 1 _ (32)
U; = ———U;— —U; —U; — —U; .
i+1/2 12 1 12 12 +1 12 +2

The second one (COMP46) is obtained using the compact interpolation with constant coefficients, sixth-
order on uniform grids, defined by Eq. (@) for interior interfaces and the above explicit fourth-order
centered interpolation Eq. B2 on the periodic boundary interfaces.

The first part of this section presents a model problem of linear convection on different types of grids.

Then follows the presentation of some non linear applications.
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5.1. Linear convection

In order to numerically assess the effective numerical properties of the schemes studied, a 2D linear
convection problem is considered:
09

o Tv-Ve=0. (33)

An initial Gaussian wave

é(z,y) = 1+ 0.25 exp(—38.(z? + 3?)),

is convected through a computational domain comprised in the square region —1 < z, y < 1 at the speed
v = (1,1). Periodic boundary conditions are applied on all boundaries. The convection following this
diagonal direction makes the test case really sensitive to boundary closures and breaks the preferred
direction which could exists in the used grids.

The time integration scheme used for these computations is the following four steps Runge-Kutta

method [[L1]

W =
u® = w0 f o AtL(uw® ), k=1,..,4, (34)
Up+1 = u(4)a

with L, the space discretization operator and
1
a1 = -, o =
1= o2

This scheme is fourth-order accurate for linear problems.

In summary, four numerical schemes have been numerically studied:

1. CART46 which uses the cartesian-like sixth-order compact scheme using curvilinear abscissa for
the interior interfaces and the CEBC closure scheme;

2. CART456 which differs from the previous in that it uses the DCNBC closure scheme;

3. CURM46 which is the general FV curvilinear scheme using the CEBC closure scheme;

4. CUR456 which is the general FV curvilinear scheme using the DCNBC closure scheme.

It is worth reminding that on cartesian uniform grids, the CART46, CUR46 and COMP46 schemes are
the same. On another hand, the CART456 and the CUR456 schemes are the same.

Concerning the CURxxx methods, two types of parameters are to be specified: the local reference frame
and the weights used for the least square method. The codes (ORTH, NORM and GEN) of the local
reference frames used are shown in Tab.B The combinations of weights (W1, W2 and W3) used described
in Tab.Hl When it is not specified, the local reference frame ORTH and the weights combination W2 is
used.

The different schemes are often coupled with the filter operator. When it is the case, it is mentionned in
the title of the scheme using the letter F followed by the order of the filter and the coefficient of the filter
(e.g.: F80.49 for the eight-order filter with oy = 0.49). The filter is applied after the last Runge-Kutta

step.
19



360

361

362

363

364

365

366

369

370

371

372

Code Local reference frame

ORTH  Orthonormal local reference frame with the 2’ direction defined by
the direction between the adjacent cells centers (Fig. B(a))
NORM Orthonormal local reference frame with the z’ direction defined by

the normal of the face (Fig. [3(b))
GEN Non-orthogonal local reference frame with the direction defined by

the neighbouring cells centers (Fig. B(c))

Table 3: Codes of the local reference frames used for the CURxxx methods

Derivatives Weights W1 Weights W2  Weights W3
15t order: 9y, 9z’ 1 100 500

20d order: 9%2'y’, 0%y, 022’7, ... 1 100 500

3'4 order: 932'y’?, 932’22, O3y, ... 1 1 1

Table 4: Weights used in general for the least square method applied on transverse derivatives relations: the 2’ derivatives
are not considered in 2D cases.

Different meshes are used in order to highlight different properties of the proposed schemes. Therefore,
to retrieve the numerical order of the schemes, only meshes which can be refined or coarsened using the
same initial property of the mesh are used: uniform cartesian and wavy meshes. All meshes help to assess
the stability, the dissipation and dispersion properties of the schemes. Stretched cartesian grid and non
uniform cartesian grid consisting in alternating bigger and smaller cells help to assess the importance of
taking into account non-uniformity on cartesian grid. On another hand, wavy grids and highly irregular
grid obtained by randomly perturbing an uniform cartesian grid highlight the importance of taking into
account shape, size and direction variations in curvilinear grids.

Hence, seven types of grids have been used (see Figs. [ and [H):

e UNIF: uniform cartesian grid;

e STRETCH: a stretched cartesian grid with a maximum stretch ratio of 1.05;

e ALT: a cartesian grid consisting in alternating bigger and smaller cells with a size ratio of 11/9;

e WAVY I: an uniform wavy grid defined by

T = i Az (1= 1) + A sin (22204 -
7 35
Yij = Ymin + Ay [(j—l)-f-Aysin(%—ml)Aﬂﬁ”
with
1<i,j<N

where IV denotes the number of points in the = and y directions, Ly = Tmax — Tmin and Ly, =
Ymax — Ymin are the lengths of the domain in the = and y directions respectively. n, = n, = 8 and
Ay = Ay = 2/r where r is fixed such that rN = 128. This parameter r allows to obtain a mesh

which is a coarsen mesh of the mesh obtained with N = 128 and » = 1.
20
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(a) Stretched cartesian mesh (STRETCH). (b) Uniform wavy mesh (WAVY I).

Figure 15: 64 x64-cells Meshes used for computations.

e WAVY II: a highly distorded uniform wavy grid defined by

Ty = jij+0.02Lrsin(2ﬂ'W) -
Yij = gij+0.04Lysin(16ﬂ—M) ’

o
Lo

where (Z;;,9;;) are the coordinates of the cartesian uniform mesh of the same size, L, and L,, the

lengths of the domain in the z and y directions respectively, and (zg, yo), the center of the domain.
e WAVY III: a highly distorded wavy grid obtained from the ALT grid of the same size using Eq. (B8);

e RAND: a highly irregular grid obtained by randomly perturbing an uniform grid with a maximum

amplitude of 20%.

