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SUMMARY

The main focus of this paper is to suggest a domain decomposition method for finite element
approximations of elliptic problems with anisotropic coefficients in domains consisting of anisotropic
shape rectangles. The theorems on traces of functions from Sobolev spaces play an important role
in studying boundary value problems of partial differential equations. These theorems are commonly
used for a priori estimates of the stability with respect to boundary conditions, and also play very
important role in constructing and investigating effective domain decomposition methods. The trace
theorem for anisotropic rectangles with anisotropic grids is the main tool in this paper to construct
domain decomposition preconditioners. Copyright (© 200 John Wiley & Sons, Ltd.
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1. Introduction

The mathematical modelling of transient and diffusion of matter, energy or other substance is
usually done by partial differential equations with appropriate initial and boundary conditions.
Such problems arise in flow of fluids and gases, for example, for transport and diffusion
pollutants in the air or ground water aquifers, etc. These problems are characterized in
some practical problems by elliptic boundary value problems with anisotropic coefficients
in anisotropic shape subdomains. It is of great practical importance to accurately compute
the solution, especially in the layers and around the singular points. The numerical methods
for such problems require techniques which are applicable for all scales of the parameters
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involved in the problem. In general, an efficient and accurate method will require new types
of preconditioning for the resulting linear system and the use of efficient solution methods
and algorithms based on domain decomposition, multilevel decomposition methods. The
implementation of these methods with high aspect ratio in the coefficients is a widely open
problem. In this paper a preconditioning technique based on the domain decomposition
method with nonoverlapping subdomains is suggested. Elliptic problems in the domains
consisting of rectangles with anisotropic coefficients are considered. The trace theorem for
anisotropic rectangles with anisotropic grids is the main tool in this paper to construct domain
decomposition preconditioners. Some results were announced in [1, 2, 3, 4]. For the construction
of preconditioners we use the so-called nested Chebyshev iterations. The general idea of
this trick was suggested by Dyakonov [5] and in domain decomposition/multigrid methods
this approach was used in [6, 7, 8, 2]. Also the technique for low rank perturbed systems
of linear algebraic equations is used [9]. The domain decomposition method for anisotropic
elliptic problems was considered in [10]. Each subproblem can be solved by multigrid method
[11, 12, 13]. For anisotropic problems, one needs line smoothing. For convergence analysis of
multigrid methods for anisotropic problems, we refer to [14, 15, 16]. The remainder of this
paper is organized as follows. First, we define an anisotropic problem together with some
notations.
Let us consider the boundary value problem.

2
0 ou .
- Z a—maij(x)a—% =f(x) inQ (1)
1,7=1

u(zx) =0 on T = 90N.
Assume that the matrix {a;;(z)} is positive definite and the domain 2 is a union of n non-

overlapping subdomains which are rectangles, i.e., Q = U?zlﬁ(i), QO NQW =0, if i # j. Let
A =UF_0QW\T. Let a(u,v) be the bilinear form corresponding to problem (1). Assume that

(2)
there exist constants ag and a; and p(z) = p® = (p(l) ((),i)>, z € Q) piecewise positive
20)

constant matrix such that
ag a(v,v) < /(p(z)Vv SV)dQ < oy a(v,v),Yo € HE ().
Q

The coefficient matrix p(x) can be anisotropic in each subdomain, that is, pgi) >> péi) or

pgi) << pg). Each subdomain where the problem is anisotropic can be transformed into a thin
domain so that the problem becomes isotropic. For example, if Q) = (0, L;) x (0, L) and
pgi) >> péi), then the linear map x : R?> — R? given by x(x1,75) = (il’l,lﬂg), o= (pgi)/péi))%,
transforms the domain Q@ onto QW = (0, Ly /a) x (0, Ly) and problem (1) is changed to an
isotropic problem in €;

W Au(z) = f(x)

for some f(z) where p( = min{})(li), P}, In section 2, we construct a trace semi-norm
for each thin domain Q*) which satisfies

- |g%(aﬁ<k>)
2 . 2 105 (k)
1 o~ inf U 5 Vo € H2 (00V)).
|¢‘H%(SQ(’9>) uEHl(Q<’“)),u\BQ(;€):¢| |H1(Q(k)) ’ (b ( )
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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2 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

Here A ~ B means that there exist ¢ and C such that cA < B < CA. Here ¢ and C are
generic constants independent of p and the mesh size h to be specified later. For ¢ € H B (A),
denote by ¢ its restriction on dQ®) and by ¢*) the corresponding function on 9Q*). Then
we define a trace semi-norm | - |H% ) °® the whole interface A by

7 (k) |2
H% Z ¢ | %39(19))

which satisfies
inf a(u,u).

\¢|H2 W= e, s (u,u)
Let Q) = U?Zlﬁgf) be a quasi-uniform triangulation of rectangular grid of £ of mesh size h
and Ay, be the triangulation of A induced by Qj,. Denote by H"(€,) the space of real-valued
continuous functions linear on each triangles of the triangulation €}, and by W the subspace of
H"(§,) satisfying the Dirichlet boundary condition. Using the standard finite element method,
we have a linear algebraic system

Au=f.
The main purpose of this paper is the construction of the preconditioner B such that
¢(Bv,v) < (Av,v) < C(Bv,v), Yv € RN

where IV is the dimension of W. Denote

A A |ur

Au =

|:A21 Agz| |ur
where u; and ur are the vectors corresponding to interior nodes of each subdomains and nodes
on Ay, respectively. If we let S = Aoy — A21A1_11A12 be the Schur complement matrix of A
then

(Sur,ur) = inf (Au,u).

u=us+tur

Here

(Au,u) = alu,u) ~ Z/ p®Vu - Vu dQ®) = Z/ p®|Vul? aQ®)
f=179®

(k)

for each thin domain Q®*) which

In section 3, we construct a trace semi-norm |- | 1 _
2 (000)

satisfies
oP, = inf

2
[0
] H(Qk)
2 (0000 ueHM( Q) ul k=9 @
h

Then we define a discrete trace semi-norm | - |H% " on the whole interface A by
h
2 - (k)
‘¢|H2 (A) kz:lp ¢ |H2 (90(0))’
which satisfies
|| o~ inf  a(u,u).

