A DUAL-PRIMAL FETI METHOD FOR THREE-DIMENSIONAL
INCOMPRESSIBLE STOKES EQUATIONS

JING LI*

Abstract. In this paper, a dual-primal FETT method is developed for solving incompressible
Stokes equations approximated by mixed finite elements with discontinuous pressures in three di-
mensions. The domain of the problem is decomposed into non-overlapping subdomains, and the
continuity of the velocity across the subdomain interface is enforced by introducing Lagrange multi-
pliers. By a Schur complement procedure, solving the indefinite Stokes problem is reduced to solving
a symmetric positive definite problem for the dual variables, i.e., the Lagrange multipliers. This dual
problem is solved by a Krylov space method with a Dirichlet preconditioner. At each step of the
iteration, both subdomain problems and a coarse problem on a coarse subdomain mesh are solved
by a direct method. It is proved that the condition number of this preconditioned dual problem is
independent of the number of subdomains and bounded from above by the product of the inverse
of the inf-sup constant of the discrete problem and the square of the logarithm of the number of
unknowns in the individual subdomain problems. Illustrative numerical results are presented by
solving a three-dimensional lid driven cavity problem.
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1. Introduction. The Dual-Primal Finite Element Tearing and Interconnecting
(FETI-DP) methods were first proposed by Farhat et al [8] for elliptic partial differen-
tial equations. In this method, the spatial domain is decomposed into non-overlapping
subdomains, and the interior subdomain variables are eliminated to form a Schur com-
plement problem for the interface variables. Lagrange multipliers are then introduced
to enforce continuity across the interface, except at the subdomain vertices where the
continuity is enforced directly, i.e., the neighboring subdomains share the degrees of
freedom at the subdomain vertices. A symmetric positive semi-definite linear system
for the Lagrange multipliers is solved by using the preconditioned conjugate gradient
(PCG) method.

This FETT-DP method has been shown to be numerically scalable for second or-
der elliptic problems if a Dirichlet preconditioner is used. Thus, Mandel and Tezaur
[15] have proved that the condition number grows at most as C(1+log(H/h))? in two
dimensions, where H is the subdomain diameter and & is the element size. Klawonn et
al [12] proposed new preconditioners of this type and proved that the condition num-
bers are bounded from above by C(1 + log(H/h))? in three dimensions; these bounds
are also independent of possible jumps of the coefficients of the elliptic problem.

In [13], we developed a dual-primal FETT method for the two-dimensional incom-
pressible Stokes problem and proved that the condition number is bounded from above
by C(1 + log(H/h))? . In this paper, we will extend this algorithm to solving three-
dimensional incompressible Stokes problem, give the same condition number bound,
and prove the inf-sup stability condition of the coarse level saddle point problem,
which appeared as an assumption in [13]
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2. FETI-DP algorithm for Stokes problem. We are solving the following
Stokes problem on a three-dimensional, bounded, polyhedral domain (2,

—Au+Vp =f, inQ
-V-u =0, inQ (1)
u =g, onoQ,

where the boundary velocity g satisfies the compatibility condition | o8 =0
The domain Q is decomposed into N non-overlapping polyhedral subdomains Q*

of characteristic size H. The subdomain interface is defined as I' = (U9Q¥)\0Q and

' = 90f N OO is the interface between two neighboring subdomains QF and Q7.
Consider subdomain incompressible Stokes problems,

—Au' 4+ Vp! =fi, inQF
-V-ut =0, inQF
ut =gt ondNNIN!
Ou i

¢ ii i ij
a—n;—pn —A, OHI‘J7

—Aw/ +Vp =fi, inQV
-V-u/ =0, inQV
w =g/, on 0NV
g—ﬁ; —pind =X, onT¥,
where A + M = 0. We first form subdomain discrete problems by using an inf-sup
stable mixed finite element method on each subdomain. Denote the discrete finite
element space for the pressures inside the subdomain Q¢ by II%, and the subdomain
constant pressure space by II5. We denote the discrete finite element space for the
velocity components on ! by W?(Q?), which is decomposed as W"(Qf) = Wi oW,
with W4 the interior velocity part and W% the subdomain boundary velocity part.
Let II; = Hf;l i, Wy = Hfil Wi and Wr = Hfil WZ be the corresponding
product spaces. Wp is a subspace of Wr and is given by