5.1.1. Effective order of accuracy

To measure the numerical order of accuracy of the different schemes, the three types of grids used
are the UNIF, WAVY I and WAVY II grids. For the first two types, four different grid resolutions have
been considered to retrieve the effective order of accuracy: 16 x 16, 32 x 32, 64 x 64 and 128 x 128. For
the WAVY II grids, a 256 x 256 grid is also used since the 16 x 16 grid is so coarse that the domain
defined by WAVY II grids is not completely described.
The time step is chosen very small so that the time integration error could be neglected in comparison
to the spatial one. The error between the computed solution after one period (i.e., the time for the wave
to return to the initial position for the first time) and the initial solution is found using the Ls-norm.
Fig. [ displays the evolution of the error versus the mesh size and Tab. B Tab. Bl and Tab. [ give the
observed order of accuracy obtained on the uniform cartesian and wavy grids. For sake of clarity, for
WAVY I and WAVY II grids, only the errors for CART46, CUR46 and COMP46 schemes are plotted on
graphs.
On the more distorded wavy mesh (WAVY II), CARTxxx and CURxxx methods need to be stabilized
with filtering. And when filtered, the errors obtained are almost the same for CART46 and CART456
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Mesh size CART46 CART456
Error Order Error Order
16x16 2.52 x 10~ - 1.88 x 10~% -
32x32  7.55x107%  5.06 531x 1076  5.14
64x64  1.02x 1077 6.20 || 6.36 x 1078  6.38
128x128 1.67x 1072  5.93 9.16 x 10719 6.11

Table 5: Numerical mean errors and orders of schemes on uniform cartesian meshes (UNIF) for the 2D linear convection.

Mesh size CART46 CURA46 COMP46
Error Order Error Order Error Order
16x16 5.13 x 1074 - 4.01 x 1072 - 5.13 x 1074 -

32%32 1.03x107° 5.63 || 1.05x107° 525 || 1.23x107° 5.38
64 %64 144 x 1077  6.16 || 1.57x 107 6.06 || 1.91 x 107  6.00
128x128 234 x107° 594 | 336x107° 554 | 3.18x10~% 5.9

Mesh size CART456 CUR456
Error Order Error Order
16x16 5.33 x 10~% - 3.91 x 1074 -

32x32  7.56x1076  6.13 || 7.72x 1076  5.66
64x64 8.68 x 1078  6.44 1.00 x 10°7  6.27
128%x128 1.31x 1072 6.05 || 2.85x 1079 5.13

Table 6: Numerical mean errors and orders of schemes on uniform wavy meshes (WAVY I) for the 2D linear convection.

schemes and for CUR46 and CUR456 schemes. It is noteworthy that the NORM frame is used since
it was impossible to stabilize computations using the ORTH frame for this WAVY II mesh. This is
explained further when dealing with long-time convection simulations.

One can see that the averaged order of accuracy of the different methods for UNIF and WAVY I grids is
higher than 5. The results for the WAVY II grids are more difficult to explain. In fact, the order retrieved
when passing from the 16 x 16 grid to the 32 x 32 grid is less than one. The reason has already been
mentioned: the 16 x 16 grid is too coarsen and discretizes a domain too different from the one defined
by other WAVY II grids. This grid is almost uniform but with slight deformations in the y direction so
the COMP46 method performed very well while the other methods introduces some errors because the
filtering was used. When passing from the 128 x 128 grid to the 256 x 256 grid, the usage of the scheme
in physical space probably allows to cancel out more higher-order terms than formally predicted than

the COMP46 method.

5.1.2. Stability, dissipation and dispersion properties on uniform grids

To analyze the stability, the dispersion and dissipation of the different schemes, computations have
been carried out for 25 periods on the 64 x 64 grids. This section presents the results obtained on uniform
grids UNIF, WAVY I and WAVY II. It is shown that the proposed schemes behave well on uniform grids.
The results obtained on the WAVY II grid highlight the importance of the local reference frame for the
CURxxx methods.

Results of the simulation on the uniform grid are shown in Fig. The CEN4 scheme is obviously

the most dispersive one since many local extrema are generated. The proposed schemes behaves very
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Mesh size CART46F80.49 CUR46F80.49-NORM COMP46
Error Order Error Order Error Order
16x16 1.84 x 102 - 1.84 x 10~% - 1.04 x 10~% -
32x32 6.23 x 107°  1.56 | 6.22x 1079 1.56 7.35 x 107%  0.50
64 x 64 4.0 x 1076 3.96 | 4.01 x10°° 3.95 4.08x 1076 4.17
128x128  3.03x 107%  7.04 2.91 x 1078 7.10 3.14x107%  7.02
256x256 1.46 x 10710 769 | 4.12x 10~ 9.46 5.29 x 10719 5.89
Mesh size CART456F80.49 CUR456F80.49-NORM
Error Order Error Order
16x16 1.84 x 10~% - 1.84 x 102 -
32x32 6.23x 107°  1.56 6.22 x 1075 1.56
64 x 64 4.01 x107% 395 | 4.02x1076 3.95
128x128  3.04x107%  7.04 | 2.94x 1078 7.09
256x256 147 x 10719 7.68 | 487 x 1071t 9.23
Table 7: Numerical mean errors and orders of schemes on highly distorded wavy meshes (WAVY II) for the 2D linear
convection.
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Figure 17: Evolution of the errors following the mesh size for the 2D linear convection.
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Figure 18: Profiles along the line z = y of a linear convection equation solution on the uniform cartesian mesh (UNIF)
after 25 periods.

well. The eight-order filter does not deteriorate the results obtained.

Fig. M shows results obtained on the WAVY I mesh after 25 periods. In this case, COMP46 method

is stable and gives good results. It shows that a computational space formulation is stable and efficient
on smooth grids even curvilinear. The CART46 and CUR46 methods seems to be the most stable of the
proposed schemes since all others need filtering. This shows the limitations of a 1D approach as it has
been done in the eigenvalues and spectral study of section X3 to analyze the stability of a scheme on
curvilinear grids. Until now, no explanation has been found to justify this phenomenon. However when
filtering is applied all the methods give similar results.
It is worth noting that the eigth-order filter with one-sided formulas failed to stabilize CART456 and
CURA456 schemes. But the cyclic eight-order filter (not using eight-order one-sided formulas on bound-
aries), which is used for the results shown, stabilizes the computations. This problem could come either
from the one-sided formulations on boundaries either from the fact that the first point is not filtered.
Results obtained on the vortex convection and presented further show that the latter fact is probably
the main reason. Therefore, it is inadequate to leave the first cell of the domain unfiltered as it is done
with one-sided filter on boundaries.