1
H2(A)  ueWuln, =0
In section 4, we construct a preconditioner B for A. Finally in section 5, we provide numerical
results.

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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2. Construction of a trace norm on A

Let Q be any open domain in R? and T' = 92. From trace theory in Sobolev spaces[17], we
have the following two lemmas.

Lemma 2.1. There exist ¢ and C such that for any v € HY(Q), and ¢ € Hz(T) with
u(x) = ¢(x) on T

H¢||H2(F) < cllull g1 (e (2)
holds, and for any given ¢ € H2 ('), there exists u € H'(Q) with u(z) = ¢(x) on T such that
el < Cll3 3)

holds.
Moreover, we have similar results for semi-norm.

Lemma 2.2. There exist ¢ and C such that for any v € HY(Q), and ¢ € Hz(T) with
u(z) = ¢(x) on T

Bl ey < clulm) ()
holds, and for any given ¢ € H= (T), there exists u € H*(Q) with u(x) = ¢(z) on T such that
lula) < Clol g 1y ()

holds.

2.1. Trace theorem for domains with small diameter

We will consider several trace theorems for small domains. Let 0 < ¢ < 1 be arbitrary real
number. If we use the change of variables by x = es, and y = €, we can transform 2, and T’
into Q, and T, respectively. Let u.(z,y) = u(x/e y/e) and ¢, be defined similarly. We note

|¢|H1/2 I‘)_// |x7 |2 ) dxdy.

Lemma 2.3. For any u € H'(Q), and ¢ € H2(T'), we have
1Pl it oy = 19t ) (6)
[ue| 51 ) = ulm (o) (7)

Lemma 2.3 implies that the semi-norms | - | and | - [f1(q,) do not depend on € but only

1
HZ2(T)
on the shape of 2. From lemma 2.2 and lemma 2.3, we have the following result.

Lemma 2.4. For any u. € H'(Q.), and ¢, € H (Te) with uc(x) = ¢e(x) on T,
el g3 0, < cltcl oy ®

holds, and for any given ¢. € Hz (T.), there exists uc € H'(Q) with uc(x) = ¢(x) on T such
that

|UE‘H1(Q ) < C|¢e| HY T (9)

holds.

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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4 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

It is clear that the above constants ¢ and C' are independent of €. To obtain a trace theory for
the full norm on I'. which is independent of ¢ we first need to define the corresponding trace
norm on I'..

Definition 1. For any ¢. € H%(Fe), define the norm of ¢. by

2 — 2 2
||¢e\|H%,E(F6) = €lloellz, ) + |¢)€‘H%(Fe)'

Remark 2.1. Note that ||¢(||H and the standard norm ||¢|| are not equivalent

with constant independent of e.

1 1
2’6(1—‘6) H2 (L)

Lemma 2.5. There exist ¢ and C which are independent of € such that for any u. € H*(Q),
and ¢ € H2<(T,) with uc(z) = ¢e(z) on I,

19cll3« i, < clluclimeny (10)

holds, and for any given ¢. € H=(T.), there exists uc € H'(Q) with uc(x) = ¢(x) on T such
that

[uellzrr @0 < Cllgell 3 (11)
holds.
Proof. Let ¢ € H2(I.) be arbitrary. Let u, € H'(€) with u.(z) = ¢.(z) on I'.. Then

ellgell?, ., = € / b ()T
262/¢(S)20T
T

< C€2Hu”%[1(§l)7
by lemma 2.1. Since 0 < € < 1, we have
62““”%11(9) = HUeHiZ(QE) +€2|Ue|%11(95)
< uellF .-

Hence by lemma 2.4, we have (10). To prove (11), let u. € H*(£2,) be the extension of ¢, given
by lemma 2.4. The corresponding function u satisfies

HU||2L2(Q) < C(||¢||%2(F) + |U|§11(Q))
by Friedrich’s inequality. Therefore
||Ue||%2(sz€) = 62||u||2L2(Q)
< e (|6l17,r) + [ulin o))
< c(ellellF .y + lulFa.y)-

Hence
el @) < Cloell g,

O
The following lemma is due to Sobolev[17].

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 5

Lemma 2.6. Let ¢ € H%(O,l) and let A be any subinterval of (0,1). Then there exists a
constant C' depending only on the measure of A such that for any ¢ € H: (0,1),

161200y = € (16823 + [ 00

(From this lemma, we obtain the following corollary.

Corollary 2.1. Let ¢ € H%(O, €) and let A be any subinterval of (0,€) whose measure is of
order €. Assume that fA ¢dx = 0. Then there exists a constant C' independent of € such that

for any ¢ € H= (0, €),
1
6100 < Clol,

H2(Oe

Lemma 2.7. Let ¢ € H2(0,1) be arbitrary. Define ¢(z) in the interval (0,3) such that

o(x), ifx € (0,1],
?ﬁ(x) = (2 - $)¢(2 - CL’), ifr € (1,2]7
0, ifx € (273).

Then there exists a constant ¢ independent of ¢ and i such that

H’(/)HH%(O,?)) S CH¢||H%(O,1)

Moreover, if fo x)dx = 0, then there exists a constant C independent of ¢ and 1 such that
2 2 2
191122 0.9 +W)\H2(03 = ‘¢|H2(0 1y’

Remark 2.2. The first inequality in the statement of lemma 2.7 can be proved by interpolation
theory between Ly and H' in order to define the Hz norms. And by lemma 2.6, we have the

following
1 1
[ ar<e (o, (] o).