WF :WH®WA7

where the primal subspace Wy consists of two parts. The first is the subdomain
corner velocity part, which is spanned by the nodal finite element basis function
0yi at the subdomain corners. The other part corresponds to the integrals of the
velocity over each subdomain interface, and it is spanned by the pseudoinverse pl
of the counting functions pu; corresponding to each subdomain Q% p; is 0 at the
interface nodes outside Q)¢ while its value at any node on Q! equals the number of
subdomains shared by that node. Its pseudoinverse p! is the function 1/pu;(x) for all
interface nodes where u;(z) # 0, and vanishes at all other points. Also note that,
here both p; and ,u;-f vanish at the subdomain corners in our algorithm. Wx is the
dual part, which is the direct sum of the local subspaces W¥. In the 3D case,

i={we Wi :wVl) = 0; Wz =0, VW FI C 90},
with W r:; defined by

B _ f]__,-]- wdx
Wra = S dx
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where F% denotes the faces of the subdomain ¢.
With these notations, we can decompose the discrete velocity and pressure space
of the original problem (1) as followings

W =W;®WpdWax,

H:H,@HO.

If we further introduce a Lagrange multiplier space A to enforce the continuity of
the velocities across the subdomain interfaces, then we have the following discrete
problem: find a vector (ur, pr, um, po,ua,A) € (W, Iy, Wi, IIg, Wa, A) such that

AII B}} AIJI-'I 0 Az[ 0 uy f_[

Bir 0 Bnor 0 Bar O pr 0

AHI BIZ;I AHH BIT{O AZH 0 usg — fH (2)
0 0 Bgp 0 0 0 Do 0

Anr BKI Aam 0 AAn Bg ua fa
0 0 0 0 Ba 0 A 0

It is important to note that the Ba matrix here is a scaled matrix with its elements

given by {0, + pI} to put different weights on the face nodes and the edge nodes,
unlike in the two-dimensional case where Ba is constructed from {0,+1} because
the edge is the only type of subdomain interface. It follows immediately from the
definition of Ba that, on each subdomain interface F%,

(BABaW) |7 = £(ul(w' — w))

Fii Yw € Wr. (3)

Also note that we are requiring the pressure to be continuous across the subdomain
interfaces in our algorithm. 5
By defining a Schur complement operator S as

A[[ B?I Agl 0 A£I uy 0

Brr 0 Bnr 0 Bar Pr 0

Ar[] BEI AHH Bl:![10 AgH ujg = 0 y (4)
0 0 Bme O 0 Do 0

AAI BZ[ AAH 0 AAA UA S’uA

solving linear system (2) is reduced to solving the following linear system

S B} ur \ _ (2 5)
Ba 0 A 0 ’
By using a further Schur complement procedure, the problem is finally reduced to
solving the following linear system with the Lagrange multipliers A as its variables:

BASTI!BIX = BASTIUH}, (6)

Our preconditioner is the standard Dirichlet preconditioner, BASABX, with Sa de-
fined as

AII B}} Az[ uy O
Brr 0 Bar pr |=1|0 . (7)
Anr BZI AAA ua Saua



We have now formed the preconditioned linear system
BASABYBAS™'BIX = BASABYBAS™f (8)

which is our FETI-DP algorithm to solve the incompressible Stokes problem (1).

In our paper [13], we have shown that both Sa and S—1 are symmetric positive
definite on the space Wa. Therefore a preconditioned conjugate gradient method, as
well as GMRES, can be used to solve equation (8). We note that we need to apply
both Sa and S—! to a vector in each iteration step. Multiplying Sa by a vector
requires solving subdomain incompressible Stokes problems with Dirichlet boundary
conditions, and multiplying S—! by a vector requires solving a coarse level saddle point
problem, as well as subdomain problems. In [13], we made an assumption about the
inf-sup stability condition of this coarse level problem. In the next section we will
give a proof of this inf-sup stability condition in 3D case. This proof is also valid for
the 2D case. We will also give the condition number estimate for 3D case in section
4.

3. Inf-sup stability of the coarse saddle point problem. We know, from
the definition (4), that to find a vector ua = S™1-wa € Wa, for a given wa € Wa,
requires solving the following linear system

A[] AgI B?I Agl 0 ur 0
AAI AAA BZI A?—;A 0 UuA WA
Bir Bar 0 Bnr 0 pr | =10 9)
Ar[[ AHA BII{I AHH BIT{O ur 0
0 0 0 Br[(] 0 Po 0

In our FETI-DP algorithm, we solve this linear system by a Schur complement pro-
cedure. We first solve a coarse level problem

(o P ) ()= (8) (10)

and then the independent subdomain problems

A AX; Bp ur 0 Afr
AAI AAA Bgl UuA = WA - A%A urg. (11)
By Bar 0 pI 0 By

In (10), S is defined by:

—1

A AL, B} Afry
AHH — ( Ar[[ AHA Bgl ) AAI AAA BZ] AEA ) (12)
BII BA[ 0 BHI

which corresponds to a discrete Stokes harmonic extension operator SHp : W —
Hﬁil W"(QF) defined as: for any given primal velocity uy € Wi, find SHpup €
[IY, W"(Q) and pr € [T, I} such that on each subdomain Qi = 1,..., N,

a(SHnup, vf) + b(vi, ph) 0, va € Wh(Q’)
b(SHnu, ¢%) = 0, Vgel (13)
SHun = wuy, in the primal space Wyy.