Since, on wavy meshes, filtered CARTxxx methods behave similarly, as well as CURxxx, computations
results on the highly distorded mesh (WAVY II) are shown only for schemes using the CEBC boundary
closure. For this WAVY II mesh, all the methods (even the CEN4 method) are unstable except the
COMP46 one. However its results (not shown) are pretty dispersive. To compare them with equal
parameters, the filter has been applied to all methods. In Fig. one can observe that on highly
distorded meshes, the filtered CARTxxx method are finally more dispersive and more dissipative than
the scheme using constant coefficients (COMP46) and filtering. One can conclude that it is not sufficient
to use the curvilinear abscissa when mesh line directions vary strongly. This is confirmed by results
obtained further on non-uniform curvilinear meshes. The filtered COMP46 method is slightly more
dissipative than the filtered CURxxx methods.

It is worth noting that the CUR46 method used has been computed using the GEN frame. In Fig.
25
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Figure 19: Profiles along the line z = y of a linear convection equation solution on the uniform wavy mesh (WAVY I) after
25 periods.
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Figure 20: Profiles along the line z = y of a linear convection equation solution on the distorded wavy mesh (WAVY II)
after 25 periods.

a comparison is made between the results obtained with this latter method and those obtained using the
orthogonal local frame defined by the interfaces normals. Results are pretty similar, however it could
be observed that the results with GEN frame are better in terms of dissipation while the NORM ones
present a slightly better behaviour in terms of dispersion. The computations using the ORTH frame
lead to an non diagonally dominant matrix to inverse. For these test cases, the restriction to the fourth-
order has not been done so the computations are unstable even with the filtering. But this allows to
conclude that the local frame plays an effective role (although not sufficient) on the stability and on the
dispersion-dissipative effects of the solution. Something noteworthy is the fact that the transverse axe is
pretty the same for the NORM and GEN frames. It could indicate that the good discretization of the
transverse derivatives in the two frames (as explained in section ZZ2) is the reason of the better results
obtained. Indeed, this discretizatio is less good for the CURxxx method with ORTH frame and absent
for the CARTxxx methods. On meshes with very strongly varying grid lines directions, the GEN frame
is the best to get the lowest dissipation effect.
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Figure 21: Profiles along the line = y of a linear convection equation solution on the stretched cartesian mesh (STRETCH)
after 25 periods.

5.1.3. Stability, dissipation and dispersion properties on nun-uniform cartesian grids

This section presents computations done for 25 periods on 64 x 64 non-uniform cartesian grids
STRETCH and ALT. The results obtained on both grids confirms the conclusion of the eigenvalues
study of the multiblock boundary closures. Meanwhile the results obtained on the ALT grid highlight
the necessity to take into account the non-uniformity of cartesian grids.

Fig. 21l shows results on the stretched mesh after 25 periods. The CART46 method is not stable
without filtering whereas the CART456 yields very satisfactory results. Hence, this confirms that on this
type of grids, CEBC boundary closure is really less stable than DCNBC boundary closure as foreseen by
the eigenvalues study. However, the COMP46 method is stable without filtering. This is easily explained
by the fact that, when processing interfaces on the same mesh line, the COMP46 scheme behaves like
if the mesh was uniform. Moreover, since the interfaces on this mesh line have the same normal, when
computing the fluxes balances in the mesh line direction, these fluxes blances behave like the 1D space
discretization operator on an uniform grid. Therefore the scheme is stable as it is on uniform grids.

Taking into account the non-uniformity breaks this stability property for the CART46 scheme.

According to those previous results, it seems like taking into account non-uniformity of the grid is
not necessary. Results obtained on the ALT scheme shows that it is certainly not the case. Fig.
shows results obtained using the different schemes. Althought the COMP46 scheme is stable, it is very
dispersive and pretty anti-diffusive. It is therefore possible that the scheme becomes unstable for longer
simulations. This is a real drawback since the alternating size ratio is not so important. Once again, the
CART46 scheme is not stable while the CART456 one is. The use of the filter does not completely solve
the problem. Something interesting to see here is the fact that using the filter introduces little dispersion
to the CART456 results, even when using a cyclic formulation. It can indicate that the filter could be
also a source of dispersion effects when dealing with non-uniform grids. However, it is clear that taking

into account non-uniformity of grids is important.
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Figure 22: Profiles along the line z = y of a linear convection equation solution on the mesh alternating bigger and smaller
cells with a size ratio of 11/9 (ALT) after 25 periods.
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Figure 23: Profiles along the line x = y of a linear convection equation solution on the RAND mesh after 25 periods.

5.1.4. Stability, dissipation and dispersion properties on non-uniform curvilinear meshes

This section deals with non-uniform curvilinear meshes: RAND and WAVY III. A first interesting
conclusion is that, when dealing with non-uniform curvilinear meshes, it is not sufficient and even not
recommended to use a scheme using only the curvilinear abscissa. However, it is clearly shown that
taking into account shape, size and mesh lines directions variations is important to get lowest dissipation
and dispersion effects. Computations done on RAND grid highlight the importance of weights used for
the least square method.

The results obtained on the RAND mesh are presented in Fig. . All schemes are unstable
without filtering. Using filtering, CURxxx schemes are obviously superior to CARTxxx and COMP46
schemes in terms of dissipation and dispersion. Dissipation effects are extremely important for CARTxxx
schemes. It is possible that those schemes develop strong high frequencies waves which are damped by
the filter.

It is important to note that in the weighted least square method, the weight of the first order and

second order transverse derivatives has to be more important than the higher order transverse derivatives
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Figure 24: Profiles along the line x = y of a linear convection equation solution on the WAVY III mesh after 25 periods:
the CUR46 method uses the NORM frame.
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Figure 25: Evolution of the errors following the mesh size for the 3D linear convection: the GEN Frame and the W2 weights
extended to 3D have been used.

according to results presented in Fig. Otherwise CURxxx schemes behave like CARTxxx schemes.
The results in Fig. also show that the weight combination W2 chosen for all simulations is sufficient
to get the best possible results.

Fig. shows results obtained on the WAVY III meshes. None scheme is stable without filtering.
Once again, it is clear that CURxxx methods show a better behaviour than all other schemes. Other
methods introduce an important dispersion effect which completely denaturates the solution. Thus, the
CURxxx methods, which account for the variation of the cells shapes and sizes and of the mesh lines

directions, are more capable to handle non-uniform curvilinear meshes.