Using this, the second inequality can be proved.
The following is obtained just by scaling.
Corollary 2.2. Let ¢ € H2(0,3¢) be arbitrary. Define ¢ () in the interval (0,3€) such that

o(x), ifz € (0, €,
P(x) =< (26 —2)p(2e — x), ifx € (e, 2¢],
0, ifr € (2¢, 3¢).

Then there exists a constant ¢ independent of ¢, ¥, and € such that

19030y < 010 (12)

Moreover, if foe ¢(x)dx = 0, then there exists a constant C independent of ¢ , v, and € such
that

1 2 2 2
S 030 68 0y S Ol
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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6 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

2.2. Trace theorem for thin domain problem for continuous case

Let Q be a rectangular domain 2 = (0, H) x (0,L) with a boundary I". Assume that this
domain is thin, that is, H << L. Define [] as the largest integer which is less than or equal
to . Denote k = [£] and H = £. Let 09 = 79 = (0, H) x {0}, o%+1 = Toy1 = (0, H) x {L},
and for each i =1, --- ,k, let

0;={0} x (i — 1)H,iH) and 7, = {H} x ((i — 1)H,iH).
For each i =0,1,--- |k, let [; and r; be the connected open subset of I' such that
l; =0;Uzip1 and 75 =73 UTiq1.

Definition 2. Let A and B be any subset of I'. For any ¢ € H%(I‘), define

Iap(¢) = /A /B (qb(Ti:j(Qy))dedy.

Definition 3. For any ¢ € H%(F), define
k
1910, = 3 HOONE 0+ 1ol )

|¢|2 Z Il NS n 71<¢)+Ili,7’i(¢)))
||¢||§ﬁm ey b +HIOR )

Theorem 2.1. There exist constants ¢ and C independent of H such that for any u € H'(Q),
with u(z) = ¢(x), on T,
1112

2
24 < cllullg (o)

and for all ¢ € Hz(T), there exists u € H*(Q) with u(z) = ¢(z), on T such that
oy <l

Proof. Let Q; = (0,H) x ((i —1)H,iH), i=1,2,--- , k, and Qo = Q1, Q = Qp, and €; be
the overlapping subdomains of {2 such that

Q=0 UQir, i=1,2,- k1.

For any given u € H*({)), we have

|U||H1 Q) = Z ”u”Hl(Q )
By lemma 2.5, we have
lullZ o,y = c(HI01Z, 00, + Ton:.00.())-

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 7

Hence
L
[l ey = 3 D i,
i=0
k
> CZ(HHQS”%Q(BQi) + 1o0,,00,(9))
i=0
2
> gl
This completes the first part. For ¢ = 0,1,--- ,k + 1, let &; be the open interval contained

in o; satisfying that the length of &; is of order H and the distance to the end points of
o; is also of order H. Similarly define 7;. For example, we set 6o = 7y = (%H, %H) x {0},
Gre1=Thy1 = (3H,2H) x {L}, and for each i =1,--- ,k,

. o2 5 0 1~ - 2, ~ 1. -
51 = 0} % (i — ), i~ 3)H) and 7= (H} x (i — D), (i~ 3)H).
Oitl  Titl
li Qz T4
0 Ti oillle: Q|||

Figure 1. Subdivision of thin domains

Given ¢ € H=(T'), let us define a piecewise linear function ¢* € H2 (') which has a constant

value on 6;,7; 1 =0,1,--- ,k+1
3
H
5. — O = —= SdS
" la: H/&lgb()

o= b= [ olsjas

Between 6; and ;11 (TZ and 7;,1) we extend the function ¢! as a linear function. To define
the function ¢ on 98, we define a linear extension between points (0,iH) and (H,iH). So

we have a function ¢ on o, i=1,- k. By corollary 2.2, it can be shown that
k
H H 2
Z(HW ||L2(aQ ) T 100, 00, (¢7)) < CHQSHH%(F)' (13)
i=1
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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8 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

By lemma 2.5, we can extend ¢ to v on each €, i =1,--- ,k, such that
ul (z) = ¢ (z), =€y
and
I 2 ) < CHIOM 2 o+ Togy, o6, (7).
Summing these,
0™ oy < elloly
Let v (z) = ¢(z) — ¢ (x). Then for i =0,1,--- ,k — 1,

/ Y(s)ds = | (s)ds = 0.
By corollary 2.2, we can represent the function v (z) in the following form
k
U(@) =Y bii(@) + i (@)
i=1

Yii(z) =0, r &l
1/Ji,r($)=07 .’E¢T7;7 i:1327"'7k

and the following estimate is valid

k
; ”wl’lHH%(l") + ”¢z,r

By lemma 2.5, we can extend the functions t; ;, ¥; , inside €, i.e., there exist u; ;, u;, € H'(Q)
such that

2 < 2 .
|H%(r) = OHwHﬁ%(r)

w1 (z) = i), zel
u;(z) =0, x ¢,
and
|2

"3 (r)

||ui,l||§{1(9i) < CllYig
The same inequality holds for u; , with

U () = i (), el

u;r(x) =0, x ¢ ;.

Setting
k
u=u + Zui’l + Ui
i=1
and summing the estimates obtained, we prove the second part of theorem. O
With the same technique, we have the following theorem.

