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Abstract: We propose a virtual boundary condition forecast algorithm for multi grid parallel computing, and derive a forecast function formula in this paper. Numerical results of one and two-dimension boundary condition problems obtained with the algorithm in a PVM network computing environment show that the algorithm has high parallel efficiency.
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1.Introduction

In recent years, several new multi grid parallel algorithms have been proposed in the literatures [1,2,3,5]. Guo Qingping et al (1998, 1999)[1][5] considered the domain decomposition method for cyclical temperature problem solution in ceramic/metal composites, and showed that parallel MG algorithm can obtain good numerical computing speedup in networking computing environment. Xu Zhengquan (1996) [2] discussed domain decomposition method of multi-grid distributed computing, and pointed out that a good initial value is very important when equation is solved by iterative method. Iterative methods are used often in MG, and amount of computing and communication increase as the number of iterative increases. Louis (1982)[3] detailed the polynomial iterative method, which may speedup iterative speed, and showed that better initial value may be obtained by using his theory.

According to the theory given in reference [3], we decompose a numerical domain into several sub-domains. Boundaries between sub-domains are defined as virtual boundary, and mathematical models to forecast the boundary value at the virtual boundaries are proposed. Some numerical examples are also given to show how to use our algorithm.

Full multi grid method is one of efficient multi grid method (1986 H. Hoppe) [4]. Combining the virtual boundary forecast (VBF) method with the FMG we can obtain a high efficient parallel virtual boundary forecast full-multigrid method.

 

2. Construction of boundary forecast function

Many boundary problems may be written as:

     LΩu (x) = fΩ(x)   xεΩ                                             (1)

     LΓu (x) = fΓ(x)    xεΓ
The Ω is a define domain of unknown function u (x), Γ is a boundary of Ω, L is a differential operator. Suppose Ωi is ist grid on Ω and Гi a corresponding boundary by using difference method, Eq(1) may be written as 

     LiΩiui(x) = fΩi(x)   xεΩ                                             (2)

     LiΓiui (x) = fΓi(x)   xεΓ
We decompose domain Ω into several sub-domain Ωi, i =1,2,..,m, Γi is boundary of sub-domain Ωi, so that the virtual boundary Γin is 

      Γin=Γ1+Γ2+...+Γm – Γ
Suppose ui(xin) are the numerical value of function u while xinεΓi n, then {ui(xin) } is a sequence of virtual boundary points. By using of u1(xin),u2(xin),...,um(xin), we construct a subspace 

      Rn = span{u1(xin),u2(xin),...,um(xin)}

Assume that G is a mapping of Rn to space R, and

      vn+1=G(Y) YεRn                                                                               (3)

then it is possible to take vn+1 as forecast initial value on the virtual boundary for (n +1) th grid, and vn+1 should satisfy condition:

      │vn+1-u(xin)│<│u n - u (xin)│   xinεΩ                         (4)

here u(xin) is function value at point xin. We propose some models to forecast vn as followings. In those models, symbol vi,j is used to denote the virtual boundary value of jth model on the ith grid.

Model 1. One step forecast function

       vn+1,1(xin) = un(xin)

Model 2.Two step forecast function

        vn+1,2 = un-2 + 3(un-un-1)

Theorem 1. If n→∞, un→u(xin), then if n→∞, vn+1,1→u(xin), vn+1,2→u(xin).

Proof.  When n→∞, un→u(xin), so that if n→∞,un-un-1→u(xin)-u(xin) = 0

            Therefore if n→∞, we obtain

           vn+1,1=un→u(xin) vn+1,2=un-2+3(un-un-1)→u(xin)

             #.
Theorem 2. Let us denote u(s) as u s in which the s is an integer variable

              If      u(s) = un-1 + C1(s – n + 1)+ C2(s – n + 1)2         (5)
              then u(n+1) = un-2 + 3(un – un-1)
              where the C1 and C2 are some kinds of constant.
Proof.  From the conditions of the theorem, we may derive formulas for C1 and C2:

                C1 = 0.5 (un-un-2), C2 =0.5 (un-2un-1+un-2) 

       So that

                u (n+1) = un-1+2C1+4C2 = un-1+un-un-2+2(un-2un-1+un-2)

                              = un-2+3(un-un-1)

         #.
Eq(5) is a polynomial of degree 2. From Eq(5), the model 2 can be derive when s = n+1, and the maximal value of Eq(5) is

                 umax = un-1- 0.25C12/C2

Model 3. Maximal value forecast function vn+1,3

                 vn+1,3 = un-1 - 0.25C12/C2                                                                  (6)

Theorem 3. If {un} is a non decreasing sequence and has a limit value, and

                 │un+1-u(xin)│<│un-u(xin)│.

     then      vn+1,3>vn+1,2

Proof. Because {un} is the non decreasing sequence and has a limit value, and

                 │un+1-u(xin)│<│un-u(xin)│.

then

                    C1 = 0.5 (un-un-2) > 0

                    C2 = 0.5 (un-2un-1+un-2) =0.5 [un-un-1 - (un-1-un-2)] < 0

so that the limit value of Eq(5) is the maximal value of Eq(5), and

                 vn+1,3 = umax > vn+1,2

#.
Obviously it is easy to proof theorem 4.
Theorem 4. If {un} is a decreasing sequence and has a limit value, and

                 │un+1-u(xin)│<│un-u(xin)│.

         then vn+1,3 < vn+1,2

3. Virtual Boundary Condition Forecast Algorithm with Maximal Values

Using model 3, value of function u at virtual boundary Γin in domain decomposition can be forecasted. Numerical procedure could be described as following.

(1) Calculate function value ui on corresponding grids by few sweeps, there i = 1,2,3. The ith grid is coarser then (i+1)th grid. So that initiative virtual boundary values on each sub-domain at the first three grids are obtained. 

(2) According to model 3, calculate v4,3;
(3)Taking v4,3 as virtual boundary value at fourth grid, interpolating the current   

      approximation of function u3 onto the next finer grid to get initiative value of u4.  

      Calculate the function value u4   in each sub-domain by iterative method respectively;

(4)Interpolate the current approximation of function u4 onto the next finer grid to get 

      initiative value of u5. 

(5) Calculate value of u5 by few times of globe iteration among whole domain. This step needs sub-domain boundary value exchange, and the virtual boundary value at each sub-domain can be calculated out. This step is used to smooth forecast error of virtual boundary value.

(6) If (u5-u3)(u3-u1)>0, and │u5-u3│<│u3-u1|, then with data (1,u1), (3,u3), (5,u5) calculate 

     v6,3 by Eq(5) and (6), there u1, u3 and u5 replacing un-2, un-1 and un respectively. 

    Otherwise let v4,3=0.5(v3,3+v4,3), and go to step(3). Value of u1, u3 and u5 are all  

     obtained by global domain iteration. 

(7) If ∑│u5-u3│<ε, ε is an required error bound, then function value u5 is a required 

      result, and the calculation ends. Otherwise go to next step;

(8) u3→u1, u4→u2, u5→u3, v6,3→v4,3,  go to step(3).
According to the step (3) of the numerical procedure, virtual boundary value need not change on same grid in each pair of sub-domains, so that we need not communicate between sub-domains during iteration. From step (2) and step (6), we can forecast next finer grid function value at virtual boundary by the value of three coarser grids.