5.1.5. 3D Computations
To show the capability of the CURxxx schemes to treat three dimensional flows, a rapid study of
the numerical accuracy order and of the stability, dissipation and dispersion properties of the CURxxx
scheme have been performed. The same numerical order has been retrieved as it can be seen in Fig.
A long-time convection simulation has been performed but for a larger convection time (50 periods)
on a 64 x 64 x 64 RAND mesh. The GEN frame and the W2 weights combination are used. It is

noteworthy that, for a limited number of points, the tridiagonal system obtained was not diagonally
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dominant. In this case, the restriction to the fourth-order by fixing o = 8 = 1/3 has been activated.

However, the good behavior of the CURxxx appears clearly in Fig.

5.1.6. Conclusion on linear computations

These numerical tests have shown that the proposed schemes have good accuracy and spectral res-
olution on regular curvilinear meshes although the more general FV schemes (CURxxx) need to be
stabilized for long computations. However, if all methods give pretty similar results on regular meshes,
CURxxx schemes are more accurate, low dissipative and low dispersive than the cartesian like schemes
(CARTxxx) and than the schemes using constant coefficients (COMP46) when dealing with irregular
curvilinear meshes.

The next sections aim to validate the different schemes with the approach defined by Eq. ) in a
non linear context and on problems requiring high precision and spectral resolution, some applications
have been performed with the code elsA of ONERA for aerodynamics simulations [2]. Two test cases

have been selected:
e the convection of a vortex on a 2D square region with periodic boundary conditions in all directions;
e the scattering of an acoustic wave diffracted by a plane wall boundary;

All these cases are realized using the following third order three steps TVD Runge-Kutta algorithm of
Gottlieb and Chi-Shu []:

u® =
u® = (1 - ap)u® + aputY + g AtL(uFY), k=1,..., 3, (37)
Un+1 = u(3)7

with

1 2
alzl,agzz,ag,:g.

Filters have been implemented using one-sided boundaries formulas. However, filters are applied on

fictitious cells also so that the unfiltered points are the fictitious cells. So the first points of the domain are
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filtered and computations are better stabilized. Because of programming constrainsts, cyclic formulations

are not implemented.

5.2. Vortex convection

This numerical test consists of convecting a Lamb-Oseen vortex. The initial vortex is given by the

stream function:

2%+ yz) ’ (38)

v =T —
(z,y) =Texp ( SR
where I is the vortex strength and R controls the size of the vortex. The resulting velocity distribution

is obtained throught the velocity stream function relationship:

uzUm—a—\P,v:Vw—Fa—\IJ.
Ox

3y (39)

T is chosen small (0.004) so that the speed of the vortex is much lower than the mean flow speed to test

the resolution of the schemes. R is set equal to 0.15. The associated pressure variation follows the radial

pFZ 3)2 + yQ
P — Poo = — 55 €XP <— : (40)

momentum equation:

2R? R?
The convection will be done on the domain —1 < z, y < 1 at the speed voo = (Us, Voo) = (1,1). The
four boundaries are defined as periodic. In this case also, the convection following diagonal direction
makes the case really sensitive to multiblock boundary closures and breaks the preferred direction which
could exists in the used grids. In order to do not repeat same conclusions as for the linear cases, the
number of meshes used for this non linear case is reduced. The notations of methods on figures are
unchanged.

Something noteworthy is the fact that the initial solution in this case is not simply the point-wise
values at the cells centers but really the cell-averaged values of the analytical initial solution. This was
not necessary when dealing with linear convection since, because of the linearity, the point-wise values
could be seen as cell-averaged values of, of course, a different initial solution. Since in the non-linear case,
the solved equations are, without any approximation, equations on cell-averaged values, using point-wise
values as cell-averaged values is a supplementary source of errors. This is an important point to get the

right order of accuracy of the methods.

5.2.1. Effective order of accuracy

Numerical orders of the scheme have been retrieved on uniform cartesian and uniform wavy meshes:
UNIF, WAVY I and WAVY II. The numerical errors presented are computed using the v and v fields.
Actually, it is the sum of the Ls-error over the two fields. The errors are presented in Tab. 8, Tab. @
Tab. [[ and Fig. For sake of clarity, for WAVY I and WAVY II meshes only the CART46, CUR46
and COMP46 errors have been reported on graphs.
On uniform cartesian grids, the schemes are, on average, at least fifth-order accurate. On wavy grids,

in general, the errors made with CURxxx methods are inferior to those made with other schemes. One
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Mesh size CART46 CART456
Error Order Error Order
16x 16 2.57 x 10~° - 1.85 x 10~° -
32x32 579 x 1077 5.47 3.51x 1077 571
64x64 1.04 x 1078 5.79 6.22x 1079  5.81
128x128 257 x 10710 533 | 218 x 10710  4.83

Table 8: Numerical mean errors and orders of schemes on UNIF meshes for the vortex convection.

Mesh size CART46 CURA46 COMP46
Error Order Error Order Error Order
16x16 6.11 x 10°° - 423 x10°° - 6.11 x 1077 -
32x32 1.17x 1078  5.70 712x 1077  5.89 | 9.97x1077  5.93
64x64 290 x 1078  5.33 1.26 x 1078  5.82 221 x107%  5.49
128x128 9.51x 10710 493 | 2.93x 10710 542 | 9.13x 1070  4.59
Mesh size CART456 CUR456
Error Order Error Order
16x 16 6.37 x 1077 - 427 x10°° -
32x32 4.62x 1077  7.10 461 %1077  6.53
64 %64 1.50x 1078 494 || 756 x 107  5.93
128x128 845 x 10710 414 || 2.39x 10719 498

Table 9: Numerical mean errors and orders of schemes on WAVY I meshes for the vortex convection.

can notice that for CURxxx methods, the error is at least close to 5 while for other schemes, it could
decrease near to 4. However, the error is higher than the second-order expected and taking into account

remarks made in section Bl could improve these results.

5.2.2. Stability, dissipation and dispersion properties
The vortex position is captured after 25 periods for two types of meshes: WAVY III and RAND.
The results obtained on the RAND grid (Fig. B8) and on the WAVY III grid (Fig. E9) confirm
conclusions of the linear convection study. The CURxxx schemes have a better behaviour than the

CARTxxx and COMP46 schemes.