Theorem 2.2. There exist ¢ and C independent of H such that for all ¢ € H%(I‘),
2
<
o(59.0) <102y ., < C(S6,9)

where

_ : 2
(S, ¢) = ueHl(lfrll)f,ulr:(b |U|H1(Q)~

Copyright (© 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
Prepared using nlaauth.cls



DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 9

3. Construction of a trace norm on Ay,

8.1. Trace theorem for anisotropic grid in FEM case

Assume that € is any rectangle. Let I' = 9Q. Let I1, Io, I3, and I be the bottom, the right, the
top, and the left side of I, respectively. Let €1, be the triangulation of 2 with grid sizes h; and
ho in z and y directions, respectively. From here, the generic constants ¢ and C' are independent
of hy and he. Let H'" be the finite element space consisting of continuous piecewise linear
functions and H2'" be the trace space of HY". For any subset T of I, define

H%’h:{ueHl’hm:OonT}

H2" = {pe HE" ¢ =0on T}

Let ny; and ng be the number of nodes in x and y direction, respectively. In this subsection,
we denote by A the generic matrix corresponding to the Laplacian with various boundary
condition. Let us define a norm and a seminorm on trace.

Definition 4. For each ¢ € Hzh, define

|67y = (1803 (1,) + 10030 (1) + b2l (1) + 1€l E0 (1))
”(ﬁH;%h(F) = H(b”iI%(F) + |¢|§{1,h(1—\),

|¢|§{%vh(r) - |¢|iﬁ<r> + 18y

Remark 3.1. Note that HQS”H%"I(F) are not equivalent with

constant independent of h1 and hs.

and the standard norm ||¢HH%(F)

Definition 5. Define S by

(50,9)

= inf @)-
ueHllv?,uh:qb ”uHHl(Q)
Lemma 3.1. If ¢ =0 on I, U Is U Iy, then there exist ¢ and C such that

(56,6) I,y ., +haloliy 1) < C(56.9).

Proof. Let T = I, U I3 U I. For any u € Hilp’h7 we have
|U|12L11(Q) = (Au,u).

Let 0 = (%)2, and

Ao

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
Prepared using nlaauth.cls



10 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

Then
O'AO + 21 -1
-1 oAy +2I —I

—1I O'Ao + 21 -1
-1 1040 +1

_ -3 A Al |w
Auv=o [AZI Azz} {UJ’

A can be also expressed as

where us is the vector corresponding to the nodes on I. Let ¥ = o3 (Ago — A21A1_11A12). It
is clear that Ag is symmetric and positive definite. Let A be an arbitrary eigenvalue of Ay and
& is the corresponding eigenvector. If there exist y;s such that

Y1 0
An | - | =|:
Ym—1 0
Ym 3
then
0
An AT = —Ym-
11 0
3
Assume that y; = o;§, for i = 1,2,--- ;m. Then we obtain
Oélf 0
A1 = ;
O‘mflg 0
amé 3
that is,
(0’)\ + 2)] —I a1 € 0
—I (cA+2)I -1 € 0
I (oA+2T I amr€| |0
I (oA +I| | ame ¢
or
oA -+ 2 -1 (65) 0
—I oAx+2 -1 1% 0
—I oA+2 —1 U1 0
-1 oA+ 2 Qo 1
Copyright (© 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 11

Let 5 =1+ %O’)\. Since Aoy AT A12€ = ym = @€, BE = J’%(Bfam)ﬁ. Now define a sequence
di, i=0,1,--- ,m by
do =1,

dy :2ﬂ7

d] = 2/8dj—1 *dj—Q; j: 2537"' 5, 1,

then we see that «; = é ,m. It turns out d; = U;(8), where U; is the
Chebyshev polynomlal of the second klnd of degree J. If we let p(X) be the eigenvalue of
corresponding to the eigenvector &, then

n(E) =03 )= gmi(g - =l

Let us note the formula U, (3) = Upm—1(8) = Tm+1(B), where T;, i = 1,2, - - - is the Chebyshev
polynomial of the first kind of degree 7. Then

m+1(ﬂ)

o3 Tnn®) _ g ﬁ+Wm+1+ NS
wX)=o Un(B) B (Bt /= Dyl — \/ﬁ)ﬂ%l.

It is easy to show that

L BHVF ) 4 (B4 VB - -c
T B+ \/ﬁQ— mt+l _ (3 + \/627

1 o\ / o2)\2
_ — )<
2(\/0’)\+ 2 ) <4/oA S

c(VA+ Vo) < pu(B) < C(VA+ Vo).

Since this holds for any eigenvalue of Ay, we obtain

Since

we have

ha 1 h
c((AZ + le)qs L 0) < (2¢,0) < C((AF + = Ag)o, ), Yo € R™ 2

h hq

Since (h11¢, ¢) =~ ||¢7||LQ(11 = H¢||2L2(r) and (h%Aoéb,Qf)) ‘¢|H1(11 |¢‘?-11(r)7 by interpolation
1

we have (AZ ¢, ¢) ~ |¢|* ,

H2 F)
b that [¢|? 2 hen ¢ = T.H
Observe tha \gb|H§ " ch||H§ . when ¢ = 0 on ence

(||¢||2 ,t halélin 1,)) < (2¢,6) < C(H¢II2 ,t halélip 1,))-
Observe that for any w € H%’h, lwl]| g1 (@) = |w|f1 (o). Hence we have the following estimation

c(S¢, ¢) < ||¢||2 nt ha|@lin 1,y < C(5,9).
O

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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12 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

Lemma 3.2. Let u be the discrete harmonic function satisfying g—z =0onlbUlyandu=20
on Iy and uw= ¢ on Iy. Then

c(S¢,¢) < [19]?

2
e + ho|9lg 1,y < C(So, 9).