If we define an inner product sp(.,.), corresponding to the Schur operator S, on
the space W as

SH(UH,UH) = uﬂSHuH = a(S’HHuH,S’HHuH), Yup € WH, (14)

then the matrix form of the coarse problem (10) can be written in the following

variation form: find uy € Wy and pg € Iy such that,

sm(um, vi) +b(vir,po) = < fm,vn >,Vvn € Wi (15)
b(ur;, go) = 0,V € Ilo.

We now give an inf-sup stability estimate for this coarse problem. To do this we
need the following inf-sup stability estimate, from Pavarino and Widlund [16],
LEMMA 1. The following saddle point problem

{ sr(ur,vr) +b(vr,po) = <fr,vr >,Vvr € WI‘ (16)
b(ur, qo) 0,Vqo € Ilo,

is inf-sup stable, i.e., there is a constant PBr such that

b WT', 4o 2
p KOOy i1, Voo e T an
wrEWr st > W

Here the inner product sr(.,.) is defined as:
so(wr, wr) = a(SHrwr, SHrwr), Ywr € Wr, (18)

with SHy : W — Hfil W"(Q?) defined as the standard Stokes harmonic extension
(cf. Pavarino and Widlund [16]).

We also need the following lemmas. Lemma 2 can be found in Klawonn et al [12]
and in Pavarino and Widlund [17], Lemma 3 in Bramble and Pasciak [3].

LEMMA 2. Define an interpolation operator It : Wr — Wp by:

Imw(x) = > w(V)byu(z) + > Wirapl (@), Yw(x) € Wr. (19)
vil ]:ik

We then have
[Terrw |32y < C(1+ log(H/h))[W| 3/ ), Ywr € W, (20)

where C is a constant independent of H and h.
LEMMA 3. There exist constants C1 and Cs, such that

Clﬂzsr(Wr‘,Wr) < |WF|§{1/2(F) < CQSI‘(WF,WF),VWF € Wr‘, (21)
and
C1%sn(wi, win) < [Wnl3/2qp) < Cosn(wi, win), Vwn € W, (22)

where [ is the inf-sup stability constant of the subdomain Stokes problem, and the
inner inner product sr(.,.) and su(.,.) are defined in (18) and (14), respectively.

We now prove the following inf-sup stability estimate for the coarse saddle point
problem (15).



THEOREM 1.

b(wm, qo)? _
sup YOO 052621 4 tog(H/) aoler Vao € Tho,  (23)
wn€EWn SII (WH} WH)
where 3 is the inf-sup stability constant of subdomain Stokes problem solver, and (Br
is the inf-sup stability constant in Lemma 1.
Proof: Given the inf-sup stability estimate in Lemma 1, we know, from Fortin [9],

that there exit an interpolant operator Iy : H'/2(T') — Wr satisfying

b(HFW - WJqO) = O;VCIO € 1_[0 (24)
sp(Ilpw, IIrw) < %|w|§{1/2(r).
In order to prove (23), we just need to show that there exists an operator Il :
H'?(T') - Wiy, such that
b(IIpw — w, qo) = 0,Vqo € Iy (25)
st (Ilpw, ligw) < Cﬁ%‘(l + log(H/h))|w|§{1/2(F).

By defining Iy = Ir o Iy : H'/2(T') = W1, we have

b(Ipw —w,q0) = b(Irn(llrw) —w, go)

b(Irn(Ilrw) — IIrw, go) + b(IIrw — W, qo)
Ei q6 le diV(IpH(HFW) - HFW)

= Ez q6 faQi (IFHWF - WF) -n

(;Zi q(z) fagi WA -1l

At the same time, by using Lemma 2, Lemma 3, and equation (24), we have

Cl(SH(HHW), SH(HHW))

C o IMnw(3 /2

Cz Hon (M w) 31 1

C%(l + lOg(H/h))mFWﬁ{lm(r)
C%(l + log(H/h))sr (Mrw, IIrw)
Cﬁg(l + log(H/h))|w|f{1/2(F).