5.2.83. Multiblock computations

Some multiblock simulations have been performed using four blocks with the CARTxxx and CURxxx
schemes. Fig. Bl shows both the initial and after 50 periods isocontours of vorticity on a UNIF mesh and
a WAVY II mesh. It shows that the proposed multiblock treatment does not alter the global precision
even if the vortex is convected through the block matching line. The two results obtained on wavy
meshes prove that our multiblock strategy works well not only for the FV compact scheme but also for
the filtering operator. The y = 0 profiles of the v-component of velocity obtained with a monoblock or

multiblock calculation match very well(Fig. BI).

5.2.4. Conclusion on the vortex convection case
These results confirm the one obtained in the linear convection test cases. The proposed schemes are

at least of the fourth-order, thus far superior than the formally second-order expected. Even if, it is also
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Mesh size CART46F80.49 CURA46F80.49-NORM-W2 COMP46
Error Order Error Order Error Order
16x16 6.04 x 107° - 3.22 x107° - 3.67 x107° -
32x32 2.39 x 10~° 1.33 1.15 x 107° 1.48 2.71 x 1075  0.43
64 %64 1.33x 1076  4.17 || 3.41x 1077 5.07 1.51 x 1076 4.16
128x128 1.58 x 1078  6.39 3.13 x 1079 6.76 1.59 x 1078 6.56
256x256 5.76 x 10710 477 || 9.91 x 10~!! 4.98 779 x 10710 4.35
Mesh size CART456F80.49 CURA46F80.49-NORM-W2
Error Order Error Order
16x16 6.04 x 10°° - 3.47 x 1070 -
32x32 236 x 1075 1.35 1.17 x 1072 1.56
64x64 1.27x 1076 421 4.05 x 1077 4.85
128x128  1.31x 1078  6.59 3.76 x 1079 6.75
256x256 5.61 x 10710 454 || 1.01 x 10710 5.21

Table 10: Numerical mean errors and orders of schemes on WAVY II meshes for the vortex convection.
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Figure 27: Evolution of the errors following the mesh size for the 2D vortex convection.
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Figure 28: y = 0 profile of the v-component of a vortex velocity on a RAND mesh after 25 periods.
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Figure 29: y = 0 profile of the v-component of a vortex velocity on a WAVY III mesh after 25 periods: the CUR46 method
uses the GEN frame.
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Figure 30: Vorticity isocontours after 50 periods of vortex convection in multi-blocks configuration.
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Figure 31: y = 0 profile of the v-component of the velocity after 50 periods of vortex convection in mono- and multi- block
configuration.
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Figure 32: Pressure wave reflection on wall boundary test case.

the case for the COMP46 method, CURxxx methods are obviously more accurate. It is also interesting

to note that the multiblock computations do not deteriorate the solution for long time simulations.

5.8. Acoustic scattering by a plane wall

This test case is the first problem of the fourth category of the first workshop ICASE-NASA H] It
consists of the reflection of a 2D Gaussian pressure pulse on a wall boundary. This test case aims also
to test the wall boundary scheme. The configuration is presented on Fig. The reference values are
the same as those used by Gloerfelt H] P, = 1x 10° Pa, p, = 1.22kg.m >, The acoustic pertubations

introduced is given by:
In2
pl = exp |:—2—5 (CE2 + (y — 25)2):| . (41)

Computations are carried out on a randomly perturbed mesh (RAND) with 100x 100 cells.

The inflow characteristic boundary condition of Poinsot and Lele H] is used. The outflow boundaries
are computed using Tam and Dong [24] acoustic radiative condition. Numerical results are compared
with the exact solution.

A profile of the acoustic pressure along the axis = y is shown on Fig. CUR46 and COMP46 schemes
behave better than CART46 and CEN4 schemes. CURA46 scheme is slightly better than COMP46 in
term of dissipation. CEN4 is obviously the worst schemes. The test case was pretty difficult since it has
been realized using a non linear code while it is generally realized using linearized Euler equations. The
success of the test confirms that the schemes are able to propagate properly an acoustic wave of 107>

magnitude lower than the aerodynamic pressure.
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Figure 33: Profile of the acoustic pressure along the azis x = y at t = 100: all methods are combined with the F80.49
filter.

6. Conclusion

High order compact interpolation methods have been presented in order to develop high order finite-
volumes methods using small stencils on arbitrary curvilinear schemes. The first approach (CARTxxx
methods) is a 1D-like scheme considering a mesh line as a 1D direction and using the curvilinear abscissa
on this mesh line. The second approach (CURxxx), more general, uses supplementary cells to account
for transverse derivatives terms and kinetic moments to account for the cells shape and size. This latter
approach is developed in a local frame and is sixth-order in a preferred direction of this local frame.
It is worth noting that both approaches match on cartesian grids. Considering parallel calculations
requirements, three boundary closures for multiblock or periodic boundaries have been studied and two
have been chosen for implementation in the solver elsA. The boundary closure which uses an upwind
formulation of the flux at the second interface shows a good behaviour in terms of stability and dispersion
on cartesian grids. This is no longer the case on curvilinear grids. This fact shows some limits of
generalizing a 1D theoritical analysis to multidimensional problems.

Numerical tests of convection have been realized both in linear and non-linear cases to observe
stability and dispersion properties of the different schemes. These tests have highlighted the need to
stabilize the methods for long computations. This have been done using high-order compact filters in
computational space. For most of the test cases done, filters behave very well although they are done in
the computational space. Moreover, even with the filtering, the effective order of accuracy of schemes
is, at least four for the CARTxxx methods and five for the CURxxx ones for two and three dimensional
flows.

Although the scheme using compact interpolation with constant coefficients (COMP46) behaves very well
on uniform cartesian and curvilinear grids, when dealing with non-uniformities (irregularity of cells size),
CARTxxx and CURxxx give much better results in terms of dispersion and dissipation. Moreover, when

cells shape and mesh line directions strongly vary, CURxxx schemes are clearly superior to CARTxxx

37



625

626

627

628

629

630

631

635

640

641

642

643

644

645

646

647

ones. These latter schemes could, in some of those cases, behaves worse than COMP46 schemes.
For CURxxx methods, it is shown that the choice of the local frame could help to get more stability, low
dissipation and dispersion effects.
An acoustic scattering benchmark problem has also been solved with the proposed methods. This test
has shown that the different methods can handle problems requiring high precision and good spectral
resolution, and thus constitute an interesting building block for aeroacoustics applications in the future.
In the present paper, the extension to non-linear equations has been rapidly discussed but need a
more deeper investigation. This work is on going. For the test cases presented, the different approaches
which could be considered do not make a valuable difference. It would be interesting to analyze them
using, for example, an isotropic homogenous turbulence simulation with a Large Eddy Simulation (LES)
approach. Along these lines, it could be interesting to investigate if forcing the usage of supplementary
cells even on cartesian grids could improve the isotropy properties of scheme and thus their ability to

perform LES.