Proof. Let o = (22)2 and

1

1 -1
-1 2 -1
Ag =
-1 2 -1
-1 1
1
5 0
0 1 0
J:
0 1 0
1
2
Then
cAg+2J —J

—J ocAg+2J —J
—J %O'Ao—‘rJ

To estimate the Schur complement matrix of A, let’s define a matrix B which is equivalent to

oAy + 21 I
—1 O'Ao +21 -1

—1 ocAg+2I —1I
-1 %O'AO + I
The proof of the equivalence of A and B is simple and omitted. Note that if A and B are
equivalent then the corresponding Schur complement matrices are also equivalent. The rest of
the proof is quite similar to that of lemma 3.1 except that Ay is only positive semi-definite, that
is, it has 0 eigenvalue. If \ is nonzero eigenvalue of Ay and £ be the corresponding eigenvector
then by using the same technique, we have

h
(BE,€) ~ (Ao + h—j&f) ~ €2 ,

2
() + ha|€l5 (1) (14)

Let A = 0. It is obvious that the corresponding eigenvector £ is just a constant vector. If we let
w(2 ) be the eigenvalue corresponding to £ then it is easy to obtain that pu(Xpg) = h:ﬁ ~ hy,
SO

(£5£,€) ~ (MI£,€) ~ I€]13,m)- (15)

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 13

Combining (14) and (15), we have
c(S¢,9) < ||<Z5||2 ,t hal@li 1,y < C(5,9).

0
Theorem 3.1. There exist ¢ and C' such that

c(56,8) < 1611% 1., . < C(56,9), Vo € H"(T).

(F) a

Proof. Let ¢; = |1, for i = 1,2,3,4. Let u; and ug be the discrete harmonic functions
satisfying 8“1 = %7;2 =0on IbUIy and uy = 0 on I3 and u; = ¢ on I; and us = ¢3 on I3

and ug = O on I;. By lemma 3.2, we have

lusllzrr @y = 101113 oy + haldlin -
luallFr @y = l10sll} 3 oy + Palélzn zy)-

For j = 2,4, let ¢; = ¢; — u1|1j — ug\jj Let ug be the discrete harmonic function satisfying
uz = 1 on Iy and vanishing elsewhere and u4 be the discrete harmonic function satisfying
uq = P4 on I4 and vanishing elsewhere. Then by lemma 3.1,

||U3||H1(Q) [l + hl\%ﬁ{l(]g)

H2(I‘)
2 2 2
< ellldall?y oy +lalnlly o+ lzlnlly )

+ e(haldal B ry) + Palurln, 3 1) + Paluzln 3 ,))-

By lemma 3.2, u; for i = 1,2, satisfies

il 1, 117

wir = C||U2HH1 @) for j = 2,4.

And it is easy to show that
h1\uz'|1j\?q1(1j) = C”“i”%il(ﬂ)'
Hence by lemma 3.2
sl g < (|\¢2\|2 + ||¢1||i[ J+ ||<z52||i12(F )

(h1|¢2|H1(12) + h2|¢1|H1(11) + haloslHry))-

Similar estimation holds for u4. Now let u = Zle u;, then ulp = ¢. It is clear that

4

Jull 3oy < Z il 1 )
i=1

C 2

191,51

Now consider the opposite inequality. Let u be any function in H"(Q) satisfying u|r = ¢. By

trace theorem,
19013 ey < Cllullrs oy

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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14 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO
Let 2z;, 2 =0,1,--- ,m be the nodes on I5. Then

m—1 h
hlblin, <C h; ((zi41) — B(2:))?

=0

=C Z_: h1h2(—u(2i+12; ulz) )?
i=0

< Cllull (-
Similar inequalities hold for I, I3, and I4. From above inequalities, we have

1 <C inf
93y SC it ol

This completes the proof. O
Definition 6. Define S by

N B , )
(S¢,0) = ueHl(lsI)l)f,u\F:¢ [ulfr ()

Theorem 3.2. There exist ¢ and C' such that

o(86,6) <1613 4. < C(56,9).

(F)_

Proof. Consider the second inequality. Let u be such that u|r = ¢. Decompose v = ug + uq,
where ug is constant and uq satisfies
/ (751 dQ = 0.
Q

Let ¢0 = U0|1“ and ¢1 = Ul‘r‘ Then ¢ = ¢0 —+ ¢1 and

|ulFr 0y = luilin o) = elluillFn g

> cll¢n

2 2
HE hry = |¢1| 1 i ‘(bl 1 by’

I

By taking the infimum, we obtain the second inequality. Now consider the first inequality.
Decompose ¢ = ¢g + ¢1, where ¢ is constant and ¢; satisfies

/FqbldI‘:O.

Let ug be the trivial extension of ¢g. By theorem 3.1 we can choose u; such that

HulHHl(Q (S¢p1,01) < C||¢1|| (16)

Let u = ug + u1. Then by the definition of S, (16) and Poincaré inequality, we see
(8¢, ¢) < Cluljn gy = ClulF (o

2 2 2
< ClluslBys ) < IR,y < Clon = Ol
This completes the first inequality. O
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 15

3.2. Trace theorem for domains with small diameter in FEM case

We will consider trace theory for a small domain in finite element case. Let 0 < € < 1 be
arbitrary real number. By the change of variables, x = €s, and y = €et, we can transform €,
Qp, I, and I; into Q, Qp(o), e, and I; ¢, for 1 < i < 4, respectively. Denote by HUME) the
space of finite element functions on €y, and denote by H 3:1(9) the space of finite element
functions on I'y,(¢y. For u € H%" and ¢ € H2", let ue(z,y) = u(s,t) and ¢c(z,y) = (s, ).