SH(HHW7 HHW)

INIA AN TN

Therefore, equation (25) is proved.
O

4. Condition number estimate in the 3D case. The following three lemmas
are from Klawonn et al [12].

LEMMA 4. Let 07 (x) be the cut-off function on the open face F¥, and let I"
denote the interpolation operator onto the finite element space W"(Q?). Then,

1 )
I Orss 2 sy < O+ 0B (H/M) (oo sy + g0l i) Vi € Wi

LEMMA 5. Let £% be any edge of QF which forms part of the boundary of a face
Fii C 89;. Then,

1 .
lullZ, gy < Q1+ log(H/M) (ulipsrrisy + g ll0lL,5i5)) > Yu € W
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LEMMA 6. Let Ogix be the cutoff function associated with the edge £%. Then,

[T (0ix 1) 31/2 05y < Cllully,giny » Yu € Wi .

If we denote F = F% U (UpE™*) as the closed face, and let 6z, (z) be the cut-off
function on F¥, then by using the above three lemmas and noting that

"Opu) = I"OFsu) + Y I"(Bzan),
EikcFii
we have the following lemma,
LEMMA 7.

1 i
||Ih(‘9]?if“)||§p/2(y:ij) <c(1 +10g(H/h))2(|“|§{1/2(]:1’j) + El|u”%2(]—‘i1)) , Vue Wr. .

Proof:
||Ih(0]_-'iiu)||%{1/2(]:ij) = ||Ih(0fiju)+zgzkea}'u h(egiku)“?{l/z(]:u)
S ”Ih(a]:“u)” 1/2(_7_-1_7)+ZE““€8]-'” |I (GS’ku)llHl/Q(]:z])
< HMOFsw)? i ) +C Eencori L, e
< (1+10g(H/h)) (|“|H1/2(p’j) H||u||L2(]:,J)) .

We now prove the key estimate,
LEMMA 8. For all wa € WA, we have,

1
|BABawal3, <C—

3 (1 +log(H/h))*|lwal%,

where C' > 0 is independent of h, H.

Proof: We consider an arbitrary wa € Wa. In order to compute its S—norm, we
determine the element w = wi; + wa € W, wy; € Wy, with the correct minimal
property. Then, by the definition of S, |[walg = |W|sp. We next note that we can
subtract any continuous function from wa without changing the values of B BAwa;
thus, BZBAW = BZBAWA-

We introduce the notation (vi),-zl,___, N = BZBAW. Then, we have to estimate

N
|BABawl, = [BXBawl;, =D [V,

We can therefore focus on the estimate of the contribution from a single subdomain
Q. We know, from (3), that

= (BXBaw)' =% Y (ul(w' = w9)|zu.
Fii CoQi
Then by noting that v? vanishes at the subdomain vertices, we can cut the function

v? using the functions 6 z:;,

vi=+ Z R (@i ( uz w' —w?))),
FiiCoQi
7



and we have to estimate its s&, —norm. We have, by using Lemma 3 and Lemma 7,
I @y (uf (W = WO, < BT (Bps (ud (W = W) s s
< C(1+10g(H))? (IWF = Wolp o s+
W = Wheiy) = (W9 = W), )
We can estimate this expression by
1 H X .
C@(l + 10%(%))2 (|Wz|%{1/2(]:ij) + |W]|§{1/2(}'ij)) )

as desired, by applying a Poincaré inequality. Then, by using Lemma 3 again, we
have

11O 71 (W' = w?))

1 H ) .
2 _ 7y\)2 7|2 712,
e < Ogu(rlog(3)” (Wl +Iw1,) -

O
By using Lemma 8, we can easily prove the following scalability theorem (cf.
Klawonn et al [12] and Li [13]):
THEOREM 2. The condition number of the preconditioned linear system (8) is
bounded from above by Cﬂl—Q(l + log(H/h))?, where C is independent of h, H.

5. Numerical experiments. In [13], we have given some numerical results to
demonstrate the scalability of the FETI-DP algorithm for solving two-dimensional
incompressible problems. Here we describe a three-dimensional experiment. We are
solving a lid-driven cavity problem with Q = [0,1] x [0,1] x [0,1], f =0, g, = 1,9y =
g. = 0 on the face y = 1, and g = 0 elsewhere on the boundary. The scalability
of this algorithm can be seen from Figure 1, even though the size of the problems is
rather limited because of the limitations of our current computer, a SUN Ultra 10
workstation.

In Figure 2, we are using two-dimensional numerical results to verify that the
inf-sup stability condition for the coarse level saddle point problem is consistent with
our estimate in Theorem 1. We can see, from the left figure, that S has a lower
bound which is independent of the number of subdomains, and that 1/8-* appears
to be a linear function of log(H/h), from the right figure.

Fic. 1. GMRES iterations counts for the 3D Stokes solver vs. mnumber of subdomains for
H/h =4 (left) and vs. H/h for 4 x 4 X 4 subdomains (right)
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F1G. 2. Inf-sup stability condition of the coarse level saddle point problem
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