A. Sixth-order compact interpolation for a cartesian mesh

This section presents the derivation of the coefficients used for the cartesian-like scheme (Eq. (&)
which is sixth-order on a cartesian mesh. Therefore, it is assumed that the mesh is cartesian, which
means that the ¢ mesh lines follow a z’ direction and the j mesh lines a y’ direction such that (2/,y")
is an orthonormal frame. For sake of convenience, it is assumed that these directions z’ and 3y’ match
with the usual coordinate directions x and y. Thus, when introducing the Taylor developments, it is not
necessary to integrate over the y direction (neither over the z direction in the 3D case). Indeed, Eq. (§)

leads to:

Ay Ay
2

=2 1 Ti—1/2,j
/Ay (Ofu(l“ifl/z,j,y)+U(33i+1/27j,y)+5U($i+3/27j,y)) dy ~ / N (ah' 1/ u(x,y)dx
- - e Ti_3/2,5

= =
1 Tit1/2,5 Tit3/2,5 Tit5/2,5
+b— / u(z,y)dx + ¢ / u(z,y)de +d /
h" Ti—1/2,5 i+1 Tit1/2,5 i+2 Ti+3/2,5

(42)

u(z,y)dz | dy,

where Ay is the size of the iso-meshline j following the y direction. Hence, it is sufficient to find the

coefficients «, 3, a, b, ¢, d such that:

1 Ti—1/2,5 1 Tit1/2,5
au(ri_1/2.5,y) +u(Tiy12,5,y) + Bu(Tits o ;,y) ~ az- ; / u(r,y)dr + bﬁ u(z,y)de
=l Jz 3,05 vJTi1y2,5
1

1 Tits/2, i+5/2,5
+c / u(z,y)dx 4+ d / u(z,y)dx.
hitt Ja i1 )2, hive Ja, o,

This shows that it is sufficient to derive a sixth-order approximation just in the z-direction. To do so, it

(43)

is necessary to match the coefficient of the derivatives until the fifth-order derivative in the z-direction

of the left and right hand sides of the approximation Eq. (3.
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There are detailed the coefficients of the derivatives for the left hand side of Eq. E3):

0t order

st order —
oM order —
34 order —

th order —

5t order —

1+a+0,

—ah; + Bhita,
%ah? Qﬁhz—'pla
—%ah? lﬁhlﬂ,
2_140‘}1;'1 246hz+17

5
120 oo hi + 120 5h1+1’

where hy = ;1 41/9 — Ty 12 is the distance between the interfaces i’ — 1/2 and ' +1/2.

The coefficients of the derivatives for the right hand side are:

O order : a+b+c+d,
st . —[—
order % 3 [
o 02 1 1
274 order W 6 ah¢ ) ((hi +hi )3
93 1
rd .
3 order 93 [
th o
order gy : 120 { h +hi_q)®
th d 65
5" order 925 —O [

— h}) +bhi 4 ch? | + P
hi+2

1
(h4 (hi + hi—1)*) — bhY + chi | +d-—ro
hita

1
— h?) + bhi + chi , + d-— ((Rig1 + hiy2)® —

a(2h; + hi—1) — bh; + chiz1 + d(2h;41 + hi+2)] ,

i+2

1
(hi +hi—1)®) — bh] + ch,, +dh— ((hit1 + his2)® —

i+2

Solving the system results in finding the following coefficients:

h2  (hi—1 4 hi)(his1 + hit2)

~ hi—1(hi + his1)2(hi + hip1 4 hig2)’

h2(hi—1 + hi)(his1 + hig2)

8=

(hi + hig1)2(hie1 + hi + hig1)hivo’

hihZq (hiv1 + hita)

a =

hi—

b _ lJrl

1(hic1 + hi)(hiz1 + i + hig1)?(hiz1 + hi 4+ higr + hiso)’

2hi—1hi(hi—1 + hi)

(2hi—1 — hy)(hie1 + hy)

2
h1—1

(

(hi + hit1)?
3

i

(hi + hiy1)?
hi_lh?(hi_l + h;)

+ —
(hic1 + hi)(hic1 + hi + hig1)? (hi 4+ hig1)?(hic1 + hi + hit1)?
hi(hi—1 + hi)(hi(hi + hiy1) — hi—1(3h; + hit1))

(hi + hi+1)3(i;:3+ hiy1 4 hiy2)

9

~ (hi

1 + hl + hi+1)2(hi,

1+ hi 4+ hig1 + hiyo)

39

((Rig1 + hip2)® — h?+1)] ;

((his1 + hiya)! = h?+1)] ,

hiv1)

h16+1)

(44)

k
l

45)

(49)



655

h? <2hi+2hi+1(hi+l + hit2) n (=hig1 + 2hip2)(hig1 + hiyo)
h'12+2 (hl + hi—i—l)g (h1 + hi+1)2
hia hZyihica(hivy + higa)

+
+hi+1(hi+1 + hita)(hiv1(hi + hig1) — (hi + 3hit1)hivo)
(h; + hi—i—lgg(hi—l + hi + hit1)
_ i1
(hi + hit1 + hig2)?(hiz1 + hi + higa + higo)

)

hz h1+1 (hifl + hl)

d= .
hiva(hir1 + higo)(hi + hig1 + hivo)2(hic1 + hi + hig1 + hiyo)

es7 B. Sixth-order compact interpolation for a curvilinear mesh

(hit1 + hig2)(hi + hiv1 + hiye2)? B (hi + hig1)2(hi + hig1 + higa)?