Definition 7. For each ¢. € H%’h(e), define
(belzrno r,) = eh(clin iy ) + [0elirnr, ) + eha(cling, ) + [0elin, ),

2 2 2
|¢6|H%,h(e)(re) = |¢€|H%(FE) + ¢6|H1,h(e>(r5)a
186,y = Nl + 16612 3 s -

JFrom the definition, we immediately obtain the following :
Lemma 3.3. For any ¢ € H%’h, we have
2 g2
|¢6|H%,h(e>(re) - |¢|H%,h(r)‘

The following two lemmas are direct consequence of theorem 3.1, theorem 3.2, definition 7,
and lemma 3.3.

Lemma 3.4. For any u. € H""9) and ¢, € HzMO) qith Ue(x) = pe(x) on Te
[bel im0,y < cluelman (17)

holds, and for any given ¢. € H%’h(e), there exists u. € HYM) with ue(z) = pe(x) on T such
that
(18)

luelr o) = Cloel yyneo

holds.

Lemma 3.5. There exist ¢ and C' which are independent of € such that for any u. € HYME),
and ¢ € H2M with u (x) = ¢c(z) on I,

6cllbnco ) < elluclin

holds, and for any given ¢. € H%’h(e), there exists u. € HYM) with ue(z) = pe(x) on T such
that

el 10,y < C”(bE”H%’h(e)(FE)
holds.

Lemma 3.6. Let I, and J, be the uniform triangulation of (0,1) and (0,3), respectively,
with mesh size h. For i =10,--- | %, let x; = ih. Let Hy and Hjy be the spaces of continuous
and piecewise linear functions on Iy and Jy, respectively. Let ¢ € Hjy be arbitrary. Define
Y(x) € Hy in the interval (0,3) such that

o(x;), ifz; € (0,1],
Y(z) =q (2—2)0(2 —xy), ifz; €(1,2],
0, ifz; € (2,3).
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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16 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

Then there exists a constant ¢ independent of ¢ and v such that

1012 4 o o+ BlYlEn o) < clllol?

2
H?2(0,3) H2(0,1) +hlelE01))-

Moreover, if fo x)dx = 0, then there exists a constant C independent of ¢ and ¥ such that
Plytos T hlYl i (0,3) < Clelys 00+ hllH 0,1))-

Proof. Define the following discrete norms :

”(ZSHL”(I;L) 7hz¢2(:rz)7
x;))*
04y = QZZ_—xP’

|¢|H1 h(Ip) = h Z(¢($i+1) - ¢($i))2-

Then it can be shown that these discrete norms are equivalent to their corresponding
continuous norms. Then the following inequalities can be shown by direct computation, from
which the proof of the lemma is derived.

HT/’”Lh(J,) = 6H¢||Lh(1h)’
s, S Uy, + 19025 ,0)

7‘}-,/ J )
Gy < PO

|
We can directly obtain the following just by scaling.

Corollary 3.1. Denote by Hj and HS be the scaled finite element spaces with respect to Hy
and Hj, respectively. Let Z; = ex;, fori=0,---, % Let ¢ € H§ be arbitrary. Define (x) in
the interval (0,3€) such that

o(z;), if z; € (0,¢€],
11[}(5:1) = (26 - .’fl)¢(2€ - i.l)v if j’b S (67 2¢ )
0, if Z; € (2, 3¢).

Then there exists a constant ¢ independent of ¢, ¥, and € such that

9t 10T g b0 0030 < ¢ (A0 + 108, + o) (19

Moreover, if fo x)dx = 0, then there exists a constant C' independent of ¢ , ¥, and € such
that

||¢||L2 0,3¢) T 2, + h|1/}|H1 0,36) < (|<l5|2 + 6h|¢ﬁ{1(o,e))-
0,¢)

H?(0,3¢)

Copyright (© 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 17

3.8. Trace theorem for anisotropic grid on thin domain in FEM case

This section is closely related to section 2.1, but we deal with finite element case. Let
Q= (0,H) % (0,L) and let I = 9. Assume that H << L. Let k = [£] and H = L/k. Let Q"
be a triangulation on ) with uniform grid size h; and hs in x and y direction, respectively.
Let nqy = hﬁl and ny = hL—2 Assume that ho is sufficiently small so that there exists a integer

m > 3 so that m - hg < H < (m 4 1) - hy. We can choose a sequence {s;}*_, of integers such
that 0 = sg < 81 < -+- < 8 = Ny agdml—sz si—1 > 3 of order m, and m; = my = m.
Decompose the interval [0, L] = U¥_| I; where I; = (s;_1-ha, s;-ha). Let 09 = 79 = (0, H) x {0},
O =Tk = (O,H)X{L}, and o; = {O}XIi, T = {H}XIZ‘. Define [; = 0;Uo;41 and r; = 7;UT;41.
Definition 8. For any ¢ € H%’h, define

|¢|§11,h(r) = h1(|¢h|i]l(m) + |¢h|i11(rR)) + h2(\¢h|ip(r3) + |¢h|§11(rT))a

k
1117, -y = ZH(H(b“%z(li) 161170

|¢‘§:I%h - Z Il i 7‘1 T ((b) + Ili,Ti (¢)) + |¢|?{1>h(1")’
2 _ 2
160 30 g, = 160y 680

Theorem 3.3. There exist ¢ and C independent of H, hy, and hy such that for all ¢ € Hzh,
(86.0) < 611 1,y < C(59,0),

where

(So,0) = inf el F )

uweEH M u|p=¢

Proof. Define &; and 7; similarly as in the proof of theorem 2.1. Then we can define «o;
and f3; to construct ¢, 1)y, Yr41, and v, for i = 1,--- ,k in the same way as in the proof of
theorem 2.1. To complete the proof, it is sufficient to show that

k
Z‘ H|§{1,h(8ﬂi) < CHQS”;%,’L(F). (20)
i=1
and
k—1
W—lﬁ[l,h(ano) + |1/’k|§11,h(ank) + Z(Wu@p,h(agi) + |T/’z‘,r|§11,h(agi))
1=0
2
< el 0 g, 21)
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0

Prepared using nlaauth.cls



18 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

By direct calculation,

k k
Z " 2Hl,h,(6ﬁi) < CZ ((@ig1 — @i)® + (Biyr = 1))
=1 =0
k k1
+e Y ((aipr = B)° + (Bi —i)®) + ¢ ) (i = B;)° (22)
1=0 1=0
< cl[@ll grrznr (23)

where the last inequality is obtained as the proof of theorem 2.1. This completes (20). Equation
(21) follows from corollary 3.1. O
For the semi norm, we have the following theorem.