4. Case study

Example1. One dimension boundary problem.

             u'' = -100x2   xεΩ = [0,1]

             u(0) =u(1) = 0

The exact solution of this equation is u = 25x(1-x3)/3

In order to explain our numerical method simply, we decompose domain Ω into two sub-domain Ω1=[0, 0.5] and Ω2=[0.5, 1], and take two networked computers to calculate function u on each sub-domain respectively, the nth computer only calculates function value u on nth sub-domain, n =1,2. The parallel software environment used is the PVM. In this simple example, the virtual boundary is at point x = 0.5. Let the step length of the coarsest grid (1st grid) is h = 0.5, the 2nd grid h = 0.25, the 3rd grid h=0.125, etc. At virtual boundary x = 0.5 let initial function value u0=0. Using model1, we calculate the function value u1 on first grid by few iteration, then interpolate u1 into second grid and calculate function value u2 on second grid, etc. We obtained u1(x) =3.125, u2(x) =3.515, u3(x)=3.617  at the point x=0.5. By using model 3, after few iterations on the first three grids we forecast the function value v4, 3 = 3.63745 at virtual boundary x=0.5.Then calculate function value of u on 4th grid by solving two sub-domain relevant independent boundary condition problem. Then interpolate the fourth grid on to the fifth to get initiate values and forecast the virtual boundary by our formula, calculate u value at all points on the 5th grid by normal domain decomposition method with few iterations. On the fifth grid there is necessary for data exchange between two sub-domains to smooth boundary forecast error. We obtain u5(0.5) =3.641841. Similarly we forecast the function value v6, 3 = 3.644253 at virtual boundary x=0.5 on the sixth grid, solving two sub-domain relevant independent boundary condition problem etc until error bounds condition ε=0.0001 between two subsequent iterations has been satisfied. In this example, we obtain the satisfied numerical value of u on 8th grid.

General speaking we calculate unknown u by normal parallel computing on decomposed sub-domain with virtual boundary data exchange on all odd number grids, and solving relevant independent boundary condition problems with forecast virtual boundary values for all even number grids. By this way we reduce nearly half communication costs.

Denote number of computers as N. We decompose domain [ 0, 1] into sub-domain [xk-1,xk], k=1,2,...,N. Let one computer only calculate function value of u on one sub-domain. Table1 shows the parallel calculate efficiency data of model1 and model3.When N>2,the efficiency of model 3 is 12 % higher than that one of model1.

Table 1. The parallel calculation efficiency of 1-D problem

PRIVATE

1
2
3
4

Model 1
100
92.19
84.31
81.13

Model 3
92.19
96.31
93.82
91.42

 

Example 2. Two dimension non-linear boundary problem

          uxx+uyy-u2 = -50x(x+y) - 625(x+y-x2-y2)2/9   (x,y)εΩ = [0,1][0,1]

          u(0,y) = u(1,y) = u(x,0) = u(x,1) = 0

We decompose domain Ω into sub-domain 

          Ωi={(x,y)│(i-1)/N ≤ x ≤ i/N, 0≤ y ≤1, i=1,2,...,N}

The virtual boundary is 

           Γin ={(x,y)│x = i/N, 0<y<1,  i =1,2,...,N}

Let one computer only calculate value of function u on one sub-domain. Step of 1st grid is h=1/N. The step length of 2nd grid is h = 0.5/N. The step length of 3rd grid is h=0.25/N etc. Table 2 shows the parallel calculation efficiency data of model1 and model 3. When N>2, the efficiency of model 3 is 12.2 % higher than the one of model1.

Table 2. The parallel calculation efficiency of 2-D problem

PRIVATE

1
2
3
4

Model 1
100
93.03
85.26
82.72

Model 3
100
97.31
94.41
92.03

5. Further Improvement

In the proposed algorithm we transform a boundary problem into several relevant independent sub-domain boundary problems on all even number grid. Therefore it is nature and efficient to solve those boundary problems with the V-cycle multi grid method (MGM) without any extra communication between sub-domains. We name it as modified parallel full multi grid method with virtual boundary forecast (VBF). We discussed the VBF method in detail in the reference [5].

6.Conclusion

Model1 is a linear forecast method. Model 2 is a polynomial forecast method, but model 3 is a polynomial maximal forecast method. The model 3 may decrease the amount of communication between sub-domains. The examples of one and two-dimension problems show that our virtual boundary initial value forecast method is efficient in parallel multi grid computing. 
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