658 In this section, considering Eq. (), details are presented about how the coefficients of the curvilinear

eso  scheme using transverse derivatives and local frame are determined. For sake of simplicity all develop-

eso ments are done for the 2D case. For sake of convenience the local reference frame (2’ ') is assumed to

eer match with the usual frame (z,y). All equations written there are retrieved in (z,%3’) just by replacing

s>« and y by 2’ and y’ respectively. The interpolation is done around the interface (i + 1/2,j). There are

e some definitions on an interface (i’ + 1/2,5):

Tirt1/2,57 = S,H/zJ f51’+1/21

Yiry1/2,5 = S/+1/21 fsi“rl/?J

inylj;ﬂ’ T Siiipeg /+1/2 3 fS1/+1/2 AN xi’+1/2)n(y o yi,+1/2)mds’
Oip1o,y = Tir+1/250 — Tiyl/2,5,

Opirjoy = Yirk1/2.5 — Vit1/2,5-

ess Since, just interfaces on the j-th ¢ mesh line are considered, interfaces underscripts are just i’ 4+ 1/2

ses instead of (i’ +1/2, j). With same considerations, coefficients a; 1/2 .k, Bit1/2,j,%, and a?ﬁ/ljlk are just

ess noted «, 3, and a_ . There are now equivalent definitions for a cell (4, j):

.....

Tgr 5! = VU;J/ fVi/,j/ de,
Yir g = ﬁ fVi/,j/ ydV,
L = v, @ e )My = e gV,
Opj = Tig —Tip1/z,
0y = Wiy ~ Yir1/2.
667 One can note that J* = JY =0.
665 The Taylor series of a function w(z,y) at the point (xo,yo) is

x© 8m+n

)= 03 g ) e = a0)" (= o)

m=0n=0
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eeo S0, the mean value of u on a domain € is

o = |Q|/ udr = |Q|/

am o 11 . i
Z Z Hxm a U x07y0) 7’L' ({E - xo) (y - yO) dQ.

(53)

s7o  When introducing Taylor series around x;; /2, on the left hand side, coefficients of the derivatives which

e71  will be cancelled are:

0" order

0
st d
order a

th order
84
Ozt

th order
9
oxd

14+ a+ 0,

O‘5;'11/2 + ﬂ5f+3/2a

0‘55171/2 + 55z‘y+3/2’
( i— 1/2 "'JI 1/2) +3 1+1/2+

( i 1/2 ( z+3/2

@
( i— 1/2 i— 1/2 +J; 1/2) + J+1/2 +5( 1+3/25§j+3/2 + J1+3/2)

( z+3/2 z+3/2)

NI»—A

N[

1/2) +1/2 +3 +3/2)

% ( i 1/2 +35 1/2 i 1/ + 1/2) + GJz+1/2+ 65((5f+3/2) +35z+3/2 z+3/2+
e ( i—1/2) ¥ 4357 s 1/2+J 1/2)
%O‘( i— 1/2 z 1/2+25im—1/2jf—yl/2+5?—1/2J1‘m—1/2+']1 11!/2) 2Jzz+i!/2

T 2 T
+_ﬁ ((51'4—3/2) 6iy+3/2 + 251+3/2J1+3/2 + 51+3/2J1+3/2 + Jz+§/2)

%0‘ (5f—1/2(5z 1/2) + 26 1/2J1 1/2+5z 1/2J1 1/2+me1/2) 2Jﬁl/2

+3 ﬁ( z+3/2( z+3/2) + 251+3/2J1+3/2 + 5f+3/2‘]¢+3/2 + Ji+3/2) )

transverse terms will not be used

30 ((511 1/2) +6(5;7 1/2) Jz 12 T 407 0 1/2+J 1/2) 24er+1/2
+24108 (( 1+3/2) (5f+3/2) J+3/2 + 451+3/2Jz+3/2 + Jz+3/2)

transverse terms will not be used

T 3 25
300 ((5%1/2) + 10067 )" T2 1/2+]‘0(5z 1/2) i 1/2+551 1275 1/2+J 1/2) + 1250512

30 (02/2)° +10(5%,5,2)"

41

+3/2 + 10(5z+3/2) J+3/2 + 551+3/2 1+3/2 +

(54)

J1+3/2

Jz+3/2

)

3
z+1/2 +58 (( 0i1as0) + 35f+3/2°7§j+3/2 + Jiy+3/2) ;

)



o2 On the right hand side, the following coeflicients are found:

0 order

st
order —
ox

9
dy
32
2nd order 9.2
82
ay?
82
0xdy

93
o’
93
oy3

83
da?dy
83
dxdy?

rd order

th order
34

ozt

5th order

8

l=n p=r
> 2
l=—mp=—q
l=n p=r
xT
E E a1 pOiyl jtps
l=—m p=—q
l=n =
y
Z Z Wp07 41, jp
l—fmp—fq
l=n
1 2 22
3D Z “lm( 0i+1,j+p) +Jz‘+l,j+p)v
l—fm:D——q
l=n )
1 2 Yy
3D Z alw( st gp) +Jz‘+l,j+p)v
l——mp——q
l=n
Z Z ap ( 1+lj+p5z+l7j+p + JHJH?)
l=—m p=—¢q
l=n p=r , 5
1 T 3 T T T
£ D wp ((5i+l,j+p) + 3001 dit4p +Ji+l,j+p)a
lzfmp:*
l=n )
1
6 Z Z al@( i+g+p) +361+1J+PJ1+ZJ+ZD +J+lj+p)
l: mp=—
l p:r
1 Yy
2 E alm ( z+l7J+p z+l,j+p + 25l+l7J+PJ1+l J+p + 5i+l,j+p 1+l Jj+p + J+l J+P)
=— p
l
1
2 al>2" ( i+l J+p z+l J+p) + 25z+l J+p z+l g+p T 0741 J+sz+l g+ T J+l J+P)
l:—mp——q

transverse terms will not be used

l=n
S E:a Y b 6(6%,, ) TE e AT T TR
24 l,p 1+l,j+p i+l,j+p/ i+l j+p i+l j+p i+l j+p i+lj+p ) >

l[=—m p=—q

transverse terms will not be used

l=n
. 1 3 7x? T 2 723 T x4 2°
oo D Z alw( 6 i14p)” 10T 0 5 1p) T + 100501 540) Tt jap 5650 jpErtgn + T

l=—mp=—q

(55)

It is now necessary to prove that this method matches with the cartesian-like method when a cartesian

grid is considered. To do so, for sake of simplicity, let be considered a 2D case with notations introduced

in section and in appendix [Al It is clear that the three types of local reference frames introduced

are the same in this case. It is still assumed that the preferred direction for the interface (i+1/2,5) is the

x direction. The aim is to show that the coefficients X =

a)/@7a7b7c7d)e)f7g7h Witha)/@7a7b7c7d
—_————— ——

X1 X2

defined as in appendix [Aland e = f = g = h = 0 is the one which verify the equations defined for the

CURxxx method.