Theorem 3.4. There exist ¢ and C independent of H such that for all ¢ € H%’h,

c(5¢.0) <1624, . < C(59,0)

(Tn) —
where }

(5¢.0) = _nf _ lulino.
The semi-norm || g1/, n(ry 1s complicated to implement, but we can replace it by an equivalent
norm |¢|H1/2xh(r)v which is simpler.

Definition 9. For any ¢ € H%’h, define

k k
‘(bli]%h(r) = z; (Ili,li (¢) + Im?m (¢)) + Z;I(n,n (¢) + |¢ﬁquh(r)' (24)
1= 1=
Theorem 3.5. There exist ¢ and C independent of H such that for all ¢ € H%’h,
(5, 9) < 16l7 40 p, < C(50,9)
where )
(So,0) = inf |ulF (q)-

u€Hbh ulp=¢

4. Construction of preconditioner B

Let us decompose W into two subspaces Wy, W7, and construct a preconditioner for each
subspaces. The subspaces W and W, are defined as follows. Let

Wo = {u e Wlu(z) =0,z € Ap}.

Set W% be the trace space of W on Aj. Let ¢ be the extension operator from W% to W. In

fact,
= A Agy
I b

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 19

and ¢ maps a discrete function defined on S” to the A-discrete harmonic function in €2j. Let
t* be the adjoint map of ¢. In matrix form,

t* = [An A7 1.
Set W7 = tW% and
Wéj) ={u e Wylu(z) =0,z ¢ Q;Lj)}, ji=12,--.n
Let Béj ) Wéj ) Wéj ) such that there exist ¢ and C satisfying

c(B(()j)v,v) < / pDVu - Vu dQ < C(B(()j)v,v), Vo € Wéj).
Q)

For any linear operator T, denote by T+ the pseudo inverse of T. Set By = B[()l) + 382) +
+ B(()n) and Bi = (B(()l))+ + (B(SQ))Jr +- 4 (B(()n)ﬁ. For the preconditioner for Wi, let
o) = Bloau, ¢ € W%. Assume that we have $) which induces a semi norm on 0QU) which is

equivalent to the norm defined in the theorem 3.5. Let p() = min{pgj),pgj)}7 forj=1,---,n
Let

(2, 1) = Zp E(J)¢(J) e )

Then (X¢, ¢) is equivalent to the trace norm on W% . To give a preconditioner B; for X, we
define ©19). Fix a subdomain Q). For convenience assume that Q) = (0, L1) x (0, Ly), where

Ly =nih and Ly = noh for some positive integers n; and ng. Assume that p(]) >> p(J) Let

[p)
al) = ( —. Assume that h is sufficiently small so that there exists an integer m > 3 so that

mh < m < (m+1)h. By a change of variable (z1, xg) (o ) Q) is transformed onto
QW = (0, 28) x (0,Ly). Let H= 24 L =1, H= hy = and ho = h. Note that

) i) a(J)’ a(J) ’

H << L and hy << hs. Bach Q@ will be decomposed exactly as in section 3.2, and we use
ey
the same notations m;, o;, 7;, l;, r;. By theorem 3.5, we have that for all ¢ € Hévh(F(J))7

(F(J))

Let us construct ) which is equivalent to | - | . For given ¢ € Hévh(f(j)), let ¢g be

TP
H2 " (TW)
the restriction of ¢ on S, for any subset S of I'¥). From now on, denote by A(n) the generic
matrix corresponding to the 1-dimensional laplacian with Neumann boundary contition where
the size is equal the number of grid points n :
1 -1
-1 2 -1
Ay =

In fact, (Ao, ¢) = h|p|? (D whenever ¢ is a finite element function on interval I which is
discretized by n points with uniform mesh size h. Then fori =1,--- ,k — 1,

Il A ((rb) (A(m +m1+1+1)¢lm ¢l7)

Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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20 D. Y. KWAK, S. V. NEPOMNYASCHIKH AND H. C. PYO

Let 3, = Afm#miﬂﬂ) and T}, = A, 4misi+1)-

For I, 1,(¢), the situation is quite different since [y is composed of two different meshes hy
and hg(similarly for Ij, 1, (¢), Ly .ro (¢), and I, . (¢)). Let 0o, and oy 5, be the triangulation
on o and o7 with grid sizes h; and hg, respectively. Let o, = 0o.p, U 01.h,- Let {4},
and {yl}?lf;“ be the grid points of o1 and og, respectively. We will insert new nodes z; and
renumber the whole nodes on [j as follows. Since hy >> hq, there exists a positive integer p such
that phy < hg < (p+1)hy. Let zijptrs = @_%#7 (i=0,---,m—1lands=0,1,--- ,p—1),
and Zmpti = Ymis (1 =0,--- ,n1). Let £ =m-p+n;. Observe that {zi}fzo is a quasi-uniform
grid on [y with grid size of order h;. Let [y, be the triangulation induced by {zi}fzo. Then

1 1
we have two different finite element spaces on [y, H, lz . and H li e which are finite element
sh yhi

1
spaces on lg j, and g, , respectively. Let J;, be the natural extension of the function in H, o

to the same function in Hl% . In fact, Ji, [¢(x:)]T = [¢(z;)]T. For any ¢ € Hfl) ,» We have

T 4% 3 o 142 _
(‘]loA(2€+1)Jlo¢v ¢) = ('A(218+1)Jl0¢’ ‘]lo¢) — |¢|H%(lo) = Ilo,l9(¢)-

1
2

Let ¥, = sz«‘l(m)Jzo and Tj, = JI A(p11)Ji,- Note that Tp, is a tridiagonal matrix. In fact,

D=
|
S SRE
. [\
3 =

Similarly we can define ,,, ¥, , 3., Try, 11,, and T}, . Now consider the term I, -, (¢). For

i=1,---,k, denote {z,,;}7"; and {x, ;}7"; be the mesh points on o; and 7;, respectively.
Then
2
a; Ti |x - |
1 2
o [ [ @) o) dray
gi YT
g S (B0 ) — i)’
~ Loi5) — P\Try k
(mi + 1)2 = 0iyJ T
= (Eol,n b, ¢)a
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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where
- B 1 -1 .. 1
=0T (m2_|_1)2 -1 —1
(mi + 1)[

Denote by ¢y, the restriction of ¢ on F(j ) Then
h1|¢’|H1 roy = (Erér, ¢r),

where = = Z—;A(nﬂ_l). Define 25, Zp and Zp similarly. Now define £) by

?r
H

k
(Z(J)¢7 w) = ((Zl ¢ll 5 wl ) (Erl (bm 5 wm )) + Z(Eoi,n ¢o’iUn 5 winn)
=1

.
Il
—

z of%ﬂ/)zo) + (Eroﬁbroaq/)ro) + (Elk@k,l/flk) + (Erk¢rkawrk)
Eror,¥r) + (Eror,¥r) + (Epos, ¥B) + (EvéT, Y1)

+ o+

(
(
and TU) by

k—

k
(T(])(b (b) = Z((Tl ¢lm¢l ) ( Ti(bmvwm)) + Z(E‘Ui’TiQSUiUTwaiUTi)
=1

;-.

—

( lo(blov ’(/)lo) + (TTo(bTovao) + (nkqﬁlk’wlk) + (TTk quvwrk)
+ (Erér,¢r) + (Erdr, ¥r) + (Epdn, ¢¥B) + (Erdr, 7).
One can show that ' ‘ ' . '
N1, ¢) < (5D¢, ) < e (TV) g, 9), (25)
where ¢0) = % and ~é(j) = m Note that ¢ is of order % Denote by *) be the
restriction of 1) on Q") for all ¢ € W1. Define bilinear forms ¥ and 7' by

(B¢, 1)) = En: p) (2(16)¢(’€)7 ¢(k))’

k=1

(T¢, ) = Zpk)T(ksb(k ).

k=1
JFrom (25), we can see that

Th,¢) < (S, ¢) < {TW¢, ) (26)

where ¢ = 1 and ¢ is the maximum of {é(j)}?:l. Observe that each () is a full matrix
and hard to construct, hence it is cost-expensive to invert . However the inversion of T is
reasonably simple. Note that each =, ;, is of the form

Kll K12
S0, = |:K21 K22:| )
Copyright © 200 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 200; 00:0-0
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where K}? and K?! are matrices of rank 1. Hence we decompose T) into
2%k
76 = 70U 4 ZKi
i=1
where TU) is a tridiagonal matrix and K,’s are the matrices corresponding to the rank 1
matrices K}?’s and K2’s. Hence T can be inverted by using rank reduction method [9]. The
cost to invert T is of order + max?, {a(}.
Now we are in position to solve the following complicated system.
Yo = 1.
Since X is a full matrix, we shall use Chebyshev iteration as a precondtioner. Consider the
following iteration :
¢* =0,
P — ' = —t; T~ (T — ¢),
where ¢;’s are Chebyshev set of iteration parameter[4]. Set
n(e)
-1 -1 -1
By=|1-T[U-tT7'%) ) 27,
i=0

where Ur e
n(e) < 29 - e —C0
In(1/q) ¢l/2 4 ¢1/2
Then, ¢"™(€) = B;/121/J and if we choose € = %, we see n(e) = (’)(h%) and
1 3
5(31/2¢,¢) < (3¢,0) < 5(31/2¢7 ), Vo e Wi,

Set Bf = tBl_/lgt* and B~! = Bf + B; . Then the following theorem holds.

Theorem 4.1. There exist positive constants ¢ and C independent of h and p such that
¢(Bv,v) < (Av,v) < C(Bwv,v) Yo e W.

5. Numerical Experiment

In this section, we present some numerical results to verify the performance of our domain
decomposition algorithm. The region €2 is the unit square (0,1) x (0,1) and divided into four
squares as in figure 2. We consider the example

-V - p(z)Vu(z) =0 inQ

with Dirichlet boundary condition, where p(x) is a piecewise constant function whose value is
p; on each subdomain ;.

The initial guess is u(x,y) = z(1 — x)y(1 — y). We denote by N the number of iteration of
preconditioned conjugate gradient method. On the first experiment, we fix p(x) and vary h
from 1/23 to 1/28. Table I and II show that N is stable with respect to h. Next, for each
h=1/23---1/2% we vary p(x),x € Q2 Uy from 1 to 10°. Table III shows that N is stable
with respect p(z).
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p3 P4
Q3 Q4

951 Qo

Figure 2. Diffusion coefficient p(x)

Table I. p1 = ps =1, p2 = 100 and p3 = 1000.

1k
23
24
25
26
27
28

oo| | ||| | 2

Table II. p1 =1 and p2 = p3 = pa = 1000.

1/h [N
23
24
25
26
27
28

©O| ©| 00| 00| ~| Ut
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