Considering that coefficients «, 3, a, b, ¢,d are determined by matching coefficients of derivatives in the

z directions involving in Eq. @), it is clear that:

(A B)X =0.
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673 This could be checked using the following expressions of kinetic moments:

oF 12, = —h; and 07 12, = =0

OFrajay = hiss and 0l 05 =0
Ty = JM/QJ = J1+3/2J 0, Vm >0
Jzy21/2,j = Jz+1/2,3 Jl+3/2] Ay?/12
le /25 = Jz+1/2,J J1+3/2,] 0

674

071y = —(hi—1/2+ hi), 67; = —hi/2, 671 j = hiy1/2 and 675 ; = (hiy1 + hit2/2),

07 1, = 5” 5§J+1 J 5i+2,j =0,
Jr 1-”{J =J5 Jl+1 /= Jfgyj =0, Vm,n if m or n is odd,
i 1J =h? /12, JF. = h?/12, l+1J = h?,,/12 and J+2J =h?,,/12
gz U =h}_ 1/80, i)j = h}/80, Jf+1,j = hf,,/80 and JiﬂQJ = h,,/80
fll 1] J”: fjlj ijz,jzo

2
J’;y 1,5 = J’;y] = Jzy+1 J J1'y+2,j = Ay?/12
4
J’;y 1,5 = J’;y] = Jzy+1 J J1'y+2,j = Ay*/80
ers  where Ay is the length following the y direction of the interface (i + 1/2,j). It could also be checked

e7e that the given vector X verify all the relations given by the transverse derivatives. Indeed, the following

e7z relations are obtained:

% e5yj 1+ f5”+1 + g5z+1 -1t h51+1 g+l
g_y"’ D A (a4 14 8) = AL (a+ b+ et d) + Le((87, ) + T+
%f(( oY1)+ me) 390621 50" + T )+
. %h(@% D+ J+1 g+1)
dzdy =e(07; 1001+ i 1)+ F0F 1000 0 + T )+
. 90071 1,5-1001 51 + S 1) H P00 a0 i + Jﬁlajjl)
o 0= —e((di’] 1) +307 5 1J1y] D)+ z]—i—l) +307 1 i)+
%9((5§j+1,j_1) + 35iy+1,j—1‘]iy+l,j—l) +5h((6}) J+1) + 367, J+1J1j1)j+1)
678 5 . )
Gogy 0= 36050 0+ 00T + 5 (6 0 + S T )+
29071 5-1) 700 o1 T 1Jﬁf1,j—1) + %h((df+l,j+l)25g+l,j+l + 5?+1,j+1jfjlaj+1)

53
W : % (52:] 1(6zyj 1) +5a: Jiy] 1)

T Y x Yy
(5i,j+l(5i,j+1) +5i,j+l‘]¢,j+l)

T Y 2 T y2
<5i+1,j71(5i+1,j—1) + 07— 1Ji+1,j—1)

x Y 2 x
(5i+1,j+1(5i+1,j+1) + 5i+1,j+1J1+1 g+1)

o
|

Nl= Nl= N
S Q@ =

oo Solving these equations by a least square method leads to zero values for e, f, g and h.
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C. Computation of kinetic moments

This section presents the calculation of kinetic moment which are used in the formulation of inter-
polation coefficients. Firstly, these moments are pre-computed in the general frame and geometrical
transformations are then employed to obtain these moments in local frame. Unfortunately, this method
suffers of round-off errors if the mesh is very-stretched, therefore the calculation of kinetic moments is
done directly in local frame.

The coordinates in global frame are denoted as (x,y, z), and as («',y’, 2") for the local frame. Two
kind of moments have to be calculated: cells and interfaces kinetic moments. Cells kinetic moments are

denoted by J="v""Z"" Since the local coordinate 2',y’, 2" could be expressed as linear function of z, v, z,

the calculation of kinetic moments consist simply of the numerical integration of polynomial function :

o In _Ip

1 1
Jr Y F :ﬁ/ (agra~+byy+ coz+de)™ ... (ayx+byy+ coz+d. )P dQ:ﬁ/P(m,y,Z)dQ
12 Jo 12 Jo

x! 2!

(56)
where P(z,y, z) represent a polynomial of order n + m + p function of x,y, z.
The cell 2 is supposed to be defined only by its eight vertices, and a tri-linear transfomation is applied

to transform the physical cell 2 into the iso-parametric cell Q* defined by :

and the numerical integration is performed by a Gauss quadrature on Q*.

The position vector for a point inside the cell 2 can be expressed in terms of £, n and ¢ by :

87 = (1= - -z +A+HA =1 =2z + (1 =& +n)(1 - )3
1+A+n)1 = Qza+ (1 =& =n)(1 + x5 + (1+ 1 —n)(1+ ()t (58)

_|_
+ A=A +n)A+Qzr + 1A+ +n)(1+ s

where z; represent the vertices of 2. Thus we obtain :

R, 1 1 1 1
N /_ 1 /_ 1 /_ aclP(€.n.C)dedndc (59)

where |Jac| denote the jacobian of the tri-linear transformation.

A Gaussian approximation is used for each integral :

'm, Im _Ip 1
gy :@ZZZwiijkIJadP(ﬁi,ﬁjaﬂk) (60)

where (3; represent the Gauss points and w; the corresponding weight. As the highest order for kinetic

moments integrands is five, the highest order is six for the function |Jac|P and so three Gauss points
44



are used in each direction.

One can notice that the grid geometry can be approximated to a higher order by using a polynomial
transformation instead of a tri-linear ones. This possibility will be studied in the future.

For an interface kinetic moment, a parametrization of the interface is introduced as for the cell

moment and the formula :

1 1
/S f(x,y,2)dS = /_ 1 /_ eI ldedn (61)

is used to calculate the integral with a gaussian quadrature. In this formula, 7(€, n) represent a point on

the surface S and the two vector 7¢ and r;, are calculated by :

. [0z Oy Oz r
Ty = (E’E’E) (62)

where ¢ represents either £ or 7.
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